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PREFACE 


Once I watched an office manager attempt to teach a secretary to use a 
ditto machine. He told her the characteristics of the fluid and how the 
fluid chemically activates the material deposited on the ditto master. 
Explaining the operation, he said: “ The drum is rotated at constant speed 
by the motor. The master copy is first brought into contact with the 
fluid, then in contact with the blank paper. . . .” “But how do I do it?” 
was the doubtful secretary’s interruption. About this time another 
secretary came over and said: “Put the stack of paper here, slip in the 
purple things with the dirty side up, like this. ...” In a few minutes 
the secretary was making copies and getting her job done. 

I believe that servo design can best be taught to engineers through the 
technique of “learning by doing” just as the new secretary learned to use 
the ditto machine by watching the other girl, then running the machine. 
This book attempts to teach the fundamentals of servo design by means 
of practical examples and from the student’s own point of view. The 
book was written by and for students taking the servo courses at the 
University of Southern California. Prepared notes were distributed to 
the students and were freely criticized by them. Their criticisms were 
integrated and used in revising the manuscript. Thus, this resulting 
book, which presents servo design from a fundamental point of view, 
is written for undergraduate engineering students and for graduate 
practicing engineers—by fellow students. 

Contact with practicing engineers through courses taught at locations 
close to industrial plants and on the company’s premises, when security 
permitted, has led me to deviate somewhat from convention in the method 
of presentation. 

The first difference is in the use of the root-locus method as a basic tool 
for servo design. From my own experience the following philosophy is 
presented as being basic in feedback-control-system design: Feedback 
control systems are designed by trial and error. Each trial is analyzed, 
and the results of the analysis are then examined to determine the next. 
The first “guess” might possibly be the type of equalizer (series, parallel, 
etc.) necessary to improve system performance. The next may be the 
component values of a resistance-capacitance network or the amplifier 
gain. The engineer continues varying system quantities until satis¬ 
factory performance is obtained. This design technique, which I call 
“synthesis by analysis,” requires that the engineer be able to analyze 
rapidly each subsequent trial. For this reason, the root-locus technique, 



VI 


PREFACE 


based strongly upon sketching methods, is recommended for servo 
synthesis. 

Frequency-analysis techniques, especially the Bode construction, that 
is, a plot of gain in decibels and of phase versus logarithmic frequency, are 
a necessary part of the complete design for two reasons: 

1. The governing equations of certain components, such as pneumatic 
valves, hydraulic actuators, and jet engines, are found experimentally 
from frequency-analysis methods. The servo engineer converts the 
experimental data into an approximate analytic form. The root-locus 
synthesis procedure is then used to design the servo. 

2. For physically constructed equipment, frequency analysis provides a 
useful experimental method of checking the design. 

Since, historically, the frequency-analysis technique (as evidenced, for 
example, in the Nyquist criterion) preceded the root-locus technique, 
some engineers seem to feel that the earlier work is simpler. In conse¬ 
quence, frequency methods have been thoroughly treated in many 
current servo texts and in many college servo courses, whereas the root- 
locus design is often relegated to the more advanced courses in feedback 
theory. In the undergraduate servo courses taught at the University of 
Southern California, both procedures are taught in the undergraduate 
course. The thought has been expressed by many of the students that 
design based upon the root locus is basically easier than design based on 
the frequency technique, for as the science of feedback control develops, 
the common stabilizing networks such as lag, lead, and lead-lag become 
less valuable in meeting more stringent specifications. The root-locus 
technique provides a simple method of analyzing the variations of system 
performance as any network parameter of a more complicated network is 
varied. 

The second difference is to present servo theory and practical servo 
design without the requirement of an elaborate mathematical back¬ 
ground. The design approach presented in this text, although rigorous, 
does not require a previous knowledge of Laplace transforms and requires 
only junior-level alternating-current circuit theory. Two methods of 
solution of differential equations, which are the basis of servo design, are 
presented: the classical method and the Laplaee-transform method. 
Emphasis is placed upon this latter operational technique because of its 
increasing importance in more advanced system thinking and because it 
places the entire subject of servo design on a firm mathematical founda¬ 
tion. Similarities between the two methods are indicated in the text, 
and the first two appendixes treat the mechanics of both methods of 
solution. 

Problems are included at the end of each chapter. Detailed deriva¬ 
tions are presented in the Appendix. Like the secretary mentioned in 
the example at the start, of *■»**» ~~ Al " - j 1 
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through the text without studying derivations in detail until he knows 
how to use the material for the design of servo systems. 

I would like to express iny appreciation to the students of EE482, 
Introductory Servomechanisms, for suggesting the writing of lecture notes 
which were the forerunner of this present text. Sincere thanks are due 
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whom I studied at the California Institute of Technology. Many of the 
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notes. I would like to express my gratitude to Servomechanisms, Inc., 
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CHAPTER 1 


INTRODUCTION TO FEEDBACK CONTROL SYSTEMS 


1-1. The Control System. Suppose it is desired to drive a load, say a 
large pump, with a gasoline engine. Even if the engine delivers several 
hundred horsepower, a small pressure on the engine throttle will cause a 
large change in the output power. The speed of the engine shaft for a 
constant load is a function of the position of the throttle. The throttle, 
carburetor, and engine comprise a type of control system wherein a large 
power output is controlled with a small power input. Figure 1-1 shows 
a sketch of a typical control system. A small input signal is amplified 
electrically, pneumatically, mechanically, or by some other means. This 
signal controls the magnitude of power delivered from the power source 
through the power actuator to the output. The input signal to the 
gasoline engine-pump system is the throttle setting, which may be an 
angular position. The amount of gasoline, which is the external source 
of power, delivered to the engine is controlled by the carburetor and the 
engine valves. A typical plot of engine speed versus throttle position is 
as sketched in Fig. 1-2. 

Many examples of this type of nonfeedback control systems can be 
cited: galvanometers, electronic amplifiers, magnetic amplifiers, pneu¬ 
matic. valves and actuators, human muscles, etc. In general this type of 
control system, which is pictured in Fig. 1-1, is called an “open-loop,” or 
nonfeedback system. The input drives the output directly through the 
intermediate components. 

One of the consequences of an open-loop system is the dependence of 
the output upon the components. For example, if the carburetor on the 
gasoline engine of Fig. 1-2 should become dirty and the fuel-air ratio 
change, the curve of output rpm versus throttle position would change. 
Since the control system depends directly on the intermediate compo¬ 
nents, variations of temperature, humidity, time, vibration, etc., tend to 
change the carburetor action and hence the output-input relation. Thus, 
some of the disadvantages of open-loop systems are 

1. The controlled output varies as the intermediate components change. 

2. The controlled output varies as the load changes. 

With open-loop control, the output varies because of changes other 

1 
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than the input or command signal. In many applications (for example, 
an automobile engine) maintaining an accurate input-output curve is 
unimportant. In other applications it suffices to calibrate the system 
periodically. To calibrate means to establish or reestablish the input- 
output relation often enough to obtain the desired accuracy. For exam- 


External power 
source 



Fig. 1-1. A typical nonfeedback control system. 



pie, a d-c galvanometer is “zeroed’’ (balanced, calibrated) before it is 
used. Many types of laboratory instrumentation systems are calibrated 
and balanced before a run. The operator depends upon the balance 
remaining constant during the period of usage. In many systems (for 

example, driving an automobile) 
a human operator is capable of 
making the necessary corrections. 
When one first drives another's 
automobile, a new sense of “feel” 
must be established, since, for ex¬ 
ample, the accelerator setting on no 
two automobiles produces exactly 
the same engine performance. 

Thus, open-ended systems have 
several advantages which should be 
considered in the planning stages of a control system. Some of these are 

1. Simplicity of operation 

2. Fewer components 

3. Stable operation 

If the system requirements cannot be satisfied with an open-loop con¬ 
trol system, as is often the case with accurate control devices, a closed- 
loop system may be required. In order to obtain the desired accuracy 
of control, the system output is measured to determine the output con¬ 
dition. This actual output is “fed back” and compared with the input. 
Since the input represents the “desired” output, the difference is the 
error which actuates the system: 


Fig. 1 -2. A typical engine rpm versus 
throttle position curve. 


Error = desired output — actual output (1-1) 

For the open-loop system, the throttle of the engine is positioned 
directly. If a certain rpm is desired, the operator refers to the cali- 





INTRODUCTION TO FEEDBACK CONTROL SYSTEMS 


3 


bration chart of Fig. 1-2 and sets the throttle at the correct angle. For 
example, if it is desired to operate at 2,300 rpm, a throttle setting of 
80° is required. 

Suppose that the system comprising a gasoline engine driving a pump 
is used in a closed-loop maimer. In such a system, the quantity that is 
to be controlled, in this case the engine rpm, is measured. The desired 
rpm, which is the input signal, is compared with the actual rpm, and the 
difference is used to position the throttle. One possible closed-loop 
engine control system is shown in Fig. 1-3. A tachometer, which pro¬ 
duces a voltage proportional to shaft speed, is used to measure output 
rpm. If the desired speed, which is the input, is converted to a voltage, 
by means of a potentiometer, the two voltages can be subtracted electri¬ 
cally. The difference, or error voltage, is used to position the throttle 



Fkj. 1-3. One possible engine eontrollc3r. 


t hrough an appropriate amplifier. The important difference between the 
closed-loop method (Fig. 1-3) and the open-loop method (Fig. 1-1) lies in 
the feedback loop. The signal that changes the throttle setting is the 
difference between the desired rpm and the actual rpm. When the output- 
shaft speed is equal to the desired speed, that is, the difference or error 
is zero, the throttle actuator (which could be a reversible electric motor 
whose output is geared to the throttle arm) remains fixed. If any change, 
such as a change in load, a change in the engine components, or the like, 
should occur in the system so that the actual rpm is no longer equal to 
the desired rpm, an error will result. This error causes the motor to 
change the throttle setting until the actual rpm corresponds to the 
desired rpm. 

A typical 44 feedback control system,” which is shown in Fig. 1-4, 
comprises one or more feedback loops which combine functions of the 
controlled signals with functions of the commands to tend to maintain 
prescribed relationships between the commands and the controlled sig¬ 
nals. 28 The same amplifying device and power actuator are used as in 
the system of Fig. 1-1. It is necessary to add a device to measure the 
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output and a device to subtract actual output from the desired output. 
The advantages of closed-loop control may be summarized as follows: 

1. Variations in load and in major components have little effect upon 
system accuracy. 

2. It is unnecessary to calibrate the system periodically except for the 
tachometer. 

Although closed-loop systems offer many advantages over open-loop 
controllers, one difficulty may arise—instability. In the case of the 
gasoline engine, if the speed should decrease because of a change of load, 
the feedback signal should be such that the throttle is advanced, and the 


External power 
source 



Output 


Fig. 1-4. A typical closed-loop system. 


speed then is increased to the desired rpm. Suppose that because of 
delays or reversals in the system the signal fed back is such that the 
throttle is further retarded. In this case the engine would further 
decrease in speed, retarding the throttle even more. This process could 
continue until the engine stalls. 

As another example, consider the problem, which is shown schemati¬ 
cally in Fig. 1-5, of setting the speed of an electric motor which is driving 
a very large inertia. As the operator turns the input knob, the motor 
starts to rotate. Because of the large inertia on the motor, some time is 
consumed before the flywheel comes up to speed. In the interest of 
hurrying the process the operator sets the input voltage beyond the value 
necessary to obtain the correct output. As the motor comes up to speed, 
the energy in the flywheel carries the tachometer beyond the desired 
speed. The operator now reduces the voltage to bring down the speed. 
By the time the motor speed begins to reduce, the input voltage is set 
too low and the speed drops below that which is desired. This process 
could continue—the speed increasing while the operator is decreasing the 
voltage and vice versa. A good operator would begin to anticipate the 
performance and soon bring the machine to the proper speed. If he 
did not introduce some anticipation control (phase lead), the system 
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might become unstable. It is usually the phase lags (produced by 
moments of inertia, inductances, human lags, etc.) in systems that give 
rise to system instability. 

An oscillator is an intentional instability. A portion of the output 
of a high-gain amplifier is fed back to the input. If just the right 
amount of energy is fed back, the input can be removed and the system 
will continue to have an output with no input. 

(7) Meter 

o Reference rAr r 

- Motor = = === —: J = Tach 


Fig. 1-5. A manual speed regulator system. 

Owing to many causes, to be considered later in this book, a feedback 
control system may be rendered useless because of instability. A formal 
definition that is applicable for servo stability is: A system is stable if 
the transients that result when a change due to an impulse applied to 
the system die out with increasing time. Because of the importance of 
stability in the operation of feedback control systems or servomechanisms, 
this book places particular emphasis on the stability problem, to whit: 

1. Iiow stable is a system? 

2. Iiow can the system be rendered more stable? 

The basic approach to the design of servo systems is through analysis 
which is based on the system differential equations. For physical sys¬ 
tems the behavior is determined from the differential equation. A servo 
engineer must be able to obtain readily an approximation for these equa¬ 
tions of the elements in the system. Since these equations contain the 
essential information about the 
system, considerable effort is de¬ 
voted in this text to writing and 
solving differential equations. 

1-2. A Mechanical Suspension. 

As a first example of finding a differ¬ 
ential equation, consider the me- Rig. i-6. A mechanical suspension, 
chanical suspension shown in Fig. 

1-6. A mass M is caused to roll (without bearing friction) on a level track. 
A spring restrains the motion on the left, and a damper on the right. 
Small motion is assumed, so that the spring force is linear, as shown in 
Fig. l~7a. As the spring is extended +%, a force — f a is produced by the 
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spring, and this force opposes the displacement. The equation for this 
motion is 

fs = ~Kx (1-2) 

where K is the spring constant in units of force per unit length, e.g., 
pounds per inch. As the spring is compressed —x, the spring force /« 
still opposes this displacement. The origin, or point at which x = 0, 
is taken as the rest position of the spring. 

The mass is restrained on the right with a dashpot (which resembles 
an automobile shock absorber). This element is termed a “viscous 




Fra. 1-7 a. Spring force vs. displacement. 

Fig. 1-76. Damping force vs. velocity. 

damper,” since it applies a restoring force proportional to velocity dx/dt. 
The linear curve is shown in Fig. 1-7 b. As the dashpot is stretched or 
compressed, the unit opposes this motion according to the approximate 
relationship 

(1-3) 

where B is the damper constant in units of force per unit length per unit 
time, e.g., pounds per inch per second. 

Application of Newton’s second law of motion (i.e., the product of 
mass and acceleration is equal to the sum of the forces acting on the 
mass) will yield the desired differential equation. Motions to the right 
of the equilibrium position are taken as positive (+$), and motions to 
the left as negative (— x). Reference to Fig. 1-6 yields 
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or rearranged 

d 2 x B dx K f(t) r ,. 

Te + Mdt + U X ~M (1 - 5) 

This last equation represents the differential equation of motion of the 
system. 

Equation (1-5) is representative of the type of equations encountered 
in linear servo design. It is a * 4 linear differential equation with constant 
coefficients.” The equation and also the system are “linear” because 
the dependent variable x and the derivatives of x, namely dx/dt and 
d 2 x/dt 2 , appear in the equation raised only to the first power. No 
products of terms, such as x(dx/dt), x(d 2 x/dt 2 )\ or terms raised to higher 
powers, such as (dx/dt) 2 , x 2 , and ( d 2 x/dt 2 ) z ; or functions of x, such as 
sin x , log x , and cos dx/dt, are included. The term “constant coef¬ 
ficients” implies that the quantities multiplying the dependent variable 
or derivatives of the variable are constants independent of time t, dis¬ 
placement x, or velocity dx/dt. That is, M, B, and K are constants. 
Before Eq. (1-5) is solved, a position servo, with the same differential 
equation, is considered. 

1-3. Equations for a Position Servo. The closed-loop system of Fig. 
1-8 is used to position an inertia disk. An output potentiometer meas¬ 



ure,. 1-8. A position servo. 


ures the output-shaft position and converts this into a voltage, according 
to the equation 

e a = K b c (1-6) 

where c is the output shaft angle in radians. Kb, which has the units 
volts per radian, is the “voltage gradient” or “transfer function” of the 
potentiometer and is found by dividing the total voltage E by the maxi¬ 
mum rotation of the potentiometer: 

E 

Kb = y— volts/radian (1-7) 

The input knob position r is converted to a voltage with an identical 
potentiometer. A difference amplifier, which is discussed further in 
Chap. 9, amplifies the difference between the two input signals: 

e i = Ai(e r - e c ) = A x K h (r - c) 


(1-8) 
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This voltage is amplified with A 2 and appears at the motor terminals as 

e% = A 261 = AiA 2 Kb(v — c) (1—9) 

Approximate equations for the motor must be determined. Experi¬ 
mental torque-speed curves for small servomotors are linearized as shown 
in Fig. 1-9. (Chapter 9 presents more detailed information on servo¬ 
motors.) The equations for the family of straight lines of Fig. 1-9 are 
written 

<a e = aL + b (1-10) 

where L is the torque delivered by the motor, <a c is the angular velocity 
of the motor shaft, and a and b are constants. Equation (1-10) is the 



Torque, L — 

Fig. 1-9. Linear torque-speed curves 
for a servomotor. 



Fig. 1-10. No-load-speed vs. voltage for a 
typical servomotor. 


general equation of a straight line. Depending upon the type of control 
motor (d-c or a-c), different constants a and b are obtained. The basic 
equations have the same form. 

The slope of all lines is negative and is represented by the same constant 


a — ~k 1 (1-11) 

The quantity b depends upon the control voltage. For L = 0, the inter¬ 
sections of the straight lines with the vertical axis yield the no-load-speed 
versus voltage curve shown in Fig. 1-10. The slope of the linear portion 
of the curve (near the origin) is k 2 . The equation of this curve is 


co c = k 2 e 2 (1-12) 

where e 2 is the voltage applied to the motor. Rearranging and substi¬ 
tuting for a? c from Eq. (1-12), 


a ) c — b = k 2 e 2 for L = 0 


(1-13) 
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The equation for a motor is rearranged and written 

L + K 2 a> c = K ie 8 (1-14) 

where L = torque delivered by motor 

e 2 = applied voltage 
co c = motor velocity = dc/dt 

K i and K 2 — constants taken from torque-speed curve, K\ = kz/ki 
and K 2 = l//ci 

In this present example the motor drives an inertia load L = J(d 2 c/dt 2 ) 
and the differential equation is written 

j w + k 4 = k ^ ^ 

where e 2 is the voltage applied at the motor terminals. When e 2 is substi¬ 
tuted from Eq. (1-9), the complete system equation results 

d 2 c . K 2 dc Ki r A A r -, N1 /1 

SF + T X - T - »)! d- 10 ) 

which is simplified to 

d 2 c , K 2 dc , 
dt 2 + J dt + Xc ~ 

where X = (1- 18 ) 

The form of Eq. (1-17) is identical with that of Eq. (1-5)—a linear 
differential equation with constant coefficients. The order of this sys¬ 
tem, equal to that of the highest derivative in the equation, is two. 
Such an equation is usually referred to as being of second order. 

1-4. Damping Ratio and Undamped Natural Frequency. Before the 
solution of the differential equations [Eqs. (1-5) and (1-17) of the previous 
sections] is considered, two important definitions are given. Two quanti¬ 
ties that are used throughout the field of control systems are 

f = damping ratio 
00 n = undamped natural frequency 

Any linear second-order differential equation can be written in terms of 
these two quantities. Such a second-order system is written in the form 

= f(t) (1-19) 

When Eq. (1-19) is compared with Eq. (1-17), the following relations 
hold: 

2fco n = ~ 2 and «» 2 = 3C (1-20) 
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These relations are solved as follows: 


- vs - ^4* 

_ K2 = K, _ 1 _ 

2 JVk 2 \/K l A 1 jUKiJ 


(1-21) 

( 1 - 22 ) 


When Eq. (1-19) is compared with the mechanical system of Eq. 
(1-5), the following relations hold: 

2fc n =-^ and u>„ 2 =J^ (1-23) 

These relations are solved with the result 


«„ = 


r = 



B 


2 y/KM 


(1-24) 

(1-25) 


Even with higher-order systems, where there are more than two roots, 
the system response is often dominated by two “least damped roots ” 
and the results of the second-order system can be extended to approxi¬ 
mate the higher-order systems. The two parameters f and to n are suf¬ 
ficient to describe the second-order equation. These quantities will be 
discussed in further detail throughout the text. 

Equation (1-17) represents the dynamic equation of motion of the 
position servo of Fig. 1-8. This equation is expressed in terms of co n and 
f as follows: 

+ 2r«» g + co w 2 c = a> n 2 r (1-26) 


where co n and f are given by Eqs. 



Fig. 1-11. Unit step function in position. 


is at rest, that is, c(0) = 0 — ^ 
function. 


(1-21) and (1-22). The quantity c is 
the dependent variable or response, 
and r(t) is the independent variable 
or driving function. 

1-5. Laplace-transform Solution 
of Differential Equations. 9 - 18 The 
solution of Eq. (1-26), that is, c as a 
function of time, can be found with 
Laplace transforms. The driving 
function is a step function u(t) which 
is shown in Fig. 1-11. The system 

, before the application of the step 
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The Laplace-transform solution, which is discussed in Appendix I, 
starts by transforming both sides of Eq. (1-26) as follows: 

P 2 C + 2ft OnpC + ujc = w „ 2 £ (1-27) 

where p is the Laplace-transform operator, 1/p is the Laplace transform 
of a step function (cf. Table 1-1). Since the initial conditions are zero, 
p 2 C = Z{dh/dt 2 ) and pC = £(de/dt). The output variable c is capital¬ 
ized C to indicate that the function of time c(t) and the function of p, 
C(jp), which result after transforming the equation, are different functions. 
Equation (1-27) is solved algebraically for C: 


,, 2 

p __ ten _ 

p(p 2 + 2 fanP + ten 2 ) 

This is separated with partial fractions* into 
✓ y _1 P + 2[ten 

p ip + r<^n ) 2 + OJn 2 (l — r 2 ) 


(1-28) 

(1-29) 


This expression, Eq. (1-29), is inverse Laplace-transformed, using Table 
1-1, with the result, for t > 0, 

c(t) = u{t) - ^ _ p (sin co n Vl - T 2 1 + 4 >) (1-30) 


where <t> = tan” 1 (Vl — f 2 /f) and u(t) is a unit step function. An alter¬ 
nate form for this expression is written 


c(t) = 1 - er*”* 1 ^cos Vl - f 2 t + sill CO n Vl — f 2 ^ (1-31) 

This latter form is found from Eq. (1-30) with the identity 

sin (a + b) = sin a cos b + cos a sin b (1-32) 


The curves of Fig. 1-12 show the response [either Eq. (1-30) or (1-31)] 
of the output shaft c(t) plotted versus dimensionless time oo n t after the 
input knob is subjected to a unit step in rotation, r(t) = u(t). All the 
curves except f = 0 damp down to a steady-state value of 1. The 
curves for small f damp more slowly than for larger f. As might be 
expected, the more damping (f large), the less oscillatory is the character 


of the response. From Eq. (1-22) 

r = — 


_ K 2 _ 

2 Vf i AiA»Kj 


(1-33) 


The damping ratio depends upon several variables of the system. 
Adjustment of f is possible by variation of any of the quantities in 


* See Appendix I for an explanation of partial fractions. 
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Eq. (1-33). Amplifier gain is commonly decreased to increase the 
damping. 

As the system becomes more oscillatory, small f, the response c{t) 
overshoots the steady-state value (in this case 1) by a greater amount. 
The per cent overshoot, which is the value to which the output rises 



0 0.2 0.4 0.6 0.8 1.0 

f (zeta) 

Fig. 1-13. The per cent overshoot versus f for a second-order system, 
above the steady-state value, is defined 


% overshoot 

= 100 max va lue reached in first overshoot — steady-state value 

steady-state value 


(1-34) 


For the second-order system of Eq. (1-26) the per cent overshoot is 
plotted in Fig. 1-13. 
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The speed of response of a system is related to u n and J. Since Fig. 
1-12 is plotted against u n t, the actual time t that is necessary for the 
curves to reach steady state depends upon a n . For «» large the system 
will reach steady state in less time. For a simple second-order system 
of this type, the undamped natural frequency is given by [refer to 

Eq. (1-21)] 




4 


KiAiA%K b 
J 


(1-35) 


Variation of u n is possible by changing the servo components. Notice, 
however, that increasing the A X A 2 product causes < o n to increase and f to 
decrease. Because of this relation between f and co n , other methods of 
design must be studied even for this simple system. 

1-6. Classical Solution of Differential Equations. 40 ’ 66 The differential 
equations of dynamic systems can be solved with the classical method, 
which is presented in Appendix II. This method is discussed as an aid 
in understanding servo systems. The solution is divided into two parts: 
transient and steady state. The position servo equation 


+ C0 w 2 c = a )n 2 u(t) 


(1-36) 


is solved, as in the previous section, for a step position input and zero 
initial conditions. 

The transient solution is found by setting the driving function [right- 
side of Eq. (1-30)] to zero: 

dtF ^ COn <*>*.% = 0 (1-37) 


A solution is assumed for c t of the form 


c t = Ae# (1-38) 

and this is substituted into Eq. (1-37): 

M’ 1 H- /pWajt* + = 0 (1-39) 

The common term Ae pt is canceled in Eq. (1-39), resulting in the charac¬ 
teristic equation 

p 2 + 2 fw n p + CO„ 2 = 0 (1-40) 

The cancellation of Ac pt is always possible for linear differential equa¬ 
tions with constant coefficients. The Laplaee-transform solution, how¬ 
ever, is limited to the same type of equation. 

Equation (1-40) is factored, in this case using the binomial expression, 
into two roots 


'Pi = — fo) n ± joi n a/T — f 2 


(1-41) 
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for the case f < 1. The transient component is written 


c t = + A 2 e" (fWw " yWttV/i “ r2)f (1-4^ > 

or, as indicated in Appendix II, 

c t = e~^ nt (Bi sin co r 2 ^ + # 2 cos co/) (1-43 ) 

where = o> n Vi ~ f 2 (1-44 ) 

Before completing the solution, it is now possible to indicate another 
definition for f and co n . This presentation will serve to explain the name- 
given these two quantities. The quantity f is the ratio of the damping 
that exists in a second-order system to the critical damping. Higher^ 
order system response is often dominated by two “ least damped roots/ 1 " 
For this reason, results obtained for the second-order system are often 
approximately true for higher-order systems. 

Critical damping in a second-order system is defined as the value of 
damping which produces two equal real roots in the characteris ic equa¬ 
tion. This corresponds to f = 1, since, in Eq. (1-41), substi ution of 
f = 1 results in two identical roots 

Vi = (1-45) 

For the mechanical system of Fig. 1-6, the characteristic equation is 


and the roots are 


, B K n 

+ M P+ M =0 


Pi = 


B_ IK 
2 M ± \4M 2 M 


(1-46) 

(1-47) 


The critical value of damping, B c , is the damping constant which makes 
the term under the radical [of Eq. (1-47)] equal to zero. For Eq. (1-47), 
B c is found from the expression 


or solving 

For this value of B, 
damping ratio is 


Bl 

44f 2 



B c = 2 VKM 

there exists a double real root 



B 

2 \/KM 


(1-48) 

(1-49) 
-B/2M. The 


(1-50) 


The undamped natural frequency is the frequency of oscillation that 
occurs for zero damping. The roots of Eq. (l-4(i), for B = 0, are 


Pi — + 




(1-51) 
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where j = — Imaginary roots result in the transient component 


x = 4 ie W(AVAf>< + A 2 e-^W M » (1-52) 

Equation (1-52) can be written as follows: 



a c = B x cos yj-^. t + Bi sin ^Jjj| t 

(1-53) 

where 

Bi = (A i +• A*) and 

B 2 — j{A i — A?) 

(1-54) 

The undamped natural frequency is 





H 

M 

(1-55) 

If Eqs. (1-50) and (1-55) are substituted into Eq. (1-46), the following 

results: 

. ,J 1 B [M\ 

V + 2 \2 M \K) \ 

IK , K . 

Im p + m = 0 



'1' 1* >i J-' 

i 

(1-56) 


P 2 + 2 f <O w 

P + 0 ) n 2 ~ 0 



This last equation, of course, is identical with the original definition of 
Sec. 1-4. 

The steady-state solution for a step position input is found by assum¬ 
ing a solution of the form 

c„ == A (1-57) 

The procedure of Appendix II is followed. The steady-state solution is 
substituted into Eq. (1-36): 

+ 2^„ ^ + «„**. = « n * (1-58) 

Since c 88 is a constant, the derivatives are zero 

<^n 2 C*« = C On 2 A = W w 2 (1-59) 

and A = 1. A similar procedure is used for other types of inputs (cf. 
Appendix II). 

The complete solution for this equation is found by adding the transient 
and steady-state parts as follows: 

c = c t + c 88 (1-60) 

These are found from Eqs. (1-43) and (1-59): 

c(t) = e~~S" nt (Bi sin a > r t + B% cos io r t) + 1 


(1-61) 
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Since the system is at rest before the application of the step function, 
two initial conditions must be imposed: 


c(0) 



<—o 


(1-62) 


Imposing these initial conditions and solving for the constants, 

-r 


Bi = 


VT^F 2 


and B 2 = —1 


The complete solution is 


c(t) = 1 — e~ to>nt ( cos co r t + 


Vi - f ! 


sin a ) r t 


) 


(1-63) 

(1-64) 


where u r = y/l — f 2 . This equation agrees, of course, with the 
Laplace-transform solution of Eq. (1-31). 

1-7. Transfer Functions and Block Diagrams. The simplification 
resulting from the use of operational calculus is further increased when 
transfer functions and block diagrams are introduced. Consider a general 
differential equation that relates the output of a system to its input: 


d n c . d n ~ l c . . dc . , dTr . . , dr . , 

aH 3F + a - l dF* + • • • +Ch^ + a oc = b m -^+ • • • +b 1It +bor 

(1-65) 

where the a; and bi are constants, c(t) is the output or response, and 
r(t) is the input or driving function. Any element which is governed 
by such an equation is said to be linear. One important property of 
such elements is that if r x produces an output Ci and r 2 causes an out¬ 
put c 2 , then an input 

airi + a 2 r 2 (1-66) 

will produce an output 

ol\C X ~t~ 0 L 2 C 2 (1-07) 

Transforming Eq. (1-65), with zero initial conditions, 

(a n p n + a n -ip n ~ l + * • • + aip + a 0 )C = ( b m p m + * • * + b x p + b () )R 

( 1 - 68 ) 

The ratio of the Laplace-transformed output C to the Laplace-trans¬ 
formed input R is the “transfer function” 


Q, p \ = C = b m p m + b m -ip m ~ l + • • • + big + bp 

R a n p n + a n ~\p n ~ l + * * * + a x p + a 0 


(1-69) 


The transfer function G(p) is a property of the element only. For linear 
systems it is independent of the driving function and the initial con¬ 
ditions. G(p) is a rational function of p, and the constants and 
bi depend only upon the element or the system. 

When the transfer function of an element or a system is known, the 
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transformed response can be found from the equation 

C(p) = 0(p)R{p) 


(1-70) 


This equation can be represented by a 4 ‘block diagram/’ as shown in 
Fig. 1-14. The block has the signifi¬ 
cance that the output is equal to the 
input times the function within the 
box. Hence the block diagram of 
Fig. 1-14 represents Eq. (1-70). 

If two such elements are in series, 
as in Fig. l-15a, the output of the 
first is the input to the second, and the following equations must hold: 



Fig. 1-14. Block diagram of a linear 
system. 


Ri = Oi(p)R 
C = G 2 (v)Ri 


(1-71) 


These equations can be combined algebraically: 

C = Gi(p)Gi(p)R = GiGiR (1-72) 

This equation shows that the two boxes in series can be transposed as in 
Fig. 1-156 and also can bo replaced by a single box whose transfer func¬ 
tion is the product G 1 G 2 as shown in Fig. l-15c. This method can be 
extended to any number of series elements. 


R 



R, 

rr . 

- Vj, 




(°) 


C 


R 

CZr. 

! 

cz, - 


'- 7 2 


■ 


(b) 


C 


GiG 2 


(C) 

Fig. 1-15. Block-diagram algebra—two blocks in series. 

As an example of transfer functions and block diagrams, consider the 
transfer function for the mechanical suspension of Fig. 1-6. The ratio of 
the transformed position output X to the transformed force input is 
found from Eq. (1-5): 

( v 2 _l JL v _L A) X = — 

\ p + m v ^m) M 

and the transfer function is 


(1-73) 


Gi(p) 


1/M 


X __ 

F ~ p* + (. B/M)p + (K/M) 


(1-74) 


The block diagram is included in Fig. 1-16. 
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In a similar manner the transformed equation for the position servo is, 
from Eq. (1-26), 

(p 2 + 2 £a) n p + Un 2 )C = CO n 2 R (1-75) 

and the over-all transfer function is 


(1 ( \ _ C' _ Wn 

- {P) ~R~ V 1 + 2 f«„P + 


X 


(1-76) 


The block diagram is shown in Fig. 1-17. 


F 

1/M 

R 

K 

, *2 

p 3 + y P+K 

C T 


p 2 +B/M p+K/M 

-* 



Fig. 1-16. Block diagram of a median- Fio. 1-17. Block diagram of a position 
ical suspension. servo. 


1-8. Block-diagram Algebra. The combination of several blocks in 
series (cf. Fig. 1-15) into one box can be extended. The rearranging of 
block diagrams to effect simplification is termed u block-diagram algebra.” 
The identities presented in this section are used throughout the field of 
servomechanisms. 

As long as it is realized that transformed quantities are used, the R(p) 
can be discarded and simply R used. 

Basic to the subject of feedback control systems is the subtracter, 

whose symbol is shown in Fig. 1-18. The in¬ 
put signal (voltage, torque, position, etc.), 
labeled r, minus the feedback signal (same form 
as r so a subtraction is effected) equals the error 
signal e. Practical forms of subtractors are 
included in Chap. 9. 

In Fig. 1-19 are summarized the most im¬ 
portant block-diagram identities. Since each 
of these pairs can be interchanged in a complex system, they aid in reduc¬ 
ing a system. All these identities can be verified by finding the output 
from the two equivalent, diagrams. For example, compare the output 
from both block diagrams of Fig. 1-196. The diagram on the left yields 

e = KiR - K 2 C (1-77) 

The diagram on the right yields 

£ = R - c\ K 2 = KiR - K,C 
which is identical with Eq. (1-77). 



Fig. 1-18. Subtractor sym¬ 
bol. 


(1-78) 
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The identity shown in Fig. 1-20 is one of the most important. The 
error s is written 

s = R - HC = ~ (1-79) 


The input-output or closed-loop transfer function is found from Eq. (1-79) 


c 

KG 

(1-80) 

R 

1 4- KGH 

and the error to input relation is 



e 

1 

(1-81) 

R ~ 

1 + KGH 

It must be remembered that G and H are 

both functions of p. The 


variables C , R, and e are Laplace-transformed and are also functions of p. 

Equation (1-80) is the “closed-loop” transfer function of a servo in 
terms of the open-loop quantities. In words, in this equation it is stated 
that the closed-loop transfer function C/R is the forward-loop transfer 
function KG divided by 1 plus the open-loop transfer functions KGIL 
Since this expression is frequently needed in feedback-control-system 
design, it should be memorized. 

1-9. Transfer Functions and Convolution. Suppose the differential 
equation (1-65) is driven by an impulse 

r(t) = 8(t) (1-82) 

5(t) is the symbol for a unit impulse function. This function has zero 

value everywhere except at t = 0, where 
the magnitude is infinite. The impulse 
is defined so that 

8(f) dt = 1 (1-83) 

where e is a small positive quantity. The 
function can be constructed from a pulse, 
as shown in Fig. 1-21. The pulse has 
height 1/a and width a. The area is 
(l/a)(a) = 1; the impulse is formed by 
taking the limit as a approaches 0 (a—>■ 0). 
The Laplace transform of an impulse is 

= / 0 “ dt = e° f o X S(t) dt = 1 (1-84) 

This transform pair is included in Table 1-1. 

The transformed response C(p) of the system of Eq. (1-65) is given 



Fig. 1-21. An impulse formed by 
taking the limit as a approaches 
zero. 
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by the transfer function, since R(p) = 1. Hence 


G{p) = C(p) 


1 ~b ~ • • + bjp j- bp 
a n p n + a n ^p n - 1 + • • •' + flip + Oo 


is the Laplace transform of the impulse response of the element. 

The inverse transform of the transfer function is known as the “weight¬ 
ing function.” If an impulse is applied to an element, as shown in Pig. 
1-22, the output is the weighting function w(t). Any function r(t) can be 
represented by a series of pulses (impulses in the limit), as shown in Fig. 
1-23. If w(t) is the response of an element when S(t) is applied, then 




1 io. 1-22. Impulse response and Fin. 1-23. A function represented by a 
weighting function. sum of impulses. 

aw(t - n At) is the response of an element when a 8(1 - n At) is applied, 
where a is a constant. The response of the element to a pulse which is 
located at n Ar and is of height r(n Ar) and width At is 

r(n A r)w(t — n Ar) Ar (1-86) 

The total solution at time t is the sum of the responses due to each 
impulse: 

N 

«(0 = ^ r(n Ar)w(t — n Ar) At (1-87) 

n ~ 0 

Passing to the limit as At —■» dr, n —>■ oo , and At —> 0 (such that the product 
n A r—>r) Eq. (1-87) reduces to the integral 

<-{t) = f* r(r)w(t, - r) dr ( 1 - 88 ) 

Hence the output of a linear system is found by “convolving”* the input 
with the weighting function. The weighting function is the inverse 
Laplace transform of the transfer function 


£r'G(p) = w(t) (1-89) 

This is the process of carrying out the convolution integral of I5q. (1-88). 
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When the Laplace transform of both sides of Eq. (1-88) is formed, 

C(p) = R(v)G(p) (1-90) 

This equation has the same form as Eq. (1-70). Reference to Appendix 1 
yields further information on the convolution integral. 

In Chap. 2 the transfer functions and block diagrams of numerous 
elements are computed. Chapters 8 and 9 treat the transfer functions 
of practical servo components. 

1-10. Servo Conventions. The symbols used in the field of feedback 
controls have been standardized. Figure 1-24 shows the block diagram 


Input 

signal 


Actuating 
~x signal 

Forward 

transfer 

function 

Output 

signal 

y_ > 



Feedback 

signal 





Feedback ] 
transfer 
function 




^Feedback 

path 


Fig. 1-24. Servo conventions. 


with the defined terminology that will be used in this book. The symbols 
that represent these are summarized below: 

Input signal — r(t) or R(p) reference 
Output signal = c(t) or C(p) controlled variable 
Actuating signal = e(t ) or s (p) error 

Feedback signal = b(t) or B(p) (if different from c) 

Forward transfer functions G\ } (r 2 , . . . 

Feedback transfer functions H h H 2 , . . . 

This notation is used throughout the book. 

1-11. Stability and the Location of the Roots of the Characteristic 
Equation. The stability of a linear control system is defined in Sec. 1-1. 
This definition can be reduced to a mathematical criterion for practical 
servo design. The stability of a system depends only upon the system 
and not upon the driving function. lienee, if a system is unstable, any 
excitation (driving function) will cause the system to oscillate. If the 
system is stable, any bounded excitation will cause a bounded response. 

The weighting function, which is the inverse transform of the transfer 
function, depends only upon the system. (The Laplace transform of a 
unit impulse is unity.) If the weighting function is stable, that is, if it 
dies out as time increases, all the time constants of the exponentials will 
be negative: 

c(t) = Aie~ ait + e~ a2t (B cos w r t + C sin u r t) + T>e~' otzt (1-91) 
For large time, t —» °o ? this equation reduces to zero. 
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The Laplace-transformed form of Eq. (1-91) yields the same infor- 


mation. If 


(1-92) 

then 

c(t) = Ae~ at 

(1-93) 

and if 

c «-A 

(1-94) 

then the time response is 

5 

II 

(1-95) 


When the root of the transfer function lies in the left half plane, the 
exponents are negative. In Eq. (1-92) the root lies at pi = —a and the 
weighting function is stable. In Eq. (1-94) the root lies at Pi = b and 
the function is unstable, since Eq. (1-95) increases as t becomes large. 

The classical solution yields the same information. The transient 
component of the solution, which depends only upon the system, is found 
by setting the driving function to zero and assuming a solution of the form 

Ae vt (1-96) 

This is substituted into the homogeneous* equation, as in Sec. 1-6, 
yielding the following characteristic equation: 

(t n p n T Cln—lP n ~ l + * ' * + Clip •+ Uo = 0 (1-97) 

The location of the roots of this equation determines the stability of the 
system. 

The location of the roots on the p plane and the form of the weighting 
function or the transient component are shown in Eig. 1-25. Single roots 
along the negative real axis yield a solution Ae~ ait + Be~' ot2t . A complex 
conjugate pair of roots along the imaginary or j axis yields a transient 
component A cos cot -f B sin at. Single roots along the positive real axis 
yield AeA* 11 +■ Be +a2t . One pair of complex roots in the left half plane 
gives rise to a transient component of the form 

<r at (A cos cxo r t + B sin o> r t) (1-98) 

A pair of complex roots in the right half plane yields 

e+ at (A cos co r i t + B sin M) (1-99) 

Double roots of the characteristic equation occurring at one point in the 
left half of the p plane result in a transient component ( A +• Bl)er at . 
A single root at the origin gives rise to the solution 

y t = constant = A (1-100) 

* Homogeneous equation is the name given the differential equation when the 
driving function is set equal to zero. 
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A double root at the origin yields 

y t = A + Bt (1-101) 

Double complex roots which lie along the j axis give rise to the solution 

^/transient = (A + Bt) COS + (C -|- Dt) sin Olt (1-102) 

The nature of the stability can now be stated in terms of the location 
of the roots of the transfer function denominator or the characteristic 



Marginally 

stable 

Fig. 1-25. Root plane and location of roots. 


equation 

A system is stable . If all roots lie in the left half plane 

A system is unstable . If any of the roots lie in the right half plane or if 

any multiple (double, triple, etc.) complex 
pairs of roots lie along the j axis or multiple 
roots at the origin 

A system is marginally stable . If any single pair of conjugate roots lies along the 

j axis and all other roots lie in the left half plane 
A system is conditionally stable. ... If all roots lie in the left half plane only for some 

particular condition. Often the system is 
stable in only a range depending upon the loop 
gain 

Roots which lie in the right half plane result in a transient response 
that builds up with time and is usually unsuitable for a control system. 
Single roots which lie on the imaginary axis other than at the origin 
result in an undamped sinusoid, or an oscillatory response. The system 
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is termed an oscillator and is the limiting case between stable and unstable 
systems. 

1-12. Conclusions. The essentials of closed-loop system design are 
exemplified in the solution of the second-order system. In the design of 
a servo system no direct-synthesis procedure is available. The servo 
designer uses a combination of synthesis and analysis. Typically, the 
designer is faced with several components which must be used (ampli¬ 
fier, motor, etc.). These have differential equations about which the 
system is constructed. When the loop is closed, theoretically the sys¬ 
tem may be unstable, may have too large a steady-state error, may have 
too small a damping f or too small a natural frequency co n . The engineer 
must make a change which will bring the system into specification. 

Depending upon the experience of the servo engineer, this change will 
be more or less optimum. In any case it becomes necessary to analyze 
the system with the “engineering change” to determine the improve¬ 
ment. Having analyzed the first alteration, the servo engineer makes 
another change and analyzes the resulting system. This process is con¬ 
tinued until the system meets the performance specifications. 

To be a competent servo designer requires capacity to analyze sys¬ 
tems well. Fortunately, a formalized procedure is available for analysis 
of linear systems. This procedure can be outlined as follows: 

1. Obtain the system differential .equations. 

2. Find the steady-state solution to the differential equations for 
certain types of inputs (steady-state errors). 

3. Determine the degree of stability from the transfer function or 
characteristic equation. 

Each of these steps must be formalized so that the engineer can quickly 
and accurately complete the analysis. For example, a servo engineer 
must be capable of obtaining the differential equations for mechanical 
and electrical systems in a formalized fashion. 


PROBLEMS 

1-1. List five examples of open-loop control systems, and draw block diagrams for 
each. 

1-2. List five examples of closed-loop control systems, and draw block diagrams for 
each. 

1-3. Use the Laplace integral to find the transform of the following functions of 
time: 

(a) o at (d) 

(i b ) sin cot (v-) u(l) (unit step function) 

(c) a ~ ,u (/) 8(1) (unit impulse) 

1-4. indicate which of the following equations are linear differential equations with 
constant coefficients: 
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(a) + 3 (+ Ml = f(t) 

(b) + 2y ~ + 3y = sin cat 

W g +3lf + 4 | + 1 _ 

w 5^ + 3 5^ + + 4 = J2 sin u(! 


1 - 5 . Find the solution for the following differential equations. Assume that at 
t - 0, y = 3/o, dt/M and all higher derivatives are zero. Since Prob. 1-5/is in trans¬ 
formed form, initial conditions are included. 


(a) 


dt 3 


+ 8 9 + “f-o 


7i§ + 7 + 15 ^ = 0 


(C) di* -r ' dt 


(e) 


— — 3 ~ + y = 0 


dt 3 




(Roots p.- = -0.53, +0.65, +2.87) 


m f» + 10-0 

+»!-» 

(/) (p + i)(p 3 + 8)r - 8//„ 


1-6. Plot on the p plane the roots of the characteristic equations of Prob. 1-5. 

1 - 7 . Pind the solution to the following differential equations subject to zero initial 
conditions: 

/ \ d 2 y 0 dy , . 

(a) 5F ~ 2 A + 4y " 8111 

<W $- 2 i + 

(<) + 4 3T 

1-8. Compare the Laplace-transform and classical methods of solution by solving 
the following differential equation when subjected to zero initial conditions: 

d 2 £ I Qy dc 10 1 .n 

W + 2 ^Jt + < ‘”‘ c = 2^ 

Take £ = 0.10, to n = 10 radians/sec, and a — 

1 - 9 . Plot the frequency of oscillation of the transient component of Mq. (1-43) 
versus f when «» = 1. 

1 - 10 . Derive an analytic expression which relates per cent, overshoot, to (lamping 
ratio Plot the corresponding curve to verify Fig. 1-13. 

1-11. (a) Find the complete solution c{t) when the input to the position servo of 
Fig. 1-8 is a ramp function which is shown in Fig. IP-11 and is represented 
mathematically as follows: 

r(t) = cot 

Assume zero initial conditions at t = 0, c = 0, and dc/dt = 0. 

(b) For values of f = 0.1, 0.3, 0.6, and 2.0, plot the solution in the follow¬ 
ing forms: 

(1) c(t) versus ca n t 
/o\ dc 

(2) ^ versus caj 
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1 - 12 . After completing the design of a simple position servo of the form shown on 
Fig. 1-8, the designer finds that the system had 79 per cent overshoot in response to a 
unit step input. The open-loop transfer function is 

0 ^ C _ AK VZ 

It — C £ Pi'Trri'P +- 1) 

By what factor should he multiply the amplifier gain /l so that the overshoot is 
reduced to 50 per cent? K m and r m are motor constants. 

1 - 13 . The open-loop transfer function for a position servo is given by 

C _ K 

R - C p(l +0.5p)(l d-0.2p) 

K — 1.6, and FI(p) == 1. Find the response of this system c(i) for a unit step input 
r (0 = u(t). The initial conditions are zero. 

1 - 14 . Determine the damping ratio, per cent overshoot, and frequency of oscillatory 
roots for the system of Prob. 1-18. 

1 - 16 . Reduce the block diagrams of Fig. 1 P-15, and derive expressions for the 
closed-loop transfer functions. 



(a) 

Fra. IP-15a 



(b) 


Fia. IP-156 
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(c) 

Fig. 1P-15c 

1 - 16 . The transfer function of a system is 


G( V ) - 


10 

V + 3 


Use the convolution integral of Eq. (1-88) to find the response (output) for zero 
initial conditions when the input is 

(a) A unit step function u(t) 

( b ) A unit ramp function tu(t) 

(c) A unit-amplitude sinusoid u(t) sin i 

1 - 17 . Verify the results of Prob. 1-16 by finding the inverse Laplace transform of 
the product of the transfer function (r(p) and the Laplace transform of the input. 








CHAPTER 2 


OBTAINING THE SYSTEM DIFFERENTIAL EQUATION 


2-1. Introduction. The first step in the synthesis of a feedback con¬ 
trol system is to obtain the differential equations of the fixed elements 
(those elements which must be “lived with”), such as mechanical com¬ 
ponents, networks, error-sensing devices, and amplifiers. This chapter 
deals with the writing of linear differential equations for electrical, 
mechanical, or electromechanical systems. The approach to the prob¬ 
lem of finding the differential equation is identical for any of these 
systems. The method which is outlined in this chapter reduces the 
analysis of linear systems to a step-by-step procedure. 

2-2. Loop Analysis of Electrical Networks. 23 ’ 55 The foundation of 
electrical network analysis rests upon two basic laws, namely, Kirchhoff’s 
laws: 

1. The algebraic sum of the voltage drops around a closed loop equals 
zero. Alternately the sum of the voltage 1 , drops equals the sum of volt¬ 
age rises around a closed loop. 

2. The algebraic sum of the currents flowing out of a circuit node 
equals zero. 

A common method of analysis 
based on the first law is called 
the “Maxwell mesh” or “loop” 
method. This method consists of 
summing the voltage drops around 
each loop of a multiloop network 
and setting each equation equal to 
zero. As an example of the loop analysis of an electric circuit, consider 
the problem of finding the output voltage e„ for the circuit of Fig. 2-1. 
The steps in the solution of this problem are summarized as follows: 

1. Assume loop currents in a clockwise direction and in Fig. 2-1). 
Although the correct solution will he obtained if some other direction is 
assumed, certain chocks are available if the currents are taken in the 
same direction. Be certain that a current flows through every element 
and that the number of currents assumed is sufficient. 

One method to assure that a sufficient number of currents is assumed 
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Fro. 2-1. Electric? circuit example. 
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in a network is indicated in Fig. 2-2. This method is applicable to net¬ 
works that can be drawn with no wires crossing. (These networks art* 
called “planar networks.”) The currents are assumed so that (a) 
through every element a current flows and ( b ) no element crosses a loop - 
Condition a is satisfied in Fig. 2-2, since currents flow through all ele— 



Fig. 2-3. Sufficient number of loop currents. 


ments. Condition b is violated, however, in the case of both currents in 
and i t . A correct assumption of the currents is shown in Fig. 2-3. 

2. Around each loop write Kirchhoff’s first law (the sum of voltage- 
drops around the loop equals the sum of voltage rises around the loop). 
This will result in the same number n of differential equations as there* 

are assumed currents. 

3. Laplace-transform the differential 
equations. 

4. Solve the n algebraic equations for 
the desired current or currents. In solv¬ 
ing these equations treat p as an algebraie- 
quantity. The differential equations are 
manipulated as algebraic equations. 

The equations for the circuit of Fig. 2-1 
are found by following the above procedure. 

1. The currents i x and i 2 are assumed in a clockwise direction. 

2. The sum of the voltage drops around each loop is set equal to the 
voltage rises. In the first loop the input voltage e,- B is a rise, as indicated 
by the polarity markings on Fig. 2-4. The voltage drops in the first 
loop occur across the passive elements R, L, and C in the loop. The 
sum of the voltage rises equated to the sum of the voltage drops yields 


_ + h 


+ f ' 


J e h c ~ 

i j ^ y 


Fig. 2-4. First loop of electric cir¬ 
cuit example. 
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BA + i, f + i 


(ii — i%) dt 


( 2 - 1 ) 


When this equation is Laplace-transformed with zero initial conditions. 


Jilin = + LiP +- 11 + ^ 


pG 


( 2 - 2 ) 


The variables are capitalized to indicate that they are functions of p~ 
An equation for each loop must be 
written. In the second loop, shown 
in Fig. 2-5, the voltage rises (driving 
functions) are zero. Equating this to 
the sum of the voltage drops 


0 = L‘> ~ -f R«i 2 + q 


ii) dt 

(2-3) 



Fkj. 2-5. Second loop of electric cir¬ 
cuit example. 


or in terms of the Laplace-transforrn operator p 

0 ,(- j L), 1+ (/, 2P+re! +^)/ I (2-4) 

In a shorthand notation Kqs. (2-2) and (2-4) are written in convenient 
form for solution: 

Kin = Znh -f %vzh 0 = .Zai/i + Z 22/2 (2-5) 

where X u is the sum of all impedances around the first loop and in this 
example is 

Zn = (l^V + «. + (2-6) 

7j\*i is the sum of all impedances common to loops 1 and 2 and in this 
example is 

z„ - - is M 

For doctrinal networks that contain only ms in tors li, capacitors C, 
inductors L, and transformers M, the network in assumed to be linear 
and bilateral. Linearity is defined in Chap. 1 and means that the 
voltage drops across these elements arc of the iona 

i r l 

Jilt = R[ lie = £ - ( J tf i dt = ~ ( i I 

E l = £/, ~ = IspI Em = ±&Al j t = ±MpJ 


( 2 - 8 ) 
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The dependent variable i and its derivatives and integrals appear only 
to the first power. Bilateral elements are those whose voltage drop is 
the same in magnitude for a current flowing in either direction through 
the element. All the common elements R, L , (7, and M are bilateral. 
A diode, shown in the schematic of Pig. 2-6a, is an example of a non¬ 
bilateral element. When a positive polarity voltage is applied, the cur¬ 
rent flows to the right as shown by the curve of Fig. 2-66 and the diode 
acts like a low-value resistor. When the same voltage is applied in the 

opposite direction, only a small cur¬ 
rent flows. The diode now behaves 
like a resistor of large value. 

Returning to Eq. (2-5), Zvi is the 
sum of all impedances around loop 
2 and is given by 

Z 22 = L^p + R 2 + (2-9) 

Zn is the sum of all impedances 
common to loops 1 and 2. Since 
the elements are bilateral, the voltage drop across the common element is 
independent of the direction of current flow through the element and 


-rVh- 



(a) 

Fig. 2-6. Schematic of a diode- 
bilateral element. 


Z 21 


— Z12 = 



( 2 - 10 ) 


This property of linear-bilateral networks will prove useful in checking 
the accuracy of the result. 

Simple equations like Eq. (2-5) are easily solved by substitution: 


and 




E, 

E 2 = UR* 


R% 


1 2 + Z i%1 2 

Ein 


(Z11Z22/Z21) ~ Z 12 


( 2 - 11 ) 


The solution of more complicated algebraic equations can be accom¬ 
plished by use of Cramer's rule; the solution appears as the ratio of two 
determinants. In the simple example of Eq. (2-5) it is desired to find 
the solution for / 2 : 



Z 11 Ein 
Zk 0 



Z 11 Z 12 

Z 21 Z 22 



( 2 - 12 ) 


The determinant in the denominator is formed from the coefficients of 
the dependent variables. The equations are written in a symmetric 
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fashion, as in Eq. (2-5). The denominator determinant is easily written 
directly from the network 


A = 


Zi 1 Z12 

Z 21 z 22 


(2-13) 


E: n 


where the symbol A is used to denote the determinant. The numerator 
determinant is formed by replacing the column in A, corresponding to 
the quantity to be found, by the column of 
driving functions. 

In this example, 72 is to be found. Re¬ 
place the 7 2 column which contains Z u 
and Z 22 with the driving function column, 
which contains E in and 0. The ratio of 


Gdp) 


Fig. 2-7. Block diagram of elec¬ 
tric circuit example. 


these two determinants, shown in Eq. (2-12), yields the solution, 
review of the theory of determinants is included in Appendix IV. 
For the example of Eq. (2-12), the determinants are expanded: 


7 2 rj 


■ Z2\Ej in 


Z X\Z 22 — Z 2 \Z 12 
The transfer function E„/E in is found from Eq. (2-14): 

- R^Z2\Ei n 


Eo 


R 2 I 2 = 




Zi 2 Z 21 


(2-14) 


(2-15) 


Replacing Z u , Z 2 1 , Z n , Z 22 by the values given in Eqs. (2-6), (2-7), (2-9), 
and (2-10), 

Eo -R 2 (~l/pC) 

Ein ” [L xV + Ri + (l/pC)][L 2 p + R2+ (1 /PC)] - (1 Jpcy K 


This transfer function reduces, after some algebraic manipulations, to 


Cn(v) = 


Eo 

E in 


R 2 


(LxLaCJp 8 + (R 1 L 2 C + R 2 UCW 

+ (Li + L 2 + RiR2C)p + (Rx + R2) 


(2-17) 


The block diagram for this network is shown in Fig. 2-7 where Gi(p), 
which is given by Eq. (2-17), is the transfer function. 

The n-loop network is treated in the same manner as the example just 
considered. If there are n independent loops, there will be n loop cur¬ 
rents. Consequently, there are n independent equations from which the 
n unknown loop currents are determined. These equations may be 
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written as 

IlZu +- I 2 Z 12 + * ’ * + IjZlj + ‘ ’ ’ + I n Z\n — El 

I\Z 21 1 2 Z22 * ' * + IjZ 2 j + ■ • • + InZ2n = ^2 

• (2-18) 


LZnl H~ 1 2 Z n 2 * ‘ ‘ H~ IjZnj + * * * + lnZ n n ~ E n 

The quantities E i, IS 2, . . . , E n are the transformed driving voltages or 
voltage sources. The quantities Zy are impedance operators and are 
algebraic functions of the Laplace-transform operator p. 

The self-impedance of the loop is 

Zn = pLu + Ra + ~7T~ (2-19) 

P'-'ii 


where La is the self-inductance of the loop presented to the ith current 
flowing around the ith. loop, Ru is the self-resistance, and Cu is the self¬ 
capacitance seen by the ith current. The common impedance terms are 

Zij = — (pLij + Rij + (2-20) 

The quantities La, R^, and C# are the common inductance, common 
resistance, and common capacitance, respectively, between the ith and 
yth loops. For example, the capacitance in the circuit of Fig. 2-1 is 
common to both loops 1 and 2. 

If mutual inductance is present, a term ± pMa will appear in the 
Zij term [Eq. (2-20)] as follows: 


Z^ 


-t 


pLij —{- Rij -|- . — pM-ij 


•) 


( 2 - 21 ) 


The sign of the mutual term is discussed in the next section. If i loops 
contain active voltage sources these are the driving functions which 
appear on the right side of Eqs. (2-18). 

Equations (2-18) are solved by determinants; the denominator deter¬ 
minant is 


A = 


11 

Z 12 

Zn 

21 

Z%2 

Z 2 Z 
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Z in 

Z 2n 


(2-22) 


Z n i Z n 2 
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where, in choosing subscripts for the impedance, the first corresponds to 
the row and the second to the column as follows: 

Za 

zth row-It_jth column 

If all Zij are not equal to all Z# for each pair zj, the work should be 
checked. For planar circuits containing only Linear, bilateral, passive 
elements all Z# are equal to all Z# and are negative when the current 
directions are assumed in the manner shown. 

The numerator determinant with both the zth row and jth column 
crossed out is written 



This determinant is of one degree lower than the original A. To find the 
solution for any particular current, for example, the current in the jth 
loop ij, the jth column of the determinant of Eq. (2-22) is replaced with 
the column of driving voltages. The solution can be written formally: 


li = Ij (2-24) 

i = 1 

This equation is simply the mathematical expression of the expansion of 
a determinant. 

An interesting example of the use of Eq. (2-24) is in finding the input 
impedance Z,/ n to a network. When all voltage sources are shorted and 
a voltage Ej is applied to only the jth loop, the input impedance to the 
jth loop is the ratio of Ej to the current // that flows. Since all voltage 
sources are zero except E j} the summation of Eq. (2-24) reduces to one 
term 

= l (-1 ) i+i EAti = ^ (2-25) 


and the input impedance is 


r 7. . .in 
/J 3J 


Ej _ 

Ii ~ A iJ 


(2-26) 
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The input impedance for the example of Fig. 2-1 is 


(l iV + 1 ?1 + + ( / 2 P j (1/pC) ( 2 ‘ 27 ) 

2-3. Mutual Inductance. If mutual inductance is present, a similar 
analysis is used except that a voltage is induced in the primary of the 
transformer as a consequence of a change of current in the secondary, 
and vice versa. The term which represents the mutual inductance 
±pMij is included in Eq. (2-21). The choice of the plus or minus sign 



Fig. 2-8. Mutual inductance in loop circuits. 


TFF~U^ : / AA 


3 

ft 

( 


r? 

s < 

► 

ft 

> 



> 


(a) (b) 

Fig. 2-9. Transformer polarity markings. 


preceding the term depends upon the connection or polarity of the 
transformer. 

As an example, consider the circuit of Fig. 2-8 where a dot is associ¬ 
ated with each coil on the transformer. These dots indicate the winding 
direction of the coils. The rule associated with this convention is: 
If both assumed circuits 7i and 7 2 flow into or out of the dotted ends 
of the coils, the sign of the mutual inductance term, treated as a voltage 
drop, is positive. If one assumed current flows into a dotted end and 
the other flows out of a dotted end, the sign is negative. 

The dots, or polarity markings, on a transformer indicate the winding 
sense of the unit. For example, consider the two transformers of Fig. 
2-9, where assumed currents 7i and 7 2 flow through transformers with 
different winding senses. In Fig. 2-9a the assumed^ currents produce 
fluxes along the axis of the transformer which aid each other. In this 
case, when the fluxes aid, the mutual inductance has the same sign as 






OBTAINING THE SYSTEM DIFFERENTIAL EQUATION 


37 


the self-inductance or 

Liph + MpLi (2-28) 

when treated as a voltage drop. The dots, as shown in Fig. 2-9a, appear 
on the same ends. In Fig. 2-96 the fluxes produced by the assumed cur¬ 
rents 1 1 and 1 2 are opposed and the mutual inductance has the opposite 
sign as the self-inductancej 

Liph — Mpli (2-29) 

The dots appear on opposite ends of 
the coils for Fig. 2-96. 

In Fig. 2-8, the current in loop 1 
flows into the dotted end and / 2 flows 
out of the dotted end. The sign of the mutual term is negative, and the 
impedances for the circuit of Fig. 2-8 are 

Zn = pLi + Bi + — 

Zvi = Z n = -Mp 

Z*22 = (1/2 + Ln)p + j R'2 

The driving function is A\ w , and the equations are 

Ein = Zn/l + Z V J, 

0 = Zi\I\ + ZrJ'i 

The transfer function is 

Eo = hRi = JZa(- Zn) 

Ein Ei n Zl\Z 22 “ Z 12 2 

When Eqs. (2-30) are inserted into Eq. (2-32) and the result simplified, 
the transfer function is written 

G^V) = p- 

Min 

RiMCiP 2 

c7[lT(1Z'+ £*) - M*\p* + +' L,T +tfVLdtv 

+ (L 2 + La + RiRtCJp + R 2 (2-33) 

This is the transfer function from 7^ n to f£ 0 , and the block diagram is 
shown in Fig. 2-10. 

2-4. Nodal Analysis of Electrical Networks. The nodal method of 
analysis is based on KirchhofPs second law, namely, that the sum of the 
currents flowing out of a node is equal to zero. The steps necessary to 
solve an electric network with the nodal analysis are outlined as follows: 

1. Assume voltages at all nodes in the circuit. It is often convenient 
to choose one point or node in the circuit as ground and assume volt- 


(2-30) 

(2-31) 

(2-32) 


E 0 =G 2 (p)E in 

Fig. 2-10. Block diagram of the elec¬ 
trical network of Fig. 2-8. 


G*(p) 
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ages Vi at all other nodes. This latter method is suggested. The 
node yoltages above ground are the dependent variables in the node solu¬ 
tion just as the currents are the dependent variables in the loop solution. 
There exists no problem of finding the correct number of node voltages 
necessary to describe the circuit as is the case with the loop analysis. 

2. Write KirchhofFs second law; that is, the sum of the currents flow¬ 
ing into the node point is equal to zero. This will result in the same 
number of differential equations as there are assumed node-pair voltages. 
No equation is written for the node chosen at ground potential. 

3. Laplace-transform the differential equations. 

4. Solve n algebraic equations for the desired voltage. 

The above procedure is used to find the transfer function E 0 /E%n for 
the circuit of Fig. 2-11. The first step in the solution is to choose the 



Fig. 2-11. Example of the nodal analysis method. 

ground node and assume voltages for the other nodes. The lower lead 
on the circuit of Fig. 2-11 is conveniently taken at ground potential. 
E 0 is the potential at the output node, and Vi is the voltage at the 
center point (shown on Fig. 2-11). Since the input node is driven with 
a known voltage source Ei n , only two unknown node voltages (E 0 and V i) 
exist in the problem so only two equations must be written. An equa¬ 
tion is not written at Ei n , since it is a known quantity. The next step 
consists of writing KirchhofFs current equation about these two node 
points. 

Consider first the relation that exists between current and voltage 
across the three electrical elements. The current through a resistor R is 

u „ e’JJp , (2-34) 

where the current flows from Vi to V 2 as shown in Fig. 2-12a. The current 
through a capacitor C is 

Ic = £Cj t (vi - v % ) = pC(7x - V ,) (2-35) 

where the current flows from Vi to K 2 as shown in Fig. 2-126. The last 
portions of these equations are Laplace-transformed with zero initial con- 
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ditions. The current from Vi to V 2 through an inductor is 

II = £ l f‘ (#1 - pi) dt = ^l (Vi - y*) (2-36) 

The equation for the currents leaving any node, say V h is formed by 
summing currents of the form of Eqs. (2-34) to (2-36). Capitalized 
quantities represent Laplace-transformed functions. 

v, R v 2 y c y 2 y l v 2 

0 -vVW\- 0 o-11-o 0 -G5W01T'-o 

4 4 4 

i c =cp(v r v 3 ) iri(v,-v 2 ) 

(a) (b) (c) 

Fig. 2-12. Current through R., L , and C elements. 


Figure 2-13 shows the portion of the circuit necessary to write the first 
equation for the circuit of Fig. 2-11. The sum of the currents which 
are shown in Fig. 2-13 flowing from the node must equal zero, or 

pCtiVx - Eo) + pCiiVx - E in ) + -Lvt-0 (2-37) 

The lirst equation is obtained by rearranging Eq. (2-37). Since Ei n is 



Pig. 2-13. First, portion of node circuit,. Pro.. 2-14. Second portion of node 

circuit. 


the driving function, it is taken to the right side as 


V , 


p(C, + Ci) + 


1 

p'Ei. 


+ E„{ — pCi) = (p(h)E h 


(2-38) 


The second e<iuation, written at the output, node, is represented by the 
circuit, of Fig. 2-14. Again equating the sum of the currents, leaving 
the node to zero, 
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The driving function E in is taken to the right side, and the expression is 
rearranged. 

V 1 (-pC\) + E 0 ( P c 2 + ^ + -£) = Ein (2-40) 

. ® quations ( 2 -38) and (2-40) are the two necessary differential equa¬ 
tions which define the system. These equations can be rewritten in a 
shorthand notation: 

ViYn + KYn = h 

ViY tl + E 0 Y n = h (2 ' 41 ) 

where F u is the sum of all admittances which tie to node 1 and in this 
example is 

= p(Ci + C 2 ) + ^ (2~42) 

F 12 is the sum of all admittances connecting nodes 1 and 2 and in this 
example is 

y i2 = -pC 2 ( 2 - 43 ) 

Since the network is formed from linear-bilateral elements, 

Yi 1 = Fi2 = -pCn (2-44) 

F 22 is the sum of all admittances connected to node 2 and is 


f 22 - ( p c 2 + Ih-^- 


(2-45) 


The driving function for the nodal solution is a current. In this case 


(pO DEu 


h ^ 


(2-40) 


The solution of Eqs. (2-41) is identical with that presented for the 
loop solution. For simple cases the output voltage can be found by 
substituting as in Eq. (2-11). A more systematic method of solution is 
pased on the ratio of two determinants: 


F u 7, 

F 21 72 

T 11 F 12 

Y n F 22 


hYu - 7^21 

F11F22 — Fi2 2 


(2-47) 


The transfer function EJE in is found by substituting values into Eq. 
(,/-47) from previous equations: 

^ = 7 M Ci + c ») ± (i/p^ ita/pTo) - {vCi){-vc^\ 

Ein fp( c i + C 2 ) + (l/pL 2 )][pC 2 + (1/E) + (1/pLi)] - (pC 2 ) 2 ( - 2 ' 48 ^ 



OBTAINING THE SYSTEM DIFFERENTIAL EQUATION 


41 


which is reduced to 


G»(P) 


E„ 

E in 


p i (LiLiCiGt) -|- p 2 [(C i + C<t)L?\ + 1 
p*(LJj,CiCtj + [(l/R)(Ci + Ct)LMp* 

+ p 2 [(C'i + C,)L, + CJj,\ + p(Li/R) + 1 


(2-49) 


The block diagram for the transfer function of Eq. (2-49) is shown in 
Fig. 2-15. 

If there are n •+- 1 independent E in 
nodes, there will be n independent 
unknown node-pair voltages. Con¬ 
sequently there exist n independent Fl «-. 2 - 15 - Blo(:k diagram for the circuit 
equations relating these node-pair oIFb?- 2 - 11 - 

voltages to driving currents. This set of Laplace-transformed equations 
may be written 

VrYn + V,Y n + ■ ■ • + V n Y ln = h 

ViY n + V,Y m + ■ ■ • + V n Y, n = U 

. \ . . (2-50) 



F 1 F nl + VtYn 2 + • • • 4- V n Y nn = I n 

The driving functions h, I-i, ■ . . , I n are active current sources or cur¬ 
rent, driving functions. The general self-admittance term is written as 

Yii = vGii + i + i (2_51) 

and the general common admittance term is written 

n . . - (pC, + ^ + £) (2-52) 

Mutual inductance ±pM ij is purposely left out of Eq. (2-52). Although 
mutual inductance can be treated in a nodal solution,* it is usually more 
conveniently treated with a loop solution. When circuits which are 
more easily treated on the nodal basis (because there are fewer inde¬ 
pendent nodes than independent loops) involve mutual inductance, a 
7r-equivalent circuit for the transformer can be used. The conversion 
to a 7r-equivalent circuit is shown in Eig. 2-16. This circuit is most 
suited for the nodal solution. A T-equivalent circuit, also shown in 
Fig. 2-16, can be used for the loop solution. 

* Reference 18, pp. 40-43. 
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(a) Ideal transformer (b) T-Equivalent (c) ^-Equivalent 


Fig. 2 - 16 . Two equivalent circuits for a transformer. 


Equations (2-50) are solved by determinants in a similar fashion as for 
loop analysis: 

Y n Y u Yu 444 h 444 Yu 
Y n F 22 • F 2 „ 


| Ynl Yn 2 YnZ 4 4 4 In * 4 4 Y n n I 

where the symbol A jV is used to indicate the determinant of the coefficients 


Yn Y u 
Yn Y 22 


Y u ... Yin 

y 2 / ... f 2 „ 


(2-54) 


Fnl F „ 2 


F . . . Yn 


The solution for V) can be written formally as follows: 


Ff = ^ ^ (2-55) 

i = 1 

where is the determinant with the ith. row and the jth column 

crossed out. 

The input admittance Yj/ n into 
the node is found by opening all 
current sources except the one that 
drives the jth node and finding the 
ratio 

Fig. 2-17. Circuit equations found by y.in __ Ii_ ~ ^ N 

nodal method. jl Vj A jj N ^ 

As another example of the nodal method, consider the circuit in Fig. 
2-17 for which the input admittance Yn in is desired. Currents flowing 
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out of a node are positive on the left-hand side of the equation, and cur¬ 
rents flowing into the node are treated as sources and appear as positive 
on the right-hand side of the equation. The self- and common admit¬ 
tances are 


h> + h + CiP 


F« = F« 


(2-57) 


Fa2 = 17 V + R, + C ' lV 

The equations for the network arc 

h = ViYu + F 2 F 12 
0 = ViY a + F 2 F 22 

The input admittance is given by 

F„ F« 

„ Y n F 22 


= Y n - 


(2-58) 


(2-59) 


When Eqs. (2-57) are used, Eq. (2-59) reduces to 

pKLCiCtRiRt) + V'WhRi + CtBt) I 
v + p[R 1 Rz(C 1 C i ) + L] + (Rx + Rt) M 

Yn-- - MTmhWTWTnS - (2 ' (,0) 

2-5. Loop Analysis of Active Networks. The equations of the previous 
sections [Eqs. (2-18) and (2-50)] can be generalized to include active ele- 



Symbolic representation Equivalent circuit 


Fro. 2-18. Fquivalenl. circuit for a vacuum-tube triodc (loop basis). 

merits, that is, vacuum tubes and transistors. Such elements are not 
completely linear, but, over a limited range of operation, they can be 
considered linear and can be included in the linear analysis. Over the 
linear range, which is established with appropriate biasing, these elements 
can be replaced by an equivalent circuit. 

A triode is usually* represented by the equivalent loop circuit shown 
on Fig. 2-18. Based upon the usual assumptions, an equivalent voltage 
generator in series with the plate resistance is substituted for the vacuum 


* Numerous books discuss this equivalent circuit., for example, chap. 3 of lief, 47, 
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tube. The points a , b , and c in each diagram in Fig. 2-18 are inte^'"’ 
changeable. /* represents the amplification factor, and r p is the pl a te 
resistance. 

Suppose the vacuum tube is located in a network between the ith and 
jth meshes, as shown in Fig. 2-18. The loop equation for the jth mesh- 
is written 

IiZ n + I%Zj2 + * • * + IiZa + • * * + ImZjm = Vi ~ nE g (2-61) 

where the impedances have the same significance as in Eqs. (2-19) and 
(2-20). Since E g = UZ Q) Eq. (2-61) is written 

IlZjl + IiZji + * * * + + pZg) 4* ' * * + ImZjm = Vj (2-62) 

If no other loops contain this tube or any other tube, then the network^ 
determinant takes the form 



This determinant, Eq. (2-63), is no longer symmetrical about its princi¬ 
pal diagonal as in the case of passive networks [Eq. (2-22)]. Addition of 
a bilateral element results in a nonreciprocal network; that is, Z% Z#* 



Symbolic representation Equivalent circuit 


Fig. 2-19. Equivalent circuit for a transistor used in the common-emitter connection. 

If A 0 is defined as the value that A assumes when p = 0, the deter¬ 
minant of Eq. (2-63) can be written 


A = A° + nZgAn (2-64) 

where A a is the determinant found by canceling the jth row and ith 
column. 

The inclusion of a transistor in the loop analysis modifies the network 
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Fig. 2-20. Single-stage transistor amplifier. 


determinant in a similar fashion. One equivalent circuit 42 ’ 48 for a 
grounded emitter stage is shown on Fig. 2-19. The resistances shown in 
this T network have the following physical significance: 


r e = emitter resistance or forward resistance of emitter-base diode and 
consequently is small in value 

r c = collector resistance or reverse resistance of collector-base diode 
and is therefore high in value 

r h = base resistance which represents an interaction effect between 
emitter and collector 

r m = mutual resistance which provides gain in the circuit 

Consider the simple one-stage amplifier shown in Fig. 2-20. From the 
equivalent circuit, which is also shown in Fig. 2-20, the following loop 
equations can be written: 

6in = (/i ff + Tb + T^)i\ + (— r e )i% (2-65) 

-r m i h = (—r«)ii + [r G + r e ( 1 — a) + R L ]i 2 (2-66) 

Since 4, the base current, is equal to 4, Eq. (2-66) becomes 

0 = (r m - r e )ii + [r 0 + r c ( 1 — a) + Rr\it (2-67) 

Solution for any current (for example, i 2 ) proceeds in the normal fashion: 


('in (X‘m e) 

R a +n + r e —r e 

r m — r e r e + r,.( 1 — a) + Rl 


( 2 - 68 ) 


The addition of a transistor results in a nonreciprocal network; that is, 
Zij ^ Zji. The effect of inserting a transistor is similar to that of insert¬ 
ing a vacuum tube. There is, however, at least one important differ¬ 
ence—circuit loading. The input impedance to a vacuum tube is high 
and hence produces considerable circuit isolation. This is usually not 
the case with a transistor.* The entire circuit is analyzed, since each 
stage is not readily isolated from the rest of the circuit. 

2-6. Node Analysis of Active Networks. A vacuum tube and a tran¬ 
sistor enter into a node-basis analysis in much the same way as these 
active elements are included in a loop analysis. 


* See Ref. 10, chap. 8, for further transistor design information. 
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-°5 




The equivalent node circuit for a vacuum tube is given in Fig. 2-21. 

The cathode is taken as the reference 
node and is grounded. Voltages are 
assumed for all nodes; Ei is the assumed 
grid voltage and Ej is the output node 
voltage at the terminals of the tube. 
The operational equation for the ;/th 
node pair is 


f 9m E i 


Fig. 2-21. Equivalent circuit for a 
vacuum-tube triode (node basis). 


U = EiY n + EtYn + 


+ Ei(Yji -f g m ) + 


+ KnYjn (2-69) 


With only one tube in the circuit, the unilateral term enters the network 
determinant at one point: 


AY = 


Fu Y n ... Yu 
F 21 F 22 ... F 2< 


Yji Y j 2 • . . Yu -f" Qth 


Y In 
Y, n 


V. 


(2-70) 


nl Y n 2 ... Y n i 

It is sometimes inconvenient to make the cathode the reference node, 
since g m would occur in several terms of A N . The determinant can 
always be rearranged, however, with¬ 
out changing its value, and g m can be 
made to occur only once. 

The current source equivalent cir¬ 
cuit for a grounded-emitter transis¬ 
tor is shown in Fig. 2-22. The node 
analysis of such a circuit proceeds in 
a similar fashion to the previous 
vacuum-tube solution. Node volt¬ 
ages are assumed for all points in the 
circuit and for the nodes in the tran¬ 
sistor equivalent circuit. The emitter lead is chosen as the reference, and 
Ei, Ej, and Ek are the assumed node voltages for the remaining transistor 
nodes. The equation for node j is written 



Fig. 2-22. Transistor equivalent node 
circuit with one current, source. 


= & (-£) + [ + 

\ n/ r b 


+ 2-|_: 

r b r e r c (l 


«). 


+ E k 


1 


r r (l 


- a) 
(2-71) 
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Since T h = (Ei — Ej)/r b} Eq. (2-71) can be simplified: 


0 = 



r l_ 

- a)r b 




E k 


-1 

(1 - a)r c 

(2-72) 


The current source in Fig. 2-22 depends upon the assumed node voltages. 
The term on the left side of Eq. (2-71) is brought to the right side and 
included as part ol Eq. (2-72). Such a term produces a nonreciprocal 
network; that is, Y {j ^ The remaining analysis proceeds in a similar 
fashion to that of the previous section. 

2-7. Mechanical Networks—-Linear Motion. 56 The analysis of 
mechanical networks is similar to the analysis of electrical networks. 
Newton's law for mechanical systems is: The algebraic sum of the forces 
acting on a body (mass) is equal to the product of the mass and the 



Fig. 2-23. L inear-motion mechanical system. 


acceleration of the body. The method of analysis of mechanical systems 
is as outlined: 

1. Assume displacements and directions lor each mass in the system. 
The displacements x are the dependent variables, and the forces/ arc the 
driving functions. In assigning directions to the dependent variables, 
choose one direction, e.g., upward or to the right, as positive. Choose 
all variables in this same direction. Also assume that the positive 
directions of x, dx/dt, and d 2 x/dt i are the same. 

2. Write Newton’s law for each mass in the system. In order to isolate 
the forces on each mass, a “free-body diagram” is drawn for each mass. 

3. Laplace-transform the differential equations, and solve the algebraic- 
equations for the desired linear displacement. Use of determinants pro¬ 
vides a systematic method of solution. 

The above procedure is applied to the system of Fig. 2-23. It is 
desired to find the Laplace-transformed transfer function XJF. The 
first step in the solution is to assign positive directions (to the right) 
and label these displacements Xi and .r 2 . idle spring constants A',- and 
damping constant B arc described in Chap. 1. The restoring force of a 
linear spring is 


f K = K(x i - *,) 


(2-73) 
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The force produced by the spring is opposite in direction to x lf as shown 



F* 

I"Ta 


in Pig. 2-24a. The damping force pro¬ 
duced by a dashpot is 


dt 


fi 


{ dx\ dx%\ 

\dt ~ Ht) 


(2-74) 


This force is shown in Fig. 2-246. 

Newton’s force equation is written about 
each mass in the system. The free-body 
diagram for mass M 1 in Fig. 2-23 is shown 
in Fig. 2-25. As ikf x accelerates in the 
positive direction (-faq), the forces of the 
springs and dashpot oppose this motion, 
ihe sum of forces must equal the mass times the acceleration, or 


M (b) 

Fro. 2-24. Spring and damping 
forces. 


M l 


d 2 x i 

U 2 


— ~K\Xi — K(x i — X 2 ) 




When this equation is rearranged and Laplace-transformed (with zero 
initial conditions), the following system equation results: 

[Mtf 2 + Bp + (Ki + A)]Z X + (-Bp — K)X-> = 0 (2-76) 

The dependent variable is capitalized to indicate that it is a function of p. 


K,x, I 


M, 




\dt dt/ 


K(x 2 -x t ) 

n __ f/xA 
B \dt dt) 


Ado 


~K 2 x 2 


a 9 <>* IT™ j;_ o _ ' ' 


Tig. 2-25. Free-body diagram for M u 


Fig. 2-26. Free-body diagram for 
M 2 . 


he free-body diagram for M 2 is shown in Fig. 2-26. As the mass 
accelerates in the positive direction (+x 2 to the right), the springs and 

dashpot oppose this motion. The applied force / is in the same direction 
as x 2 so carries a positive sign : 




M ^-+f~K(x 2 


Xi) — B 


fdx 2 _ da: A 
V dt dt ) ~ 


K 2 x 2 (2-77) 


_ dx 1 
.dt dt f 

bloomed eqUati ° n iS transformed > the rearranged force equation on M, 

(-Bp - K)X 1 -I- [M 2 p 2 -f Bp + (K + Ai)JX 2 = F (2-78) 

Again the variables are capitalized to indicate that the equations have 
been Laplace-transformed. 
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Equations (2-76) and (2-78) are the two necessary equations for the 
analysis of the system of Fig. 2-22. For purposes of simplification these 
two equations can be written as 

ciiiXi + ai 2 X 2 = 0 . 7Q . 

a 2 iXx + a 22 X 2 = F K 

where 


an = [M x p 2 + Bp + (K i + K)] a 12 = a 2 1 = 

and a 22 = [ M%p 2 -j- Bp -T (X 2 4" K)] 

Solution by determinants yields 




0 ai 2 

F a 22 
&11 0,12 
CL 21 CL 22 


— CL 12 F 

^ 11^22 — $ 12 “ 


-(Bp + K) 

(2-80) 


(2-81) 


The transfer function in terms of the system constants is found by 
inserting the expressions for a n , a 22 , an, and a 2 i. Notice that since 
the mechanical system is linear and bilateral, ai 2 = a 2 1 . The transfer 
function is 


Xi 

F 


= G<(p) 


Bp + K 


Q<(p) 


MiMtp' + [B(M 1 + M 2 )]p* + [Mi(K + JC 2 ) 

+ M % (K + K x )]p* + [B(Ki + K*)]p + [K 1 K 2 + K(Ki + K 2 )] 

(2-82) 

The block diagram for this system is indicated in Fig. 2-27. It is impor¬ 
tant to notice that the method of ob¬ 
taining the transfer function for me¬ 
chanical and electrical systems is 
similar. 

The analysis of a mechanical system 
of n masses follows a similar pattern 
to the above example. To obtain an analogy to electrical networks, the 
general equations are written with velocity V\ = pX\ as the dependent 
variable instead of displacement. By analogy with Eq. (2-50) a set of 
force equations is written 


- 

G 4 (p)F=X, 

Fig. 2-27. Block diagram for the 
mechanical system of Fig. 2-23. 


f/ll V] + @12 V 2 + ’ ' * + (flnV n = Fi 

§21 V\ + Q 22 V 2 + • * * + (J%nVn ~ F>2 

(2-83) 


9n\V\ + g n 2 F 2 + * * * + (?nnV n = P\ 
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The driving functions are forces F i} and the quantities Vi are velocities. 
All variables are Laplace-transformed and hence capitalized. The self¬ 
mechanical admittances gu are of the form 


gu = pMu + Bu + y (2-84) 

and the common-mechanical admittances are of the form 

On = - (b« + y) (2-85) 

Note the absence of pM i3 - in the 
common admittance term of Eq. 
(2-85). When all the variables are 
referred to one fixed coordinate 
system (inertial space), forces are 
transmitted to a particular mass only through springs and dashpots. 
The solution for Eq. (2-83) is found as the ratio of two determinants 



-*2 



k 2 

-1- 

M, 

-W 

m 2 


b 2 


Fig. 2-28. Example of a vibration 
damper. 


0n 012 ■ * * F i 
021 022 * * * F 2 



0»1 


F n 


01n 

02n 


0nn 


(2-86) 


where is the determinant of the coefficients g^. 

As another example, consider the mechanical system of Fig. 2-28. 
The positive directions are assumed to the right for both X } and X 2 . 
The Newton's force law equations for the translational system are 

Mi ~ + Kx i + K 2 (xi - *,) + Bi = / 

,» 7 (2-87) 

Mi 1 ? + x »(** - *0 + B, ^ = 0 

Equations (2-87) are put into the form of Eq. (2-83) by writing the equa¬ 
tions in terms of velocity rather than displacements and by rearranging 

v 2 dt = / 

n dv n (2 ' 88) 

X 2 Vi dt + M 2 ~~ + K 2 J V 2 dt + B 2 V 2 = 0 

These equations are Laplace-transformed with the result 


+ (Ki + K 2 ) 


v 1 dt + Bvi - K 2 


9 nVi + ^12^2 = F 1 
021 V 1 + 0 22V2 = F$ 


(2-89) 
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where the variables are capitalized to indicate that these quantities are 
functions of p. The coefficients are 


011 = MiP + Bi H - -hi -- g v2 = g 2l = —. 

022 = +■ Bi + ~ /l ~ F /‘2 = 0 


(2-90) 


Figure 2-28 is an interesting example of a vibration damper. For 
simplicity, take B x = 0 = B 2 and find the transfer function pXi/F: 


pXi 


Fg 22 

= _ 022 _ 

F 

F 

011 012 

0 21 022 

011022 — 012 2 


(2-91) 


Inserting values from Eq. (2-90) and simplifying, 

jj[l __ M 2 y 2 + Kt _ ( QftN 

F ( M 1 M 2 )p 4 + [A/^2 + M 2 (/fi + AT) Ip 2 + /C 1 /C 2 ^ ; 

If F is a sinusoidal driving function (see See. 5-1), the output AT is also 
sinusoidal. The magnitude is found by replacing p by ja>, with the result 

j[l __ _^2 ' J^‘2C0 2 _. 

F M 2 + Af 2 ' - -h M 2 (AT + X 2 )p V j 

The system is called a vibration damper because when the frequency co is 
's/Kz/Mz, the displacement AT at this frequency is zero even though a 
force is applied to the mass. 

2-8. Mechanical Systems --Rotational Motion. The method of 
obtaining the differential equations for angular motion is essentially the 
same as for linear motion. Newton's law for angular motion can be 
stated: The algebraic sum of the torques acting upon an inertia is equal to 
the moment of inertia times the angular acceleration. The procedure for 
analysis is as outlined: 

1. Assume angles 0 t - of rotation for each inertia. Take one direction, 
say counterclockwise, as positive for 0,-, dQi/dt , and d 2 0 ,-/dt 2 . The angular 
displacements are the dependent variables, and the torques are the 
driving functions. 

2. Draw a free-body diagram, and write Newton’s torque law for each 
inertia in the system. 

3. Laplacc-transform the differential equations, and, as in the previous 
cases, solve the equations by taking a ratio of determinants. 

The above procedure is applied to the rotational system of Fig. 2-29. 
The shafts connecting the inertias act as restoring springs. The free- 
body diagrams for this system are included in Fig. 2-30. As the moment 
of inertia J } is accelerated in the + 61 direction, the springs (shafts) 
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Fig. 2-29. An angular mechan¬ 
ical system. 



Fig. 2-30. Free-body diagram for a 
rotational system. 


oppose the motion. The damping also causes a torque which opposes 
the acceleration. The equation for this inertia is 


Ji ^ - Ktifh - 6 t ) - Bx ^ (2-94) 


When Eq. (2-94) is transformed and the equation is rearranged, 

C JiV 2 + BiP + K X + K*)Q x + (—X 2 )ff 2 = 0 (2-95) 

In a similar fashion, the differential equation for the second moment 
of inertia is obtained from the free-body diagram of Fig. 2-306. This 
second equation is written in simplified form: 

(-Kt)S i + (J 2 V 2 + B*p + K,)6, = L (2-96) 


The solution for the dependent variable, say 0 2 , is found from Cramer’s 
rule as follows: 


where 



bn 

0 




2T — 

621 

L 


Lb n 


V‘2 ~ 

bu 

6l2 


&11&22 — b 12 2 



621 

622 




6ll = 

JiP 2 

+ - 

Bip 

+ Ki + K* 


622 “ 

■h'P 1 

+ BzV 

+ K* 

(2-98) 

6l2 = 

621 = 

= — 

k 2 




As in all previous cases, the solution for the transfer function reduces to 
a ratio of polynomials in p. The transfer function is found by substi¬ 
tuting Eqs. (2-98) into Eq. (2-97). 

The analysis of a rotational system containing n inertias is generalized 
with the equations 

hll&i + /li2^2 + ‘ * ' + hin&n — Li 

^21^1 “I" 6,22^2 + * * ' 4" 6/2 n&n = T 2 


hnl&l + 6/ n 2^2 + 


+ 6/ n 


Ln 


(2-99) 
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The dependent variable is the angular velocity w = and the driving 
functions are the torques Li. The self-admittances ha are of the form 

ha = pJu + Bu + ( 2 - 100 ) 

and the common mechanical admittances ha are of the form 

hs = - [Bij + (2-101) 

The solution for any chi in Eq. (2-99) is found as a ratio of determinants 

L 1 * hln 

L 2 • • • fl 2n 

’ [ ( 2 - 102 ) 
Lii * * * h n n 

where A M is the determinant of the coefficient h 

2-9. Mechanical Coupling—Gear Trains. Mechanical systems are 
coupled in a number of ways; the most common is by means of gears. 
Consider the mechanical system shown in Fig. 2-31, where a torque L 



Fro. 2-31. Gear train used to couple mechanical systems. 


drives a load through a gear train. The source has a moment of inertia J , 
and damping B,; the load has a moment of inertia J 2 , damping B 2 , and 
spring constant K% The transformed equations for the system arc 

J ip u 0i (2-103) 

and J 2 p 2 6 a = Li - B 2 p6 2 - K*6 2 (2-104) 

Since 6 , and 0 2 are related by the number of teeth on the gears, only 
one dependent variable exists in this problem. The relation between 
0 1 and d 2 and between L, and L 2 must be found. Let r x be the radius 
of the first gear and r 2 be the radius of the second gear; then, since the 
linear distance traveled along the surface of each gear must be the same, 
0iTi = 02 ^ 2 . The number of teeth on the gear surface is proportional to 
the radius of the gear 



diNi = 9 2 N 1 


(2-105) 
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where Ni is the number of teeth on the input gear and N 2 is the number 
of teeth on the load gear. But since N = Ni/N*, where N is the gear 
ratio, Eq. (2-105) becomes 

02 = NQ 1 (2-106) 


Since the work done by each gear is equal, 

L\d 1 — Z /202 :=: LiNQ\ or L\ 


NL 2 


(2-107) 


If N is less than 1, the angular displacement of the load is less than the 

angular displacement of the source, 
whereas the torque applied to the 
load is greater than the torque ap¬ 
plied by the source. Solution of Eq. 
(2-104) for L 2 by substituting for 
02 = Ndi gives 


l^NL 2 
& 2 ~ MOj 
C02 = Nco 1 


V/////7/////7^ 




KN 


1 


B 2 N 


Li = w = v#* + Bp + Ki)NSl 


Fig, 2-32. Reflecting inertia, spring, 
and damping constants across a gear 
train. 


(2-108) 


The complete expression for torque 
L in terms of Si is found by substi¬ 
tuting Eq. (2-108) into Eqs. (2-103) and (2-104) 

L = (Jip 2 + B 1 p)d 1 + I /2 N (2-109) 

L = [(Ji + JVW + (Bi + B 2 N*) V + K>mSi 


Figure 2-32 summarizes the effect of a gear train by referring the inertia, 
damping, and spring constant to the source side of the gear train. 



o- 




N: 1 


o 


■o 


Fig. 2-33. Impedance transformed to primary of a transformer. 


It is helpful to note the similarity between an ideal transformer and a 
gear train. In a transformer with a turns ratio of N/l (step down) the 
voltages, currents, and impedances are transformed as follows: 


Ei = NE 2 

1 1 = ^ h ( 2 - 110 ) 

where the symbols are defined in Fig. 2-33. In a gear train, with a gear 


Zi = N*Z 2 = N 1 [Lp + R + 


i 1 





OBTAINING THE SYSTEM DIFFERENTIAL EQUATION 


55 


ratio of N/l, the torques, velocities, and mechanical impedances are 
transformed across the gear train as follows: 


Li = NU 

( 2 - 111 ) 

hr = N* (jp + B + 


2-10. Electromechanical 'Networks. In many servo systems it may 
be necessary to find the transfer function of a system that is a combi¬ 
nation of electrical and mechanical components. The principles of the 
early sections of this chapter are, of course, applicable to a problem of 
mixed parameters. 

As an example of an electromechanical system, consider the vibration 
table of Fig. 2-34. The transfer function X/E is desired. The problem 

Y////////////////J & 

ll.nk 


Fig. 2-34. An electromechanical system- -a vibration table. 




is solved by considering the electromechanical coupling between the 
electrical and mechanical circuit. As the mass moves in the coil, a back 
voltage is generated: 

E h = k x pX - kiV (2-112) 

The force developed on the mass is 

fe = k# (2-113) 

where i is the current through the coil. The circuit is separated into two 
parts, as shown in Fig. 2-35. The electric circuit, is solved with the 
loop analysis by using two loop currents. The transformed equations 
are written for zero initial conditions 


*'■ - ( R + w) >' + (- to) h 

0 ■ (“ ' + ( Lp + Jo) '•+ tlV 


(2-114) 


The sign of the force on the mechanical system, which depends upon the 
orientation of the coil, is assumed in the direction shown on Fig. 2-35. 
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The equation derived from the mechanical circuit is 


0 = (0) Ji + (fc 2 ) h + [Mp + B + ™ F 


(Mp + B + ^j 


The denominator determinant for this system is 

J_ _ _1_ 

pC 


A = 


R + 


pC 

1 r _i_ 1 

pG L? + pC 


0 


0 


&2 


Mp + B + 


Expansion yields 


kjc* 


The transfer function is 


pV = X_ 

Ein E ir , 


(pc) ( 
= v ( zh \ = 

A\pC/ 


(2-115) 


(2-116) 


Mp + B + 


vJ 


7^2 

AC 


(2-117) 


(2-118) 


where A is given by Eq. (2-117). Solution of Eq. (2-118) results in a 
ratio of polynomials in p. 



I M2 


Fig. 2-35. Two parts of electromechanical problem. 


2-11. Analogies. The derivation of equations of motion for lumped- 
parameter, linear systems, whether electrical, mechanical, or electro¬ 
mechanical, is similar. The procedure, the use of basic laws, and the 
solution are carried out alike. Because of the similarities among these 
systems, it is possible to construct electrical analogies, both nodal and 
loop, for mechanical circuits. The electrical analogue is found by deter¬ 
mining an electric network which has a differential equation with the 
same form as the equation for the mechanical system. Although the 
analogous electric circuit is often determined intuitively, the following 
procedure is suggested: 
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1. Write the equations for the mechanical system. 

2. Substitute electrical quantities using electric-network constants and 
variables. These substitutions are given subsequently. 

3. Interpret these equations to yield the analogue network. 

a. Nodal Analogue. To obtain a nodal analogue for a mechanical 
equation, compare the admittance of the mechanical circuit [Eq. (2-83)] 


ypMa + Bn H—~ 

or Eq. (2-99) 

{^pJii + Bu H— 

) ^ • 

«*• * • 

■ ■ = Ft 

■ = Li 

(2-119) 

(2-120) 

with the admittance of Eq. (2-50) 




( pCu + i + i, 

) Vi - 

■ ■ = It 

(2-121) 


Comparison of the coefficients of these equations indicates the following 
analogous quantities: 


Mass (M) or moment of inertia (J) 

Damping constant ( B ). 

Spring constant K . 

Forces or Torques. 

Velocity. 


Analogous to capacitance C 
Analogous to electrical conductance 1/R 
Analogous to inverse inductance 1/L 
Analogous to current 
Analogous to voltage 


K ~l 1}~ c b ~7< ")~ E ^ 

b. Loop Analogue . Comparison of Eqs. (2-119) and (2-120) with Eq. 
(2-18) indicates 

(pLu + Ru + It ■ • • = Hit (2-123) 

which yields the following analogies: 


Mass or moment of inertia. 

Damping constant. 

Spring constant. 

Forces or torques. 

Velocity. 

which are summarized below: 


Analogous to inductance 
Analogous to resistance 
Analogous to inverse capacitance 
Analogous to voltages 
Analogous to current 


K 



M 

J 



I (2-124) 


As might be noted from Sec. 2-1 la and b there is a possibility of more 
than one electric analogue existing for a given mechanical circuit. As an 
example, an analogue for the mechanical system of Fig. 2-29 is found. 
Figure 2-36 shows the nodal analogue which is found from Eqs. (2-122). 
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Equations (2-124) are used to find the loop analogue of Fig. 2-37. Usu¬ 
ally electric networks have “duals.”* The two networks thus derived 
are duals, since node pair voltages in Fig. 2-36 are analogous to loop 
currents in Fig. 2-37. 



Fig. 2-36. Node analogue of Fig. 2-29. 


R 2 ~B 2 1 2 J2 


j h~P ^2 

7 

c * K, Irpy 

1 

-- 


Fig. 2-37. Loop analogue of Fig. 2-29. 


2-12. Separable and Nonseparable Networks. Block diagrams and 
transfer functions are found for most of the examples in this chapter. 
The input to the block is multiplied or operated on by the quantity in 
the block to equal the output. 



Fig. 2-38. Nonseparable networks. 

In general it is desirable, from the point of view of simplicity, to write 
transfer functions for 'small sections of the system. A common error in 
writing transfer functions results when networks or components are ana¬ 
lyzed separately when the network cannot be separated. For example, 
consider the network of Fig. 2-38. The student is often tempted to 
write this network as two blocks each with the same over-all transfer 
function. This leads to 


El = (T1P)(T2P) = _ TiT2j) 2 _ /o 19 rs 

Bin (jip + l)(r 2 p + 1) TiT 2 p 2 + (r i + r 2 )p + 1 

The transfer function for this network is actually found by solving 

* Additional information on duality of electric networks is found in Ref. 18, chap. 2, 
sec. 15. 
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two nodal equations 


V [pCC, 4- C 2 ) + i-j + E 0 (-pC 2 ) = pCW, 
F( —pC 2 ) + E„(^pCi -f -j^j — 0 
The transfer function is found by solving these equations 

Eo _ ?/ 2 T \T 2 

k’m P 2 T 1 T 2 + P(ti + ^T 2 ) +- 1 


(2-126) 


(2-127) 


whereri = RiCi, r 2 = and a = 14“ (Ri/R 2 ). Notice that in this 
case the form of the equation is similar but differs by the inclusion of 
the factor a. 

Generally two networks can be separated if the second network does 
not load the first, that is, if the impedance which is presented the first 
network is high in comparison with the impedance of the first network. 
A vacuum tube provides good isolation, since the input impedance of a 
tube is very high. Because of the loading effects of transistors (as pointed 
out earlier) similar isolation is not always provided. 


PROBLEMS 


2-1. Write Lapliice-transfornied differential equations for the electrical networks of 
Fig. 2P-1. Assume zero initial conditions. 


V2 



Fig. 2P-1 
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2-2. Write transfer functions for the electrical networks of Fig. 2P-2. All net¬ 
works are driven from zero source impedance and into infinite load impedance. Assume 
zero initial conditions. 



Fig. 2P-2 


ProtfVkT 1 the tmnSfer fUI1Cti ° n K/Ein and b,0ck dia S ram for the network of 

A. 4 ' od"! 6 La P lace - transformed differential equations for the mechanical networks 
ot J- 1 ig. 2F-4, Assume zero initial conditions. 



Pig. 2P-4 
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2-5. Write transfer functions X 2 /F or (%/L for the mechanical networks of Prob. 2-4. 
2-6. Write the Laplace-transformed differential equations for the mechanical system 
shown in Fig. 2P-6. Assume zero initial conditions. Find the transfer function 



f *2(0 

Fig. 2P-6 


2-7. Find the transfer function for the fluid coupling shown in Fig. 2P-7, 

J = G*(P) 

assume zero initial conditions. 



Fig. 2P-7 


2-8. Find the transfer function for the electro mechanical system of Fig. 2P-8. 
Assume linear torque-speed curves for the motor. The potentiometer rotates through 
10 turns, ein is a zero impedance source. 



Fig. 2P-8 


2-9. A torsion rod is frequently used to measure the effective moment of inertia 
of gear trains and inertia loads. Such a rod is fitted as shown in Fig. 21Mhz. When 
the system is disturbed, the time required for 20 cycles of oscillation is found to be 
10 sec. The torsion rod is then coupled to a shaft of a gear train and load moment of 
inertia as shown in Fig. 2P-96. When the system is shocked, the time required for 
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i 


i 


z 


Torsion rod 


Known inertia, 
J„=0.05 slug-ft 2 




10 cycles of oscillation is found to be 18 sec. What is the effective moment of inertia 
of the combined gear train and load moment of inertia? Assume f <3C 1 for both 
cases, and assume all shafts rigid with the exception of the torsion rod. 

2-10. Find the transfer function E 0 /Y of the system of Fig. 2P-10 used to measure 
high-frequency displacements of a shake table. The potentiometer measures the 



difference in displacement between Mi and Mo. The driving function is a position 
y(t). Ignore the acceleration produced by gravity, and assume infinite input and zero 
output impedance of the amplifier. The maximum travel of the linear motion poten¬ 
tiometer is L 




CHAPTER 3 


STEADY-STATE ERRORS 


3-1. The Steady-state Component. The solution of a linear differen¬ 
tial equation which has constant coefficients can be divided into two 
parts. The transient component is the general solution to the homogene¬ 
ous equation (derived from the given differential equation obtained by 
setting the driving function equal to zero). The steady-state component 
is any particular solution not contained in the transient and is found 
from the nonhomogeneous differential equation. It is the aim of this 
chapter to find the steady-state components for servo systems which are 
subjected to particular types of inputs. In the case of feedback control 
systems it is desirable to find the steady-state error which results for 
particular types of input. This error, which is the difference between 
the input and the output variables, is one of the measures of servo 
performance. 

The design specification for a feedback control system may include 
noise reduction, sensitivity, stability, low-frequency errors, accuracy, 
steady-state errors, and many others.* The starting points in the basic 
design of servo systems are usually the steady-state error and the sta¬ 
bility requirement. The stability information is contained in the tran¬ 
sient solution or the weighting function (impulse response). Chapters 
4 and 5 treat the stability problem. The steady-state errors that result 
for various types of inputs are found in this chapter. 

3-2. Steady-state Errors Due to Input Disturbances. To determine 
the nature of the stability of a system the characteristic equation alone is 
necessary. However, when investigating the steady-state errors or the 
steady-state components of the solutions of differential equations, it is 
necessary to know the type of driving function which is applied to the 
system. Three types of input driving functions are chosen in this text. 
These are usually adequate for basic- servo design applications; a step 
function in position, a ramp function in position which is a step func¬ 
tion in velocity, and a step function in acceleration. Those are written 
analytically 

* Many of these words are defined throughout the text. 
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r = A 

(3-1) 

r = vt 

(3-2) 

r = y 2 at 2 

(3-3) 


where A , v, and a are constants. The functions are applied at t = 0 
and are valid for positive t only. The servo is assumed to be stable 
when the steady-state errors are computed. 

Consider the steady-state error that results in a system if a step func¬ 
tion of position is applied. The 
system under consideration is shown 
in the block diagram of Fig. 3-1. 
KG(p) is the forward loop gain, where 
if is a constant independent of p and 
G(p) is the frequency-dependent 
quantity. As a first case, suppose 
the feedback transfer function H (p) is taken equal to unity. In this case 
the steady-state error, the difference between the desired output ( R ) and 
the actual output (C) 

e = R - C (3-4) 

is equal to the actuating signal. Reference to Eq. (1-81), where H = 1 


yields the error s in terms of the input R, 


r- 1 7? 

1 + KG(p) K 

(3-5) 

Equation (3-5) may be written alternatively as 


[1 + KG(p)]t = R 

(3-6) 


If r is the constant A , as given by Eq. (3-1), the steady-state com¬ 
ponent is also a constant if the system is stable. From a physical point 
of view, if the input r to the position servo of Chap. 1 is a constant, then 
after all transient terms die out, the output c is a constant. All output 
derivatives, velocity, acceleration, etc., are zero. In the steady state, 
the error may also be constant (this constant can be zero). 

The final value theorem, which is discussed in Appendix I, is basic to 
the problem of finding steady-state errors. This theorem is written 

lim y(t) = lim pY(p) (3-7) 

t—± 00 p— >0 

provided 

1. Y(p) = £y(t\ 

2. y(t ) is stable [i.e., all poles of pY(p) lie in the left half plane]. 
Notice that the value of the time function at infinite time is found 
directly from the transformed function at p = 0. 

As an example, suppose it is desired to find the steady-state (t —> °o) 




Fig. 3-1. Generalized servo block 
diagram for H = 1. 


KG(p) 
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value for the function s(t) if the transformed function has the form 


* W - i + KO(p) R{v) 

Suppose the system transfer function has the form 

kc = g (y + 3 )(p + g) 

(p + 10) (p 2 + V 4- 1) 


(3-8) 

(3-9) 


where, for simplicity in this equation and elsewhere in the book, G is 
written for G(p). In this case, the limit as p approaches zero of KG 
is given by a constant or stated mathematically 


= (M0) 

Since the Laplace transform of a unit step function is 72 = 1 /jp, the steady- 
state error for a unit step function applied to a closed-loop system is 


1 / fp 

lim s(0 = lim p = 

t ~~> oo p —>0 "l -tv Or 


L 

4- lim KG 

p-+ 0 


When Eq. (3-10) is substituted into Eq. (3-11), 


(3-11) 


lim s(<) = fjyV/v (3-12) 

t~y oo A “J— /5JV 

Equation (3-12) is presented pietorially in Fig. 3-2. When a step in 
position is applied to the system, the output tends to follow this step; 


i 



Fig. 3-2. Step-function response for a type 0 system. 

however, a steady-state position difference e 0 between r and c results. 
This difference is reduced by increasing the gain K of the servo. 
Although the error can be made small, it will always be present, since 
infinite gain (K —> a>) is not practical. 

The example just cited shows how the steady-state error is found in 
servo systems. Most feedback control systems can be classed into a 
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few types according to the form of the open-loop transfer function KG. 
The steady-state errors resulting from step inputs in position, velocity, 
and acceleration are found for each type of system. As a result, certain 
general error coefficients are derived, and the steady-state errors in sys¬ 
tems are readily found. 

3-3. Classification of Feedback Control Systems According to Type. 

In order to classify a servo system according to its type, consider the 
block diagram given in Fig. 3-1. The quantity G in this diagram is an 
operational transfer function, which appears in the forward loop. K is 
a constant independent of the operator p. The transfer function relating 
error to R is given by the following expression: 


R 

s 1 + KG 


(3-13) 


In general, the product KG , which is termed the open-loop transfer func¬ 
tion and which is found by multiplying all the transfer function operators 
around the particular loop, can be expressed by the following typical 
transfer function: 


K'\ V + (1 Mg + (1/r,)] 
V n \V + (l/r 2 )][p + (l/r 4 )] 


(3-14) 


where K = K'txtJtiti. 

That is, KG is the ratio of two factored polynomials. All the values 
of r are time constants for various components. If one should go through 
a system and compute the transfer functions for each of the items in a 
loop, the product is called the open-loop transfer function. When these 
transfer functions are multiplied together and all terms collected, there 
usually will be an excess of p’s in the denominator. 

The excess p’s in the denominator are termed poles at the origin of the 
open-loop transfer function. The values of p(pi — — 1/r*, i even) which 
make the denominator of KG zero are termed “ poles. ” The values of 
p{pi = —l/r i} i odd) which make the numerator zero are termed “ zeros.” 

Because of the form of this transfer function, the system has a definite 
steady-state response to various types of inputs depending upon the value 
of n. Hence the steady-state error for various types of inputs is specified 
by knowing the value of n. It is convenient, then, to classify feedback 
control systems in terms of Eq. (3-14). This will be done before discuss¬ 
ing other steady-state conditions in order to simplify terminology. 


Type 0 system, one for which n = 0, in Eq. (3-14) 

Type 1 system, one for which n — 1, in Eq. (3-14) 

Type 2 system, one for which n = 2, in Eq. (3-14) 

Type 3 system, one for which n — 3, in Eq. (3-14) 


3-4. Error Constants. 54 Based upon a system which has unity feed¬ 
back (J? = 1) the error constants are defined 
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Positional-error constant = Kq = lim KG{p) (3-15) 

p —>o 

Velocity-error constant = K v = lim pKG(p) (3-16) 

p —>o 

Acceleration-error constant = K a = lim p 2 KG(p) (3-17) 

p —>o 


where K is the constant portion and G(p) the variable portion of the 
forward-loop transfer function. These functions are shown on Fig. 3-1. 
For the case of II = 1 the actuating signal e(p) is the error (= R — C). 

The error constants are found for various types of systems (i.e., types 
0, 1, and 2). Each of the inputs of Eqs. (3-1) to (3-3) are applied to a 
system whose transfer function is given by Eq. (3-14). In this manner 
the significance of the various error constants becomes apparent. 

Position-error Constant. The error, which also corresponds to the actu¬ 
ating signal for the case H = 1, is given by 


e(p) = 


R(v) 

1+ KG 


(3-18) 


Suppose it is desired to find the steady-state or final value of s (t) when 
r(t) is a step function in position. From the final value theorem, 


h” *® - s v r +mw 


(3-19) 


But R(p) = A/p for a step function. This terra cancels with the p in the 
numerator 

A A 


20 ” /"!! sW i + lim ka( p) i + /Co 

0 

Tor a type 0 system n = 0 


so 

A 


L 1 

1 4_ K' 0 A>)(Vr 3 ) I + A'o 
(1/t 2 )(1/t4) 


(3-20) 


(3-21) 


/Co is the position constant and, as can be noticed from Kq. (3-21), has a 
finite value. 

For type 1 system (or higher) n > 1 


So 

A 


= lim 

p—> 0 


1 

. , rr, (l/ T l)(l/r;i) 

^ p'‘(l/T.,)(l/n) 


= 0 


(3-22) 


Notice that the steady-state error in response to a step function for sys¬ 
tems of type L or greater is equal to zero. The time response tor systems 
with n > 1 has zero steady-state error (i.e., after all transients have 
died out). The difference between r and c, which is the error, is zero. 
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The time response for n ~ 0 systems is that of the example given in 
Fig. 3-2. The ratio of position error to magnitude of the applied step 
function is 1/(1 + Ko). 



Fig. 3-3. Ramp-function response for a type 1 system. 


Velocity-error Constant. Consider next the response to systems with 
a ramp input, that is, for r = vt. Again the transfer function is written, 
and the final value theorem invoked 


lim e(t) = lim p 

t—* 90 p —>0 


v/p 1 

1 + KG( V ) 


(3-23) 


where R(p) = v/p- is the Laplace transform of r(t) = vt. Equation 
(3-23) is simplified by canceling: 


r ( M = y 1 1 1 

t—± oo V p—+0 P + pKG(p) lim pKG K v 

p—>0 


(3-24) 


This limit does not exist for n = 0; that is, a type 0 system has infinite 
value, since, setting n = 0, the p in the denominator can be factored: 


V 


l 

g'[p + (l/n)]fa> + (1/r,)] 
p— >0 ^ [P + (V T 2 )][P + (l/r- 4 )] 


1 


lim p 

p —>0 


KW2T4 

T \T 3 


OO 


(3-25) 


For a type 1 system, n = 1, and Eq. (3-24) has a constant, finite value 
given by 


€V 

V 


1 


lim 
p —^0 


K'lP + (l/ri)][p + (1/7*3)] 1 

V P\P + (IA 2 )]\p + (l/7- 4 )] j 


Tira 
ic t 2T4 


(3-26) 


The expression e v /v is the ratio of position error to input velocity and is 
defined by the reciprocal of the velocity constant \/K v as follows: 


1 ___ 
jSTy V 


or 



(3-27) 


Comparison of Eq. (3-27) with (3-26) indicates that K v is the limit as p 
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approaches zero of pKG, or 

K, = lim pKG (3-28) 

p—+0 

If a type 1 system is subjected to a ramp input, the output has the 
form of the curve of Fig. 3-3. The position error e v is the difference 
between input r and output c. As an example, suppose a gun turret is 
to track a target with a maximum rate of 20 radians/min = % radian/sec 
with a maximum position error of = 0.0087 radian. The velocity 
constant obtained from this specification is equal to the tracking rate 
(}'•{ radian/sec) divided by the tracking position error (0.0087 radian), or 

7 - 38 - 2seo " (3 - 29) 


A type 1 system with a K v of at least 38.2 is required to meet this 
specification. 

For a type 2 system (or higher) n > 2 and 


Pm Mg + (lAOHP + (l/r 3 )] 
?>—>0 p‘ip + (1/T.)][p + (l/r 4 )] 


00 


(3-30) 


and the steady-state position error is zero. 

In summary, if a ramp function is applied to a type 0 system, the error 
becomes infinite, which means that a type 0 system cannot follow a ramp 
function. A type 1 system follows with the same velocity but has a 
finite position error. This case is shown in Fig. 3-3. For type 2 and 
higher, the steady-state error is zero, and these types of systems follow 
with no steady-state error. 

Acceleration-error Constant . To determine the acceleration constant, 
consider the input to be a step function of acceleration, or 


r(f) = y 2 at 2 


(3-31) 


The Laplace transform of this driving function is found in Table 1-1. 




i 

The position error due to an acceleration input is 

e “ = Sri €( ' l) = Jus V T+ P m = lim p-KGlJpj 

p >0 

Replacing the expression for KG from Eq. (3-14), 

fa _ __ 1 

a lim v- C A ilIb + (i/r 3 )] 

rip +"(I/r,)"][p + (l/r. s )] 


(3-32) 


(3-33) 


(3-34) 
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The position error due to an acceleration input is symbolized by e a . 
This error is infinite for both types 0 and 1 systems since lim p*KG = 0 

p —>o 

appears in the denominator. For type n — 2 systems, the error is a 
finite constant 


Ca = 1 = 

a KtzTa/tiTz K a 


(3-35) 


The finite constant is defined as the reciprocal of the acceleration con¬ 
stant K a , which is the ratio of the amplitude of the step in acceleration 
to the position error. In the steady state, types 0 and 1 systems cannot 
follow an acceleration input and a type 2 system follows with a constant 
position error. This last case is shown in the sketch of Fig. 3-4. 



Fig. 3-4. Acceleration response for a type 2 system. 


From the above consideration, it is seen that a servo has zero steady- 
state error in response to a unit step function only if n ^ 1. With 
velocity inputs (ramp inputs) into a type 0 system, the output velocity 
is different from the input velocity, and in the limit the error becomes 
infinitely large. For a type 1 system, the output velocity is equal to 
the input velocity; however, there is a constant position error between 
output and input. For types 2 and 3 and higher type systems, the servo 
operates with the input and the output in exact correspondence. When 
the system is excited with a parabolic function for types 0 and 1 systems, 
the acceleration is not reproduced and the error increases continuously 
to infinity. For type 2 systems, the acceleration is reproduced but there 
is a constant position error. For systems of type 3 or higher, the error 
is zero and there is an exact correspondence between input and output. 
The information regarding error coefficients is summarized in Table 3-1. 

Of all the aforementioned constants, the velocity constant is most 
commonly encountered. Written in terms of an equation, the velocity 
constant is the ratio of the input velocity to the position error. When 
the transfer function is written as 
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IUtjV + 1)(t aP + 1) 

p(r 2 p + 1 )(r 4 p + 1) 


(3-36) 


the limit of pKG as p approaches zero is K v . Hence, the constant multi¬ 
plier of the transfer function, if written in the form shown here, is the 
velocity constant when there is a single p in the denominator. 

From a consideration of Table 3-1, it might appear without further 


Table 3-1. Summary of Error Constants 


n 

Ko 

«0 

K v 

Gy 

A a 


0 

Finite constant 

A 

1 + Kg 

0 

00 

0 

00 

1 

oo 

0 

Finite constant 

V 

K 

0 

00 

2 

00 

0 

00 

0 

Finite constant 

a 

Ka 


investigation that the higher the type system, the better the servo. For 
systems of type 2 there is zero error for either a step in position or a 
step in velocity and only a finite error for a step in acceleration. How¬ 
ever, when the stability of servo systems is under consideration, those 
systems with two or more poles at 
the origin (p } s occurring alone in the 
denominator), corresponding to type 
2 and higher, are increasingly more 
difficult to stabilize. Systems with 
one pole or less at the origin are more 
easily stabilized. As with most other 
engineering problems, the design of 
feedback control systems is usually a 
compromise between the steady-state 
error that results in a system and the stability, or the damping, that may 
be obtained with a particular type of system. 

Although all systems with good steady-state behavior are not neces¬ 
sarily hard to stabilize, often it is true. In this case a compromise must 
be achieved. 

The compromise between steady-state errors and stability can be seen 
from a physical consideration of the mechanical system of Fig. 3-5. 
When a soft spring supports the mass, the steady-state deflection of the 
mass under its own weight is large. The vibrations of the system are 
sluggish, i.e., have a low resonant frequency, but it has a relatively large 
damping ratio. This system would correspond to a low-gain servo. 


'ZSZ////////////, 

Soft 
spring 



'#&//////////, 

Hard ( 
spring | 



Fig. 3-5. Comparison of a soft and 
hard spring. 
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When a tight (hard) spring supports the mass, the steady-state deflection 
(steady-state error) is small, and the system responds more rapidly. 
Although the natural frequency is higher, the damping ratio is smaller— 
less stable. This corresponds to a high-gain servo. 

3-5. Generalized Steady-state Errors. If the block diagram has the 
more general form of Fig. 3-6, that is, if H ^ 1 and an input transfer 
function (? 2 is added, the steady-state errors take on a different signifi¬ 
cance. The input to the summing point is G 2 R, and the feedback to the 

£=G 2 R-HC 



Fig. 3-6. Generalized block diagram. 


summing point is EC. The actuating signal s' is no longer the difference 
between the input R and the output C but is 

s' = G 2 R - EC (3-37) 

In this form the transfer function is written as 


s' _ G 2 

B 1 + KGiH 


(3-38) 


For step inputs of position r = A, the steady-state actuating signal is 
given by 


lim p 

p—>0 


Q*(A/p) 

1 + KGiH 


r AG, 

1 + kg x h 


(3-39) 


For step inputs of velocity r = vt, the actuating signal is found from the 
transfer function 


_ (?2 1 _ r G, 

~ V 1 + KGrFI p* ~ l ™pKGJI 


(3-40) 


Similarly, for step inputs of acceleration r — the actuating signal 

is found from 


€ a __ r $2 

a ~ ££ p 2 KGiE 


(3-41) 


Although the actuating signal s' does not correspond to the error 
R — C, its magnitude may be a measure of performance of the servo. 
Quite often the input and feedback blocks (? 2 and E , respectively, of 
Fig. 3-6 are constants which change the variable from mechanical position 
to an electrical voltage, pressure to angle, etc. In this case direct sub- 
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traction of input and output would have no meaning. For example, if 
the input R is a pressure and the output C a position, the difference 
R — C would be meaningless. Before subtraction is possible, an appro¬ 
priate constant {K = pressure/position) must be included so the actu¬ 
ating signal can be obtained. If R and G are comparable quantities, 
and if the error e, equal to the difference between the input R and out¬ 
put is desired, the transfer function is found from Fig. 3-6: 


KG 1 G 2 R (, KGjG 2 \ 

1 + KGJf V 1 + KG\H) 


(3-42) 


3-6. Steady-state Errors Due to Output Load Disturbances. Steady- 
state errors also result from disturbances applied at the output of a servo. 
Consider the example of a simple position servo of the type considered in 



Fig. 3-7. Servo subjected to output torque. 


Chap. 1. The input is a position r{t), and the output c(0 is positioned 
by a motor driven with an amplifier whose input is the error or the actu¬ 
ating signal e — r — c. This system, with H = 1, is shown in the block 
diagram of Fig. 3-7, where AT is the constant transfer function of the 
input and output potentiometers and A is the constant amplifier gain. 

The motor transfer function K ni /p(ry + 1.) is applicable only when 
driving an inertia load. Since a constant torque is also applied to the 
output shaft of this motor, the differential equation of a motor must be 
reconsidered. This equation is written as follows: 

Ln = KJiin ~ K&C (3-43) 

where Eq. (3-43) is taken directly from the linearized torque-speed curves 
of the motor, as presented in Chap. 1. AT and AT are constants taken 
from the linearized torque-speed curves. For the present application, 
the motor torque is balanced by an inertial torque Jp 2 C, together with 
the output torque L : 

U = - L (3-44) 

where L is the Laplace-transformed disturbing torque on the output shaft. 
The shaft angle C 7 the disturbing torque L, and the motor torques are 
all taken in the same direction. Equating Eqs. (3-43) and (3-44), 
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The voltage input to the motor is related to the error as follows: 

E in = K s Az - K S A(R - G ) (3-46) 

When Eq. (3-46) is used in conjunction with Eq. (3-45), the differential 
equation of motion of the system is 

(J> 2 + K 2 p + K!K 8 A)C = K t K s AR 4- L (3-47) 

Equation (3-47) is a system with two inputs—the reference signal R 
and the output torque L. If L is now considered as the input to the servo 
system, then the transfer function C/L for R = 0 is written 


C = _1_ 

L Jp* + K 2 p + K,K S A 


(3-48) 


Equation (3-48) represents the transfer function for a linear system whose 
driving function is the torque L. Both transient and steady-state effects 
result from the application of such a torque. If the form of L is known, 

the output C can be found by ordinary methods 
(Laplace transforms or classical solution). 

Since the servo was at rest before the applica¬ 
tion of L, no generality is lost by taking r = 0. 
Whether r = 0 or any other constant, the vari¬ 
ations from this steady-state condition would 
be represented by Eq. (3-48). It is easier, how¬ 
ever, to consider r = 0; then c = — e. The 
transfer function expressed by Eq. (3-48) is the 
output in response to an applied output-shaft torque and since c = — e, 
can be written, with Laplace transforms, for a step torque of magnitude L 


I 


$ 


£ 


i 

Fig. 3-8. Equivalent spring 
constant of a feedback con¬ 
trol system. 


-l/p 

Jp 2 + K iV + K x K,A 


(3-49) 


The steady-state error « 0 is found with the final value theorem 


lim e(£) - lim p 

t—* oo p—>0 


_ -L/V 

Jp* + K 2 p + KiK s A 


-L 

KxKj 


(3-50) 


where L/p is the Laplace transform of a step function in torque which 
is applied to the output shaft. 

Physically, a position servo can be considered as a rotational spring. 
If an error exists, the motor will develop a torque to cancel this error. 
In particular, if a torque is applied to the output shaft, an error will 
result (e = — c) which will produce a voltage at the motor terminals 
and hence develop a torque to cancel this applied torque. Similarly, if a 
rotational spring system is torqued, as shown in Fig. 3-8, the spring 
rotates through an angle c until the torque developed by the spring Kc 
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equals the torque applied. The spring constant K is the torque per 
unit angle. For the feedback system, the torque per unit angle is 
L/e = KiK s A. If L were any function other than a constant, the error 
resulting from the application of the load torque L is obtained in a 
similar manner to that used in finding the steady-state errors due to 
standard types of inputs. 

The work of this example is extended to a general servo system such 
as that shown in Fig. 3-9, where K x is the constant portion of 6? 2 and is 
removed from K x Gi, since L is transferred through G% only. The output 



Fig. 3-9. General block diagram subjected to output disturbances. 

disturbance, indicated by L in Fig. 3-9, enters directly into the final 
block G 2 . The equations for the system of Fig. 3-9 are 

(KiGn'+fyG* = C (3-51) 

e' = R ~ HC (3-52) 

The two arrows going into the (?2 block indicate that the sum L + KiGis' 
is the input to (? 2 . Combining Eqs. (3-51) and (3-52), 

GJiKjGiiR - HC) + L] = C (3-53) 

which when rearranged becomes 

(1 + KiGiGzH)C = GAL + K X G X R) (3-54) 

If the system is originally at rest, no generality is lost by taking r — 0 
and the actuating signal e' is 

s' - —HC (3-55) 

Equation (3-55) is substituted into Eq. (3-54), and the differential equa¬ 
tion relating the actuating signal s' to the applied disturbing torque is 
written 

(1 + K&iOtHW = -HGJj (3-56) 

If r = 0, the block diagram of Fig. 3-9 may be redrawn, as shown in 
Fig. 3-10, so as to correspond in an input-output form to Eq. (3-56). 
The normal servo is given by Fig. 3-9. A fictitious servo, which is given 
in Fig. 3-10, is useful for the purposes of analysis. The subtraction, 
indicated in Fig. 3-9, is replaced by a block with a — 1 gain, which is incor¬ 
porated in the H block. If the standard subtractor (output subtracted 
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from input) is used in Fig. 3-10, another -1 gain block must be included 
in the feedback path. If the original diagram is redrawn (Fig. 3-9), 
a new block diagram which represents Eq. (3-56) is obtained. The 
error in response to any type of disturbing torque L at the output of the 
original system is determined from either Eq. (3-56) or the block diagram 
of Fig. 3-10. 



Fig. 3-10. Inverted block diagram with output torque as input. 

3-7. Servo Specifications. Since the specification of a closed-loop 
system must be interpreted by the servo designer, a review of the more 
commonly encountered requirements is presented. The specifications as 
generally given are divided into those which are specified with quantities 
in the frequency domain, i.e., stated in terms of frequency, and those 
specified in the time domain, i.e., stated in terms of time response. Often 
a combination of both is given. 

Frequency-domain Specifications. A servo specification is commonly 
written in the same sense as an electronic amplifier or as a filter. 11 Hi Fi” 



enthusiasts will recall that their amplifiers are specified and compared 
on the basis of their bandwidth, that is, flat from 30 to 15,000 eps. Most 
filters, i.e., bandpass, low pass, band reject, etc., are specified in terms of 
the amplitude response versus frequency. The bandwidth , which is shown 
in Fig. 3-11, is the frequency range between which the amplitude response 
does not drop 3 db (0.707 amplitude ratio) below the amplitude at the 
center of the passband. Decibel is defined as 20 logio A*/Ai, where 
A 2 /A 1 is an amplitude ratio. The bandwidth indicates to some degree 
the speed of response of the system. In filter theory the bandwidth 
measures the ability of the system to reproduce the shape of the input 
signal. For example, if a square pulse is applied to the input of a low- 
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pass filter which has a bandwidth limit, at a finite cutoff frequency* co c , 
the output will no longer be a square pulse but might be distorted as 
shown in Fig. 3-12. In some specifications not only the bandwidth but 
also the characteristics of the cutoff are given. For example, the rate of 
cutoff beyond the cutoff frequency may be specified as 12 db/octave. 
An octave is a factor of 2 change in frequency. 

The d-c performance specification of a control system is frequently 
given. It is included as a frequency specification, since direct current is 
the limiting case of zero frequency. The various error constants, and 
especially the velocity constant K v , provide a simple method of d-c sys¬ 
tem specification. 



Fig. 3-12. Effect of bandwidth on pulse shape. 

A variety of other frequency-domain specifications may be encountered 
in practical control system design. For example, if a control system is 
used in an aircraft which has a resonance due to the structure or aero¬ 
dynamics at a particular frequency, then it may be necessary to design a 
system which blocks the transmission of signals in this band of frequencies 
but passes both higher and lower frequencies. Otherwise the aircraft 
may be subjected to severe vibration or erratic flight. If noise which is 
limited to a particular band is present, a special bandpass characteristic 
must be specified to block these undesirable frequencies. 

Time-domain Specifications. Often the desired characteristics of the 
system performance are specified in terms of time-domain quantities, 
that is, by the response to a step function or a ramp function. A com¬ 
plete transient component is required to satisfy exactly the time-domain 
requirements. It is, however, impossible to find the transient component 
until most of the design has been completed. As an aid in bridging the 
gap between specifications given in the time domain and useful design 
quantities (such as damping ratio f, natural resonant frequency w n , etc.) 
the second-order solution may prove useful. Care must be exercised in 
more complex systems, since the extension of the second-order system to 
these can be misleading. At least the second-order system is a starting 
point. 

* The cutoff frequency is the limit of the passband. It is the frequency where the 
amplitude is down 3 db as shown in Fig. 3-11. 
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The response of a second-order system to a step function is con¬ 
sidered in Chap. 1. From the transient component of the second-order 
system it is observed that the design based on the calculation of time- 
domain specifications can be rather cumbersome because of the amount 
of work involved. The charts which relate the various time-domain 
specifications, such as per cent overshoot, damping ratio, and the like, 
are presented in Chap. 1. For higher-order systems, beyond the second, 
these charts are used only as a guide and a starting point. 

A typical response to a unit step function for a particular damping 
ratio is shown in Fig. 3-13. The curve is conveniently described in terms 



Fig. 3-13. Time-domain, specifications shown on a typical response curve. 

of three quantities: the per cent overshoot, the rise time, and the settling 
time (which is related to the damping ratio). 

The overshoot , in per cent of the final value, measures the amount the 
output overshoots the steady-state response for a unit step input. For 
Fig. 3-13, the overshoot is A x /l per cent. 

The rise time is defined as the time required for the response to a unit 
step function to rise from 10 to 90 per cent of the final value. An 
alternate and substantially equivalent definition may be used: The 
reciprocal of the slope of the response at the instant the response is half 
the final value. The first definition seems preferable. 

The settling time is defined as the time required for the response to a 
unit step function to decrease, to reach, and thereafter to stay within a 
specified percentage of its final value. Often it is the time required for 
the response to again cross unit amplitude after overshooting the first 
time. (See, for example, Fig. 3-13.) 

The damping ratio, discussed in Chap. 1, is the ratio of the damping 
which exists in a second-order system divided by the system critical 
damping. This quantity may be calculated from the time response when 
the ratio of two successive positive overshoots is known: A x and A 2 shown 
in Fig. 3-13. The damping ratio f for a second-order system is given by 
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the equation 


__1/2+ In AJ A 2 

vr+a7^1 i/a 2 ) 2 


(3-57) 


Besides the difficulty of relating these given time-response quantities 
directly to frequency-response information or frequency-domain data, 
another difficulty arises in the specification of servo systems on the basis 
of the time-domain information: No common definition has been accepted 
for time-domain quantities. For example, often the rise time is the time 
from 10 to 90 per cent; however, it is also expressed as the time from 
5 to 95 per cent or, alternately, the reciprocal of the slope at 50 per cent. 
The definitions of the quantities given in this chapter correspond as closely 
as possible to present accepted servo definitions. 


PROBLEMS 

3-1. Find position, velocity, and acceleration coefficients for the following forward- 
loop transfer functions (II = 1 for all systems): 

K 

(;V + 10) (p + 100) 

K 

p(p +Toj(p + 100) 

_ Kp 

lv + 1 )('P + 10) (P + 100) 

K 

p 2 (p 2 + 2£a ) n p + co„ 2 ) 

100 

(P 2 + 2 ifa n p + 03, L 2 ) 

10 ()(p + 10) (p + 50) 

p 3 (p 2 + 2 fco n p + COn 2 ) 

3-2. Find the actuating signal s' for the system shown in Fig. 3P-2. Find the 
position, velocity, and acceleration constants, and determine their significance in this 
general case. 



Fig. 3 P-2 


(a) KG = 

(b) KG = 

(c) KG = 

(d) KG = 

(e) KG « 
(/) KG - 


3-3. Determine the actuating signal e' and the difference R — C for the problem of 
Fig. 3P-3. Which is the best measure of servo performance? How are these related 
to the error constants? 
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Fig. 3P-3 


3-4. Derive the relation between the damping ratio, and the amplitudes of two 
successive overshoots Ai and A 2 of Fig. 3-13. The result is given by Eq. (3-57). 

3-6. For the systems of Prob. 3-1 find the steady-state error for a unit step input 
and a unit ramp input. 

3-6. For the system of Fig. 3P-6, find the steady-state error for 

(a) A unit step position input 
(I h ) A unit step velocity input 
(c) A unit step acceleration input 



Fig. 3P-6 


3-7. For the following open-loop transfer function, 

KC = K( - P + Vl ) 

V 2 (V + Pa)(p + Pi) 

(а) What type system is it? 

(б) Find Ko, K V) and K a . 

3-8. For the system of Fig. 3P-6, find the steady-state error for a constant output 
torque applied to the system. Assume zero input. 

3-9. Repeat Prob. 3-8 with an output load torque given by the equation 

L — bt 

3-10. Repeat Prob. 3-8 with the second amplifier changed from a constant to 

A 2 = K- 
V 

3-11. Repeat Prob. 3-8 with the second amplifier changed from a constant to 


A2 ~ K'P 








CHAPTER 4 


THE ROOT-LOCUS METHOD 14 ’ 1516 


4-1. Introduction. It is indicated in Chap. 1 that the design of closed- 
loop systems requires repetitive analysis. The engineer observes by 
analysis the effect on the system of a particular change, and after several 
trials a fairly optimum system results. It is important for the servo 
engineer to be able to analyze rapidly each successive trial. The impor¬ 
tance of the root-locus method can be fully appreciated when the rapidity 
of completing each solution is realized. The root locus pictures the entire 
character (transient behavior) of the system as a result of changes of loop 
gain, component time constants, and stabilizing-network configurations. 

4-2. The Second-order System. In Chap. 1, the second-order system, 
shown in the block diagram of Tig. 4-1, is studied. The complete time 
solution is found for this system 
(cf. Secs. 1-4 and 1-5). The value 
of amplifier gain A necessary to 
produce a stable system is an im- 

portant quantity that must be |p K)- 4 _i. Second-order position servo, 
found in the design. 

The motor transfer function K m /p(rp + 1), the time constant r, and 
motor constant K m are fixed when the motor is chosen. The motor* is 
chosen from a knowledge of the load power requirements. How does 
the transient response, which is directly related to the location of the 
roots of the system characteristic equation, change as the variable quanti¬ 
ties A and K s are altered? For the system of Fig. 4-1 the answer can be 
obtained analytically. 

The transfer function relating output to input is easily found to be 

C KG AK m KJp(jp + l) f4 n 

R 1'+ KG 1 + [AKJiJpijP + OJ V ' 

where p is the Laplace-transform operator. Equation (4-1) is multiplied 
out as follows: 

C _ AKmK, 

R rp 2 + p + AKmKs 

* See Chap. 9 for further information on motors. 
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(4-2) 
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The impulse response is found from Eq. (4-2) by setting R(p) = 1 (the 
Laplace transform of a unit impulse is 1) and solving for 


c(t) 


= £-‘ 


AKJCs 

rp 2 + p + AK m K s 


(4-3) 


This is evaluated by finding the roots of the denominator 

V 2 + - p + AK - mK - s = 0 (4-4) 

T T 

The location of the two roots of this equation determines the transient 
behavior and hence yields information with regard to the degree of sta¬ 
bility of the system. If the roots lie in the right half plane, the response 
has the following form: 

c(t) = e +at (A sin oot + B cos coQ (4-5) 

and if the roots should lie along the j axis, the response is 

c(t) = A sin cot + B cos cot (4-6) 

In either case, the system would be unsatisfactory, since Eq. (4-5) is an 
increasing transient response and Eq. (4-6) is an undamped transient 
response. Location of all the roots determines the stability of the sys¬ 
tem. The damping ratio, the undamped natural frequency, and the fre¬ 
quency of oscillation are all found from the root location. 

Identical information is obtained from the classical solution. The 
transient part is found for the system of Eq. (4-1) by setting the driving 
function to zero and assuming a solution c 0 e pt . When this is substituted 

Table 4-1. Calculation of Roots of Second-order System as Gain Varies 


AKs 

Root location 

Vi 

P2 

0.1 

-99.5 

- 0.5 

1.0 

-94.7 

- 5.3 

2.0 

-88.7 

-11.3 

3.0 

-81.6 

-18.4 

4.0 

-72.4 

-27.6 

5.0 

-50.0 

-50.0 

6.0 

-50 + j22 .4 

-50 — j22 .4 

7.0 

-50 +J31.6 

-50 — j'31.6 

8.0 

-50 +J38.7 

-50 — jZS . 7 

9.0 

-50 + j44.7 

-50 -i44.7 

10.0 

-50 + j50 

-50 -i50 

50.0 

-50 + jl50 

-50 - j 150 

100.0 

-50 + j217.9 

-50 -;217.9 
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into the homogeneous equation, 



reap*/* 1 + c Q p/ pt + AK m K s c^ pt = 0 

(4-7) 

which reduces to 

p2 _|_ I p + AK m K s _ q 
r r 

(4-8) 

Equation (4-8) is identical with Eq. (4-4). 

The two roots of Eq. (4-4) are found from the binomial expression 


1 , 1 1 AK m K . 

= ~2r ± 

(4-9) 


For definiteness the following numerical values are taken: r = 0.01, and 
K m = 5.0. The computations necessary to find the variation of p* as 



AK 8 varies are shown in Table 4-1. The plot of these root variations is 
given in Fig. 4-2. As the gain AK a is varied, the roots move along a 
continuous curve or locus. The values of gain that produce particular 
roots are indicated along the plot. From the “ root-locus, ” or the loca¬ 
tion of the roots versus gain, diagram, the form of the transient solution 
is completely known for all values of gain. 
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For example, if AK S = 8.00, the roots are located at 

Pi - -50 ±y38.7 (4-10) 

and the impulse response (transient component) is written 

c(t) = e~ m {A cos 38.7 1 + B sin 38.7 1) (4-11) 


where A and B are constants that depend upon the initial conditions. 
The stability of a system, however, depends upon the location of the 
roots of the system and not upon the driving function or initial con¬ 
ditions. Since the roots of this second-order system do not cross the 
j axis, the system is stable for any value of amplifier gain. 

The plot of the root location as the system gain is varied is analytically 
calculated only to demonstrate the method. The root locus is a graphi¬ 
cal method which enables the engineer to plot the positions of the roots 
as the gain is varied. 

4-3. The Locus of Roots. The root-locus method is based upon 
knowledge of the location of the roots of the system with zero gain, 

that is, with the feedback loop open. 



Fig. 4-3. Generalized block diagram. 


In most cases these are easily de¬ 
termined from the open-loop transfer 
function KGH. K is the constant 
portion of the loop gain, G(p) is the 
forward-loop transfer function, and 
H(p) is the feedback-loop transfer 


function. These quantities are defined in the block diagram of Fig. 4-3 


and for the example of Fig. 4-1 have the values 


AK m K 8 


<?<P) = 


p[p + (1/r)] 


(4-12) 


In subsequent expressions, the u function of p” is understood; that is, 
G is written for G(p) and H for H(p). 

Consider the expression which relates output to input and is derived 
from the block diagram of Fig. 4-3: 


C _ KG 
R 1 + KGH 


(4-13) 


where 1 + KGH is the characteristic equation. The stability of a sys¬ 
tem depends only upon the impulse response (transient component). 
The location of the roots of 1 + KGH determines the degree of system 
stability. 

In the example of this section the roots of the characteristic equation, 
for a gain of 8.00, are found to be complex numbers: 


V i = “50 + y‘38.7 p 2 = -50 - jSS.7 


(4-14) 
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Any complex quantity written in rectangular form a + jb is expressed in 
polar form as follows: 

V a 2 -f P = Va 2 + 6 2 Z<#> (4-15) 

where = tan™ 1 6/a. The roots of Eq. (4-14) can also be expressed in 
polar form 

38 7 

pi = \/50 2 + 38.7 2 e itan " 1 -so = ^.20^ 


= 63.2 Z + 142.3° (4-16) 

P ‘2 = 63.2e -/l42 ' 3 ° = 63.2 Z - 142.3° 

In polar form these roots are located by a magnitude (63.2) and an angle 
(±142.3°). In general, the roots of the characteristic equation are com¬ 
plex numbers and can be written in polar form 


Pi = 


(4-17) 


where Ai is the magnitude and <£; is the angle of the root which is expressed 
in polar form. In a similar fashion, any term of the form pi + a can be 
written in polar form as a magnitude at a phase angle Ae 1 *. 

The open-loop transfer function KGH is a ratio of factored polynomials, 
for example, 


KGH = + 1)(PT3 + 1) 

p’*(pr 2 + 1) (pr i + 1) 


(4-18) 


Equation (4-18) can be rewritten in the following form (this form should 
always be used for root-locus analysis): 


K Gil 

KGH — -^l r i T 3 [p _+ (\/ji)\[p + (I/t!,)J 

T,u pip + a?T 2 )jb + (lAOJ 


(4-19) 


Each factor in the KGII function is considered 
and is written in polar form as follows: 


as a complex number 


P + - = A itf*' (4-20) 

Hence, the entire KGH function is a complex quantity and can be written 
in polar form: 


KGII - 7v(H ><■»•') (A 3 cJ*>) 


(4-21) 

KAuAx „ 



= --- -'.■ <)-+-$2+ * ■ 

A 0 «A 2/1 4 

• h = AcJ** 3 

(4-22) 

The algebraic equation from which the roots are d< 

Ter mined, 


1 + KGH = 1 + Ae>* = 0 


(4-23) 
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can be written as two expressions: 


Angle of KGH = arg KGH = 0 = (2 k + 1)180° (4-24) 


where fc = 0, 1, 2, 3, . . . 


Magnitude of KGH = \KGH\ = A = 1 (4-25) 

Equations (4-24) and (4-25) are the result of setting 1 + KGH = 0, 
that is, the angle or the argument of KGH equal to odd multiples of 180° 
and the magnitude of KGH equal to 1 . These equations are the basis 
for the root-locus method. 

To avoid confusion, the various singularities are defined as follows: 

A Zero is a value of p which causes the numerator of KGH to equal zero. 
A Pole is a value of p which causes the denominator of KGH to equal 
zero. 

A Root is a value of p which causes 1 + KGH to equal zero. 

Notice that if p 3 is a pole of KGH , it is also a pole of 1 + KGH , since the 
addition of 1 does not affect the infinite magnitude of KGH(pj ). 

The formal definition of the root-locus criterion follows from a com¬ 
parison of Eq. (4-22) with Eqs. (4-24) and (4-25). The angle criterion 
yields 

(0i + 03) — (w0o + 02 + 0 4 ) — (2fc + 1)180° (4-26) 

where k = 0, 1, 2 , ... . 

The magnitude criterion yields 


KAiAz 

Ao n A 2 A A 


(4-27) 


The root locus is plotted by finding all points Pi in the p plane which 
satisfy Eq. (4-26). When the locus is completely plotted, Eq. (4-27) is 
used to scale it in terms of the values of gain K that correspond to par¬ 
ticular roots along the locus. 

Consider the example of Fig. 4-1 which is cited earlier in this chapter. 
In this example the transfer function is 


KGH 


AK m K s 1 

r p[p + (1/r)] 


= 500 AK S 


1 

p(p + 100) 


(4-28) 


Since Eq. (4-26) (the angle criterion) is first used to make the plot, only 
the GH function is examined. The system has a pole at the origin, a 
pole at —100, and no zeros. These are first put on the diagram of Fig. 
4-4. An X designates a pole, a 0 designates a zero, and a dot, ., desig¬ 
nates a root. 

A point pi is guessed for a root of 1 + KGH = 0. If pi is a root, 
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then the angles of GH must sum to 180°. The angle or argument of GH is 


arg Oil = —(0o + 62) = — (tan- 1 -^- 4. tan " 1 T?k7 ^ -^ (4-29) 

do and 62 are the angles subtended at the poles of GH and are shown in 
Fig. 4-4. The sign is negative because the angles subtended by poles 
which are positive in the denominator become negative in the numerator. 




K[(p H- ai ) 2 + fii 2 ] 

Fig. 4-5. Location of zeros and poles for 

The locus of all points at which the angles subtended to the zeros and 
poles sum to an odd multiple of 180° is the root locus. The reader can 
verify from the plot of Fig. 4-2 that the sum of the angles subtended to 
the poles from any root is 180°. (This particular transfer function has 
no zeros.) 

Figure 4-5 shows the zero and pole locations for the transfer function 


rrprr __ K (g + gl + jP l) (V + ~ jj 3j) 

p[p + (lAa)ib + (IA4)] 


(4-30) 


The characteristic equation (1 + KGII) for this system is solved graphi¬ 
cally for the roots by locating a trial point pi in the p plane and moving it 
until the angle criterion [Eq. (4-24)] is satisfied. Application of Eqs. 
(4-24) and (4-25) to the situation depicted in Fig. 4-5 indicates that if 
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pi is a root of the characteristic equation, then the algebraic sum of all 
the angles (positive for zeros and negative for poles) must equal 180° 
and the magnitude must equal unity, or written in equation form 


hSi = Si + Sz “h (~~ 9 o — $2 Si) = (2fc 1)180° 
A K\pi + + jgil \Vi +_gLZ ^ 1 = i 

bi| \pi + (i/r 2 )| |pi + (1/7-4) | 


(4-31) 

(4-32) 


Each angle in 20* is the angle of the vector pi •+ (1/r/ measured from the 
horizontal. Each term in A is the distance from the respective pole or 
zero to the point p it The root-locus diagram is plotted by using the con¬ 
dition of Eq. (4-31). A point pi is moved about in the p plane until the 

angle criterion is satisfied. 

The gain K of the system for 
particular operating points along 
this locus is found by application 
of the condition of Eq. (4-32). 
Usually the procedure of first find¬ 
ing the root locus and then finding 
the gain at particular points along 
the locus is easier than trying to 
satisfy both the angle and the 
magnitude conditions simultane¬ 
ously. Often, for the purposes of 
certain problems, it is unnecessary 
to plot all branches of the locus or 
to determine K. 

The essence of the root-locus 
method has been described; however, the next section presents a set of 
useful rules which reduces the time consumed in a completely triai-and- 
error procedure. 

4-4. Rules for Rapid Construction of Root-locus Diagrams. The rules 
which are stated and demonstrated in this section enable the engineer to 
sketch rapidly the locus diagrams. The proofs for the rules are post¬ 
poned to Sec. 4-7. The following open-loop transfer function is used to 
demonstrate the method: 

KGH =_ i£(p + 10) _f4-33") 

p(v + 5)(p + 2 H- jlb)(p 2 - j!5) 14 66 > 



Eig. 4-6. Example of Rules 1 and 2 applied 
to the system 

K(p 4 10) 


KGH = 


P(P +5)[(p + 2)2 15*] 


The zeros and poles are shown in Fig. 4-6. Notice that the scales on 
the real and imaginary axes of the p plane are identical. 

Rule 1: Continuous curves , which comprise the locus ) start at each pole 
of KGH for K = 0. The branches of the locus , which are single-valued 
functions of gain, terminate on the zeros of KGH for K = 00 , The zeros 
and poles of KGH are first located on the p plane, an X for each pole 
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and a 0 for each zero. According to Rule 1, the locus starts at the poles 
and terminates at the zeros. Each locus is a continuous curve between a 
pole and a zero. Each branch of the locus is a single-valued function of 
gain along the curve. For the example [Eq. (4-33)] shown in Fig. 4-6, 
there exist four branches, starting from the four poles, which are located 
at p = 0, p = — 5, p = —2 + jl5, p = — 2 — j 15. Since there is only- 
one finite zero, located at p = —10, three of the branches must terminate 
at infinity. The rule then can be expanded to read: The locus starts at 
the poles and terminates on either finite zeros or (§P — jfZ) zeros located 
at infinite p . jfP is the number of poles and #Z is the number of finite 
zeros of KGH. The number of separate branches equals the number of 
poles if, as is usually the case, ^ jfZ. 

The gain K is usually positive and varies from zero to infinity. On 
occasion it may be necessary to work with negative K. In this case, 
the angle criterion is changed so that the angles are summed to ±2/c(180°). 
Since this is an unusual case, only positive K will be considered in this 
text. 

Rule 2: The locus exists at any point along the real axis where an odd 
number of poles plus zeros is found to the right of the point . To determine 
if the locus exists in a given region along the real axis, count the number 
of zeros plus poles which lie to the right of the trial point. If there is 
an odd number of these, then a branch of the locus does exist. For the 
example of Fig. 4-6 the locus exists along the real axis from the origin 
to the point p = -5 and from p = -10 to -infinity. These regions 
along the real axis are shown darkened on Fig. 4-6. Any complex zeros 
or poles, such as p = -2 ± jl5, are ignored in applying this rule. 

Rule 3: For large values of gain the locus is asymptotic to the angles 


(2 k + 1)180° 

#P - fz 


for h — 0, 1, 2, . . . 


(4-34) 


where fiP is the number of poles and fZ is the number of zeros. 

If the number of poles exceeds the number of finite zeros, some of the 
branches terminate on zeros which are located at infinity. Rule 1 states 
that the number of roots which terminate at infinity is the number of 
poles minus the number of zeros. As the gain becomes large, these 
branches tend to become asymptotic to straight lines whose angles are 
given by Eq. (4-34). 

For the example of Fig. 4-6, - 4 and §Z = 1 and the asymptotic 

angles are computed as follows: 

(27c + 1)180° 

6k== -+3 

k = 0 k = 1 k = 2 

0 o = +60° 0 \ — +-180° 02 — +300 


(4-35) 
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Fig. 4-7. Asymptotic directions determined by Rule 3. 


Since only three branches go to infinity, all the angles are computed, and 
these are plotted on Fig. 4-7. No error would result if different consecu¬ 
tive values of k had been chosen, since the angles repeat after any three 
consecutive /cs have been inserted into Eq. (4-35). This rule gives the 
asymptotic directions or angles. The point from which these asymptotes 



Fig. 4-8. Location of center of gravity of 
roots (Rule 4). 

of Fig. 4-6, the CG (center of gravr 


radiate is given by the next rule. 

Rule 4: The starting point for the 
asymptotic lines is given by 

m 2 poles — 2 zeros tA 
cg " fP-fZ — 

which is called the center of gravity of 
the roots. The angular directions 
to which the branches of the locus 
are asymptotic are given by Rule 3. 
The asymptotic lines start at the 
center of gravity of the zero-pole 
configuration. This point is found 
from Eq. (4-36). For the example 
r ) is found as follows: 


and 


S poles = (-5) + ( — 2 + jl5) + (-2 — jl5) + 0 = -9 
2 zeros = —10 

#P = #poles = 4 
jfZ = #zeros = 1 
rr _ (-9) - (-10) l 
CG - .. 4 - 1- = 3 


(4-37) 


The asymptotic lines, found in Eq. (4-35), start from the center of 
gravity. These lines are placed on the p plane as shown on Fig. 4-8, 
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Since both complex zeros and complex poles always appear in conju¬ 
gate pairs, that is, equal vertical distances from the real axis, the center 
of gravity will always lie along the real axis. 

Rule 5: The breakaway point p b is found from the equation 

~ l _|__Z 1 _I_±1_ 

I Pb + (1/7-2) | ^ \vi + (1/7-4) I ^ I pb + (i/rO| 

~ I Vi + ( 1 / 7 "fi) | + | Pb + ( 1 / 7 - 3 )! ( ' 4 " 38 ^ 

where p b + 1 /n is the magnitude of the distance from the assumed breakaway 
point pb and the real axis zeros and poles . The distances are read graphi¬ 
cally. From Rule 2 the regions where the locus exists along the real axis 
are determined. If an acceptable region on the real axis lies between a 
single-order zero and a single-order pole (single order means one zero or 
one pole located at a point), the locus usually moves from the pole to 
the zero along the real axis. If an acceptable region along the real axis 
lies between two single-order poles, the two roots which start from 
these poles usually approach each other along the axis. As the gain is 
increased, these roots form a double-order root at the point at which 
they coalesce (come together). As the gain is further increased, the 
branches of the locus break away from the real axis and form a complex 
conjugate pair of roots. 

The point p b , at which the roots come together and break away, is 
found as follows: 

1. Guess a point p b . 

2. Measure the distances between the guessed point and the real axis 
zeros and poles. 

3. Equate the sum of the reciprocals of the distances from p b to the. 
zeros and poles to the left of p h to the sum of the reciprocals of the dis¬ 
tances to the right of p b - These are added with a negative sign for the 
poles and a positive sign for the zeros. 

4. If the sum to the left does not equal the sum to the right, guess 
another value of p h and repeat. 

The above procedure should be performed by trial and error. If, in 
an attempt to find an analytical solution, Eq. (4-38) is multiplied out, 
a polynomial in p b will result. The solution for p b would then require 
finding the roots of a polynomial—an arduous task that the root-locus 
method is supposed to obviate. In many cases, it is not even necessary 
to find p b) an intelligent guess being suitable. For difficult cases (zeros 
and poles close to the real axis) it may be necessary to find p b to aid in 
sketching the locus. 

The zero-pole configuration of Fig. 4-6 indicates that a locus exists 
between 0 and -5. To find the point at which the two roots break 
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away from the axis guess a point p b = —2.5, as shown in Fig. 4-9. The 
sum of the reciprocals to the left of pi equated to the sum of the recipro¬ 
cals to the right of pi results in the numerical expression 


_J_ , _I_ i_L 

2.5 ^ 7.5 2.5 

I I ! 

Pi + 5 pi + 10 pi + 0 
This equation is not quite satisfied, since 

-0.400 + 0.133 = -0.267 ^ -0.400 
As a second guess take p 2 = —3.0 and obtain 


(4-39) 


(4-40) 


_ 4. JL l _ _L 

2.0 + 7.0 3.0 

-0.500 + 0.143 = -0.357 ^ -0.333 
As a third guess take p 3 = —2.9 
1 


_. J_ A 

2.1 ^ 7.1 


1 

2.9 


-0.476 + 0.141 = -0.335 = -0.345 


(4-41) 


(4-42) 


Probably this value of p 3 = —2.9 'would be satisfactory. The process 
can be repeated until the desired accuracy is achieved. The result is 
shown in Fig. 4-9. 



Fig. 4-9. Location of the breakaway point from the real axis (Rule 5). 

In this example and in all cases where complex poles or zeros are located 
relatively far from the real axis, that is, their distance from the real axis 
is more than five times the distance to the real axis poles and zeros, the 
complex poles or zeros can be ignored in the computation of the break¬ 
away point. When the complex poles or zeros are near the real axis, 
their effect must be included. Also, if the number of real axis poles and 
zeros is small, the net change in angle contributed from complex poles or 
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zeros must be included. Figure 4-10 shows a method of computing the 
net change in angle contributed from complex singularities. The angles 
0 1 and 0 2 in this figure are given by 

tan 0i = ——— and tan 62 = —-— (4-43) 

Vb — Oil Pb — O'! 

where p b is the guessed breakaway point. ol\ is the real component of 
the complex pole, coi is the imaginary component of the complex pole, 
and Aco is the vertical distance from the real axis. For small Aw, 0 X and 0 2 
are approximately equal. The difference is expressed with the small- 



Fi«. 4-10. Net change in angle from 
complex poles. 



- 1.65 


Fig. 4-11. Breakaway from real axis 
with complex zeros included. 


angle approximation 

61 — 02 « tan (0i — 0 2 ) 


tan 6 1 — fan 0 2 
i + tan 0i tan 0 2 


(4-44) 


The total angular contribution is given by 


0(0 _ a \ _ 2 [gi/(gt — «i) ~ (cot ~ Aco)/ (Pft - «i)J _ 2Aco(p t - ax) 

1 + «l(“l — Au)/(pt, — O'!) 2 ( Pb — «l) 2 + «1 2 

(4-45) 

As an example, consider the zero-pole configuration of Fig. 4-11, which 
has a transfer function 


GH 


p 2 + 4 
p(p + 10) 


(4-4G) 


Two roots leave the poles which are located at the origin and at —10 
and approach each other. The breakaway point pt is computed from 
the equation 


Guess pt = — 2 


|p& + 10| |pj| |p& 2 + 2 2 | 

_ 1 1 _ 1 , (2) (2) 

8 2 r 4+4 

-0.125 ^ -0.5 + 0.5 


(4-47) 


(4-48) 
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Guess pi, = —1.7 

_ ± I 1 , (2)(l-7) 

8.3 1.7 (1.7) 2 + 4 

-0.1205 ^ -0.588 + 0.494 = -0.094 

Guess pb — —1.65 

1 1 _ 1 . (2)fl-65) 

8.35 1.65 ^ (1.65) 2 + 4 

-0.1197 = -0.606 + 0.492 = -0.113 


(4-49) 


(4-50) 


The breakaway point is at p — —1.65, and the root-locus sketch is 
approximately that shown in Fig. 4-11. This rule is also applicable in 



Fig. 4-12. Angle of departure from complex poles. 

the same manner for locating the point where two complex roots strike 
the axis as the gain is increased. 

Rule 6: Two roots leave or strike the axis at the breakaway point at an 
angle of ±90°. The two roots of Figs. 4-9 and 4-11 approach each other 
along the real axis, coalesce, and break away. The angle which the locus 
makes with the real axis is ±90°. This is shown in Figs. 4-9 and 4-11. 

Rule 7: The angle of departure from complex poles and the angle of arrival 
to complex zeros are found by summing the angles to all the singularities. 
The angle is found by subtracting 180° from this sum. Knowledge of the 
initial angle of departure of the roots from complex poles is helpful in 
sketching root-locus diagrams. The zero-pole configuration of Fig. 4-6 
is redrawn in Fig. 4-12 for the purpose of finding the angle of departure 
from the complex poles at p — — 2 ± j’15. The angles subtended by the 
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poles and zeros to the pole in question are added (positive for zeros and 
negative for poles): 

— (00 + 02 + 04) + 01 (4-51) 

A protractor is used to measure these angles 

-(97.6° + 90° + 78.7°) + 62° = -204.3° (4-52) 

When 180° is subtracted from this angle, an angle of departure of 
— 204.3° — 180° = —384.3° is found. This angle is shown on Fig. 4-12. 

The Spirule, which is discussed later, is convenient for finding the 
angle of departure. Its application to this rule is presented in Sec. 4-9. 

Positive 
direction 
for zeros 


Fig. 4-13. Angle of arrival to complex zeros. 

The angle at which the roots arrive at complex zeros is also found 
from this rule. As an example, consider the zero-pole configuration of 
Fig. 4-13. The angles subtended at j2 are added: 

03 - 0o - 0 2 = 90° - 90° - 11.3° = -11.3° (4-53) 

The angle of arrival is found by subtracting 180° from this angle: 

-180° - 11.3° = -191.3° (4-54) 

The method of finding the departure angle is similar to finding the 
arrival angle except for the direction of positive angles. For a pole, 
the positive direction is counterclockwise, as shown in Fig. 4-12. For a 
zero, the positive angle is clockwise, as shown in Fig. 4-13. 

The above seven rules are fundamental to the rapid sketching of root- 
locus diagrams. In general, when a new problem is approached, the rules 
are used in the given order. Practice should enable the student to apply 
these rules efficiently and rapidly. 

The root-locus procedure is based upon the location of the poles and 
zeros of KGH in the p plane. These points do not move. They arc 
merely the terminal points for the branches of the locus of the roots of 
1 + KGH. If a branch of the locus crosses the imaginary axis and goes 
into the right half plane for some gain K, the system becomes unstable 
at this value of K . The degree of stability is determined largely by the 
roots near the imaginary axis. Even when more exact plotting aids (i.e., 
Spirule) are used, the root locus is first sketched with the aid of the 
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preceding rules. The sketch gives an idea as to the form of the locus 
and hence is helpful in making a more accurate plot. 

4-6. Example of the Application of the Above Rules. As an aid in 
understanding the above seven rules, consider the following open-loop 


x 

-3+J7.4 


8 

7 

6 

5 

4 

3 

2 

1 


—I-1-k 

-6 ~5 -4 


*—»H -h 

-3 -2 -1 


-3-J7.4 

x 


-1 

-2 

-3 

—4 

~5 

-6 

-7 

•~8 


Fig. 4-14. Pole location for the transfer function KGH = — ■ 7 -— 

V(p + Z)(p 2 6p + 04) 


transfer function: 


KGH 


K 

P(V + 3 )(p 2 + 6 p + 64) 


(4-55) 


The sketches of Figs. 4-14 and 4-15 demonstrate the use of the rules to 
sketch root locus for Eq. (4-55). 

The procedure is outlined as follows: 

1 . Location of zeros and poles 


Zeros: none 

Poles: 0, -3, -3 + 7*7.4, -3 - j7A 
2 . Locus exists along real axis between 0 and —3. 



THE ROOT-LOCUS METHOD 


97 



Fig. 4-15. Hoot-locus sketch for the system KGH = ( + 3)( y + 6p + 6 |) 


3. Asymptotic angles 


2 k + 1 
"4-0 


180° 


+45° 

k = 0 

+ 135° 

k = 1 

+225° 

k = 2 

+315° 

55- 

11 

CO 


(4-56) 


4. Center of gravity—-starting point of asymptotes 

na - 0 ~ 3 ~ 3 + EA * 3 zJ IA = .Z® = -2.25 (4-57) 

O0r _ 4-0 4 


5. Breakaway point from real axis. Since the complex poles are at 
some distance from the axis, the breakaway point p b will be taken mid- 
way between the two real axis poles, or at —1.5. 

6. The breakaway angle from the real axis is ± 90°. 

7. Breakaway angle from complex poles. 

-* 0 - 2d, = -112.1° - 180° = -292.1° 
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Subtracting 180°, 

— 292.1° - 180° - -472.1° (4-58) 

For many problems all the rules are not needed. In these cases, of 
course, only those which are applicable are chosen. A collection of 
common root-locus diagrams is included in Fig. 4-16. 






Fig. 4-16. Collection of root-locus diagrams. 

4-6. Measurement of Gain. The rules of Sec. 4-4 center about the 
angle criterion [Eq. (4-24)] 

arg KOH = (2k + 1)180° (4-59) 

After the locus has been sketched and certain points located more accu¬ 
rately with the Spirule (Sec. 4-8), the values of gain which occur at cer- 
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tain points along the locus must be found. This gain K is evaluated 
from the criterion of Eq. (4-25): 

\KGH\ = 1 or K = r J LTl (4-60) 

where \GH\ is the product of the magnitudes of the distances from the 
point at which the gain is to be evaluated to the zeros divided by the 
product of the magnitude of the distances to the poles: 

__ product of pole di stances ^ ^ 

~~ product of zero distances ^ 

The magnitudes are measured directly from the root-locus plot. 

The example of Sec. 4-5, which is plotted in Fig. 4-15, is used to 
demonstrate the measurement of gain. From Eq. (4-61) 

Wf\ = K = |p| Ip + 3 I Ip + 3 + i 7 - 4 l Ip + 3 - j7A\ (4-62) 

The gain at the point where the locus crosses the j axis is to be found, 
The magnitudes in Eq. (4-62) are read from Fig. 4-15, and the gain is 

K = (2.22) (3.74)(10.1) (5.92) - 490 (4-63) 

In this example and in many practical servo problems, the distances can 
be read directly with a pair of dividers as found in most drafting sets. 
The distances can also be measured with the Spirule. 

4-7. Proof of the Root-locus Construction Rules. Each of the rules is 
verified in the same order, as presented in Sec. 4-4. 

Rule 1: A continuous locus starts at each pole of KGIi for K = 0. The 
locus terminates on the zeros of KGII for K == . 

The proof of this rule follows from a consideration of the character¬ 
istic equation. The KGII function of Eq. (4-19) is substituted into 
1 + KGH 

p n [p + (l/r a)l[p + (1A 4)] + K[p + 0/tQ | [p + OAjO] A ( 4 _ 04 \ 
p n [p + OA 2 )][p + ( 1 /t 4 )1 

where K replaces the product KiTit^/t^ta. The zeros of KGII are repre¬ 
sented by an odd subscript on r, and the poles of KGII by an even sub¬ 
script on r. The system stability is determined from the numerator of 
1 + KGH 

p" (p + i) (p + 7 ) + K (p + 7 ) { p + 7 ) = 0 (4_65) 

For small values of K {K = 0), the second part of Eq. (4-65) is zero 
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and the roots for K — 0 are 


pn { p + r 2 ) ( p + r 4 ) (4 ' 66) 

The roots of 1 + KGH are equal to the poles of KGH for K = 0, or the 
locus for 1 + KGH starts on the poles of KGH. 

As K becomes very large, the second portion of Eq. (4-65) becomes 
larger than the first, and as K approaches infinity, the roots of 1 + KGH 
become 

(p + i)(p + i) (4-67) 

As K becomes large, the locus terminates on the zeros of KGH. 

When the number of finite zeros is less than the number of poles, the 
rule is best proved by considering the value of KGH for large values of p 


kgh-k^ p = p ^ 


K 


(4-68) 


where fP is the number of poles a: 
For large p, there exist — fZ 



The validity of this rule is 


id #Z is the number of zeros of KGH. 
zeros at infinity, a (jfP — #Z)-order 
zero at infinity. It follows that the 
locus terminates on these zeros at 
infinity when the number of poles 
exceeds the number of finite zeros. 

The locus is a single-valued func¬ 
tion of K , since 1 + KGH = 0 is a 
linear function of K. 

Rule 2: The locus exists at any 
point along the real axis where an odd 
number of poles plus zeros is found 
to the right of the point. 

■ upon the angle criterion 


arg GH = ZGH = (2 k + 1)180° (4-69) 

where k — 0, 1, 2, 3, ... . In Fig. 4-17 the zero-pole configuration 
is shown for the function 


KGH 


_ gfe + (lAijjjp + (1/t 3 )] _ 

[V + (l/r 2 )][p + (l/r 8 )][p + (l/ri 0 )][(p + a ) 2 + /? 2 ] ^ " ' 


The angle criterion of Eq. (4-69) is written as a sum of angles subtended 
by the poles and zeros 


61 + 9z- (d 2 +04 + 06 + 08 + 9 10 ) = (2k + 1)180° (4-71) 

where k = 0 , 1 , 2, 3 . . . 
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The sum of the angles subtended by the complex poles, 0 4 + 06 in Fig. 
4-17, is 360°, since complex zeros and poles for systems described by 
linear differential equations with constant coefficients are symmetrical 
about the real axis. Any poles or zeros to the left of the trial point 
contribute nothing (0 8 = 0 and 0 1O = 0). The angles to the right of the 
trial point contribute either +180° or —180° 


0x - 03 - 02 = 180° + 180° - 180° = 180° 


At any point where an odd number of zeros plus poles exists to the right 
of the trial point, the sum is (27c + 1)180°, and the locus exists. 

Rule 3: For large values of gain the locus is asymptotic to the angles 



h = 0 , 1 , 2 , 3 , . . . 


where jf 'P is the number of poles and #Z is the number of zeros. 


(4-72) 




Fig. 4-18. Proof of Rule 3. 


This rule is proved by reference to Fig. 4-18a and b. The scale of the 
axes in Fig. 4-186 is increased over that of Fig. 4-18a. The scale change 
reduces the zeros and poles almost to a point. Figure 4-186 shows the 
zero-pole configuration for large gain K which corresponds to large values 
of the roots. The angle subtended to a point pi by all zeros or poles is 
the same. The sign of the angles from zeros is opposite to the sign from 
the poles. The sum of the angles 20* for Fig. 4-186 is — (#P — #Z)0, 
where equals the number of poles and jfZ equals the number of zeros. 
If pi is a point on the locus, that is, if pi is a root of 1 4* KGH = 0, 
then the sum of the angles must equal (2 k + 1)180°, k — 0,1, 2, 3, . . - 
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~(#p - me = (2 k + 1)180° 

0 _ (2 k + 1)180° 
#P~#Z 


(4-73) 


where 0 is the asymptotic angle, and the negative sign is included in 
-|- 1, since usually §P > fZ. 

Rule 4. The starting point for the asymptotic lines is the center of gravity 
of the zero-pole configuration. 

Proof of this rule is based upon the theory of polynomial equations. 
A factored polynomial can be multiplied out as 

(p 4* ®)(p + b)(p + c) = p 3 + (a + b + c)p 2 -f- (ab -j- ac -j- bc)p + abc 

(4-74) 

where a, b , and c are the roots of the unfactored polynomial on the right. 
Even when the polynomial is unfactored, a certain amount of information 
can be obtained about the roots. For example, the negative algebraic 
sum of the roots a + b + c is the coefficient of the second term in the 
polynomial. Although Eq. (4-74) is only a third-order equation, it can 
be shown to be true for any order equation. 

The application to this rule follows from a consideration of the charac¬ 
teristic equation 

1 + KGH = 0 (4-75) 

where GH is a ratio of polynomials 


(}}j = NfEl = _ 4~ • • • -j- ai _ 

d ( p ) P i+r + 6ip i +’- 1 + ■ ■ ~+ 5 z+r 


(4-76) 


where l and r are integers, a* and 5,- are constants, and 1 V and D arc the 
numerator and denominator polynomials, respectively. Substituting 
Eq. (4-76) into Eq. (4-75), 


1 + KGH 


D(p) + KN(p) 
D(p) 


(4-77) 


The root locus is found by setting the numerator of Eq. (4-77) to zero, or 


-K = = P t+f + + • ' ' + bj+r 

N(p) p l + aip 1-1 + •••-(- 


(4-78) 


A polynomial, which can be compared with Eq. (4-74), results when the 
denominator is divided into the n um erator: 


p r + (bi - ai)j) r_1 + • • • = —K ( 4 - 79 ) 

When rearranged, Eq. (4-79) becomes 

V r + (&i - ai)p r ~ 1 + • • • + K = 0 


(4-80) 
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When the magnitude of p is large (which corresponds to large-gain K), 
Eq. (4-80) is an rth-degree polynomial with the sum of the roots given by 
2>i — a h bi — di is a constant, which is independent of gain as long as 
r is greater than 2. This is no limitation, since the rule is of value only 
when r 2, that is, when #P — §Z ^ 2. When r = 1 , the asymptote 
lies along 180° and the point is of no interest. When r = 0, no asymp¬ 
totes exist, since all roots terminate on finite zeros. 

Since bi — a x is independent of gain, the sum of the roots remains at 
one point for any value of gain. Because the roots occur in complex 
conjugate pairs, the sum of the roots of Eq. (4-79) is a real number; 
that is, b i — a\ lies on the real axis. Hence, the asymptotic lines radiate 
from the point on the real axis given by 



This point is termed the center of gravity of the roots. In terms of the 
original polynomial, 

&i = algebraic sum of poles 
cii = algebraic sum of zeros 

r = difference between degree of denominator and numerator, §P — #Z 


Equation (4-81) is written in words 
as 

2 poles — 2 zeros 


CG 


poles — # zeros 


(4-82) 



Rule 5: The breakaway point p () is 
found by equating the sum of recipro¬ 
cals to the left and to the right of the 
trial point p b - 

The proof of this rule is demonstrated by Fig. 4-19. If the trial point 
p b is moved a small vertical distance Aco off the real axis, the net change 
in angle contributed from all singularities must be zero. From the 
example shown in Fig. 4-19, the following expression is written: 


-(0 O + 04 + 180° - 0 a ) = (2k + 1)180° 

-(0< 5 + 0 4 ) = -ft (4-83) 

——'A'o _ 

[p& + 0’A«)l + I Pb + (l/VOT ~ \pb + 
where 6 has been replaced tan 6. The point p b is determined from 
Eq. (4-83). It should be emphasized that a graphical, trial-and-crror 
solution should be used when determining the breakaway point. 

If complex zeros or poles occur in the KG1I function, the net change in 
angle is included with Eq. (4-45)—the proof is the same, 
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Rule 6: Two roots leave or strike the axis at the breakaway point at an 
angle of ±90°. 

Before verifying this rule, it is important to show that the locus leaves 
a double real axis pole at ±90°. Suppose a pair of poles is at a point 
along the real axis where an even number of poles plus zeros exists, as 
shown in Fig. 4-20. According to Rule 2 the locus does not exist to the 


x A 

1 

f 

x A 

Fig. 4-20. Locus leaves double-real 
axis poles at ±90°. 



Fig. 4-21. Proof that the locus leaves a 
double-real axis pair of poles at ± 90°. 


right or left of the double poles. To find the angle of departure from 
these real axis poles, draw a small circle around this pair of poles, as 
shown on Fig. 4-21. The angles from a point pi on the circle to the 
zeros and poles are summed. As the radius of the circle is made small, 
the contribution to this sum from all real axis zeros and poles is zero 
(for those to the left) or /c360° (for those to the right). If there is an 
odd number of zeros plus poles to the right, the locus does not leave the 
axis at that point but goes along the real axis. 



(b) 

Fig. 4-22. Block diagrams used to prove Rule 6. 

The contribution from all complex zeros and poles cancels, since these 
always appear as complex conjugate pairs. The entire angular contribu¬ 
tion, then, comes from the pair of poles within the small circle. The 
locus exists at points on the small circle where the sum of these angles is 
180°, or 

29 = 180° or 6 = 90° (4-84) 

Hence the locus leaves a pair of real axis poles at ± 90°. 

This present rule is verified by breaking the KGH function, as indi¬ 
cated on Fig. 4-22a, into the multiple-loop system of Fig. 4-226. The 
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over-all transfer function of the original system (Fig. 4-22 a) is given by 


KG 

1 + KGH 

and for the modified system (Fig. 4-226) 

KG/(l + KGII) _ KG 

1 + KGK'H / (1 + KGH) 1 + (1 + K')KGH 


(4-85) 


(4-86) 


The denominators of Eqs. (4-85) and (4-86) have the same form. The 
constant in the latter equation is made up of a product of two constants 


K(l Hr K') 


(4-87) 


As K is varied, with K' = 0, the root locus is plotted in the normal 
fashion. The value of K is set so that two roots of 1 + KiGH coalesce. 
With this value of gain K = Ki, the outer loop is closed and the roots of 
1 + KGH become poles of the new function that is to be plotted as K' 
varies from zero: 



The two roots of 1 4- K X GII = 0 which are at the same point are now 
two identical poles. As shown above, when K' is increased, two loci 
leave these at + 90°. 

If the complete locus had been plotted for the original equation 
1 + KGH, the locus would have the same shape as for the second equa¬ 
tion 1 + (1 + K')KGJI. It must be concluded, then, that the locus 
breaks away from the real axis at ± 90°. 

Rule 7: The angle of departure from complex poles and the angle of arrival 
to complex zeros is found by summing the angles to all the singularities. 
The angle is found by subtracting 180° from the sum. 

Rule 7 defines the initial angle of departure of the roots leaving com¬ 
plex poles. The angle subtended by the complex conjugate pole to a 
test point located a small distance A p removed from the complex conju¬ 
gate pole is the angle of departure of the root from the pole. This angle 
is determined by drawing a small circle about the pole as shown in Fig. 
4-23. The angles subtended by all the singularities, including the com¬ 
plex conjugate poles under consideration, are summed at a point pi along 
the small circle: 


+ S\ + 0s ~ (02 + 04 H - 06 + &s) — (2ft + 1) 180 


(4-89) 
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Equation (4-89) is solved for 0 8 : 

0 8 = -|~ 9z — (@2 + #4 + $e)] ~ (2/c + 1)180° (4-90) 

As the small circle about the point is reduced to zero (A p —> 0), the angles 
9i are simply the angles subtended between the various singularities and 
the particular complex pole in question. The angles to all the singu¬ 
larities from the complex poles are summed in the usual fashion (poles 
taken negative and zeros taken positive). The angle of departure 6 8 
differs from this sum by 180°. In Sec. 4-9 on the use of the Spirule, a 
simpler method is given for finding the angle of departure. 



When the rule is applied to find the angle of arrival at complex zeros, 
only a change in sign is required. This is seen by reference to Eq. (4-90). 
If 0 8 were the angle from a zero, the opposite sign is taken in the sum. 

4-8. The Spirule. Use of the root-locus technique requires the meas¬ 
urement and summation (or subtraction) of angles and the measure¬ 
ment and multiplication (or division) of lengths. 

These graphical constructions can be performed with a protractor to 
measure the angles of the vectors to the trial point and a ruler to deter¬ 
mine the gain from the magnitude of these vectors. If the locus is con¬ 
structed on graph paper, the magnitude may also be measured with 
dividers and the lengths compared with the scales of the paper. For 
greater accuracy the coordinates of the trial point can be obtained from 
the known pole and zero positions to give the real and imaginary parts 
of the various vectors. A desk calculator and a table of tangents per¬ 
mit the determination, to any degree of accuracy, of particular points on 
the locus. 

Most servo problems do not require the accuracy made possible with 
this latter method. In fact, the real advantage in the root-locus tech- 
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nique rests in the ability to sketch the root-locus plots rapidly and hence 
to analyze the servo system quickly. For this latter reason a device 
called the “Spirule”* has been developed. The Spirule performs three 
functions: 

1. Adds the angles from a point to the zeros and subtracts the angles 
from a point to the poles 

2. Multiplies the distances from a point to the poles and divides by 
the distances to the zeros 

3. Gives the damping ratio {* for applicable points on the locus 

The Spirule, which is shown in the sketch of Fig. 4-24, comprises a 
transparent protractor for addition of the angles and a logarithmic spiral 



for multiplication of vector lengths. It consists of a circular disk and 
an arm which is held to the disk with an eyelet that provides light fric¬ 
tion between the disk and arm. A pivot, in the form of a pin or a 
movable insert, is provided on the eyelet to locate the Spirule over the 
trial point. 

The instrument is used to locate points on a locus which has been 
previously sketched. The Spirule is used to find the angle of KGII at a 
trial point pi by linear addition of angles. The Spirule finds the magni¬ 
tude at a point on the locus by adding the logarithms of the vectors and 
then taking the antilog. 

Several “dynamic root-locus plotters” have also been devised, 19 
These units utilize potentiometers to represent the zeros and poles. 
The voltages from the potentiometer arms are summed to represent the 
sum of the angles. 

4-9. Use of the Spirule to Sum Angles. The first requirement in 
plotting root-locus diagrams is to choose equal scales on the plot. It is 
convenient to choose a scale on the chart that corresponds to an even 
multiple of the scale on the top edge of the arm (a distance of 0.1 on 
the scale equals in.). 

* The Spirule was developed by Mr. Walter Evans and is available from the Spirule 
Company, 9728 El Yenado, Whittier, Calif. 
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To find angles with the Spirule 

1. Align the upper side of the arm with the 0° mark on the disk. 

2. Place the center of the disk over the point where the angles are to be 
measured, and set the arm horizontal, pointing to the left; that is, the 
1 — X arrow is pointing to the left. 

3. For a zero hold the disk and rotate the arm from the horizontal 
until the upper edge of the arm passes through the zero. Itead the 
positive angle opposite the arrow on the arm. 

4. For a 'pole rotate both the arm and the disk so the upper edge of the 
arm passes through the pole. Hold the disk, and rotate the arm back to 
horizontal. Read the negative angle from the circular disk. 

5. When adding angles, proceed as in 1 and 2. Add zeros by apply¬ 
ing 3 successively, then subtract the poles by applying 4 successively. 


j2.5 

j2.0 

jlO 


Fig. 4-25. Use of the Spirule for Fig. 4-26. Use of the Spirule to find 
plotting root-locus diagrams. the angle of departure from complex 

poles. 

The net angle must equal (2k + 1)180° to satisfy the angle condition of 
Eq. (4-31). 

As an example, in Fig. 4-25, use the Spirule to check the angle criterion 
at point pi. The Spirule is placed at the point pi, as shown in the figure. 
The disk is held, and the arm is rotated down to the zero at the origin. 
Both arm and disk are rotated back to the original position. To add 
the angle to the pole, both arm and disk are rotated until the upper edge 
of the arm passes through the pole. The disk is held, and the arm is 
rotated back to the horizontal. The Spirule reads 62°. The angle con¬ 
dition is not satisfied. Use the Spirule to see if the angle condition is 
satisfied when the zero at the origin is replaced by a pole. (Answer: it is.) 

As a second example, return again to the problem of finding the break¬ 
away angle from the complex pole of Fig. 4-12. Place the Spirule on 
the point — 2 + jl5. The 0° line is aligned with the top edge of the arm. 
Follow the procedure outlined above. Hold the disk, and move the arm 
to the zero. Return the disk, and successively subtract the angles at the 






THE ROOT-LOCUS METHOD 


109 


poles located at 0, —5, and —2 — jr 15. The Spirule should read 156°. 
To find the angle of departure set the Spirule, with the arm remaining in 
position, so that the 0° mark on the disk is horizontal to the left. The 
Spirule is in the position shown on Fig. 4-26. The angle of departure is 
read to the right as — 24°. 

4-10. The Spirule Used to Find Lengths. The logarithmic curve on 
the arm of the Spirule permits the multiplication of lengths. The angle 
between the arm and the curve is proportional to the logarithm of the 
distance from the center of the rule to the log curve. 

To multiply lengths: 

1. Align the upper side of the arm with the 0° mark on the disk. 

2. Place the center of the disk over the point where the lengths are 
to be measured. 

3. For a zero rotate both disk and arm until the log curve passes 
through the zero. Hold the disk, and move the arm until the top of the 
arm passes through the zero. The reciprocal of the magnitude p + (1/ri) 
is read on the log-spiral curve opposite the arrow on the disk. If the 
xl arrow is pointing to the log curve, the number along the curve is 
the reciprocal magnitude. If the :r0.1 arrow is pointing to the log 
curve, the reciprocal magnitude is 0.1 times the number read along the 
log spiral. 

4. For a pole put the top of the arm (i.e., rule) on the pole. Hold the 
disk, and move the arm until the log curve passes through the pole. 
The length of the vector p + ( 1 / 7 * 2 ) is read opposite the arrow. The 
length is found by multiplying the number found on the log curve by 
the xl, the .rl(), or the ;r0.1 number which is on the disk and which is 
pointing to the log curve. 

5. The net length, or the gain, is found by applying Rule 3 successively 
for the zeros and Rule 4 for the poles. The gain K is the number found 
on the log curve times the X - number found on the disk, both multi¬ 
plied by the scale factor, or is 

K = (scale factor) (number on log curve) (X — number) (4-91) 

6. Scale Factor. The scale of the problem does not necessarily agree 
with the scale on the Spirule. The scale factor for Eq. (4-91) is 

Scale factor = <rfi p -t z (4-92) 

where cr is the number on the problem scale read opposite the 1.0 on the 
Spirule arm. #P is the number of poles, and #Z is the number of zeros. 

As an example, consider the KGB function of Fig. 4-27. To find the 
gain at p x place the Spirule at the position shown on the figure. Place 
the arm on the pole at the origin, hold the disk, and rotate the arm until 
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the curve is on the pole. The xl arrow on the disk is pointing to 0.29. 
Repeat again for the pole at p = -3. The xOA arrow is now point¬ 
ing to 0.84. Place the pivot of the Spirule at the origin, the number 

read opposite the 1 on the arm is 10. 
The scale factor is (10) 2 = 100. 
The gain, which is equal to the 
product of the two lengths, is 

(0.84) (sO.l) (100) = 8.4 

The dotted portion of the log 
curve is an extension of the logarith¬ 
mic spiral for vectors whose lengths 
are greater than 1. Since the curve 
in this region has been reversed in 
sense (so the curve does not run off 
the rule), step 3 is used for poles 
and step 4 for zeros; i.e., the rules are reversed. 

4-11. The Spirule Used to Find Damping Ratio. The damping ratio 
f is derived in Chap. 1 for the second-order characteristic equation 

p 2 + 2f a> n p + Wn 2 = 0 (4-93) 

Any pair of complex conjugate roots is located as in Fig. 4-28. The 
horizontal distance from the axis is fo> n , and the vertical distance is 
cow *\/1 f 2 . This is verified by find¬ 

ing the roots of Eq. (4-93), 

Vi = ~?co n ± ju n \/l ■“ f 2 (4-94) 

The angle 6 is computed from Fig. 4-28 
to be 

cos e = ^ = r (4-95) 

The damping ratio is read directly from 
the p plane with the Spirule. Set the 
arrow on the rule opposite 180° on the 
disk, and place the center of the disk at 
the origin of the p plane so that 180° on the disk lies along the negative 
real axis. Move the arm to the root where the damping ratio is to be 
determined. The damping ratio f is read from the intersection of the arm 
and the scale on the disk. 

4-12. Root-locus Plots with Variable Other than Gain. All examples 
presented thus far in this chapter deal with location of the roots of a 
closed-loop system as the loop gain is varied. Often it is necessary to 



damping ratio. 



Fig. 4-27. Use of the Spirule to measure 
gain. 
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optimize a system with respect to another variable. The root-locus 
method is basically a method of determining the position of the roots 
of a polynomial as a quantity K is varied whenever the polynomial can 
be written 

1 +k iM = 0 (4 " 96) 

In general, any problem, servo or otherwise, that can be put into the 
form of Eq. (4-96) can be solved with the aid of the root-locus method. 



Fig. 4-21). Effect, of r„, time constant, on servo stability. 



Fig. 4-30. Reduction of the block diagrams of Fig. 4-29. 

The parameter K must not be a function of p, and it must appear as a 
muitiplieable quantity. The problem is simplified if the polynomials 
N(p) and D(p) are factored. 

As an example, consider the problem of determining the effect of 
amplifier time constant t„ upon the control system pictured in Fig. 4-29. 
The problem has been solved and the gain AK set for a particular value 
of r a and r m . To determine the effect upon the system of variations of r a , 
the block diagram is altered as shown in Fig. 4-30. The 1/(1 + r a p) 
term is made into two blocks. The G\ block, which represents the 
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amplifier constant A and motor transfer function 


01 = 


AK 

p(r m p + 1) 


(4-97) 


is divided as shown in Fig. 4-305. The two loops are interchanged 
as shown in Fig. 4-30c. The inner loop is combined into one block, 
1/(1 + Gi)j and the outer loop is closed around the entire system with 
the final block taking the form of Fig. 4-30e. Use is made of block- 
diagram algebra presented in Chap. 1 (Sec. 1-8) for these manipulations. 
The KGH function for this diagram is 


KGH = 


TaP 


r a p 


1+0! 

This equation is simplified to 

KGH 


1 + [AK/p{i m p + 1)] 


P 2 lP + (1 hm)\ 


(4-98) 


(4-99) 


°P 2 + (1/r m)p + ( AK/r m ) 

Equation (4-99) satisfies the requirements for use in a root-locus con- 
struction with r a as the variable. The poles and zeros are fixed for given 

values of A, K, and r w . The system has 
three zeros, one located at — 1 fr m and 
two at the origin, and two poles located 
at 



"2 T ±j 


• [ix "J 1Y 

1 v T m \2 T m ) 


(4-100) 


The locus, which is a plot of the system 
roots as the amplifier time constant is 
increased, is shown in Fig. 4-31. The 
form of the locus is different from that 
found in a conventional servo problem. 
In this problem there are more zeros than 
poles. Rather than a root going to 
infinity, here the root starts at infinity 
and comes in from infinity along the negative real axis. All the root-locus 
rules are applicable—only the variable has changed from loop gain to time 
constant. 

The nonconventionality of this root locus, i.e., more zeros than poles, 
can be avoided if the following inverse function be plotted: 

11 « . ™ 1 


Fig. 4-31. Locus of third-order 
system as time constant is varied. 


1 + 


KGH 


= 1 +K' 


GH 


(4-101) 


In this form the zeros and poles are interchanged and a conventional plot 
is obtained. 
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In either case, the significance of a root in the right half plane is still 
the same. For the system of Fig. 4-31 the amplifier time constant can 
become no larger than n, at which value the locus crosses into the right 
half plane. 

Electrical and mechanical circuit problems are also amenable to solu¬ 
tion with the root-locus method. Consider the shock mount problem 
indicated in Fig. 4-32. This system is driven with a 
position input y(t), and the following values are given: 


M, 


Wi = 50 lb (M 1 = 1.55 slugs) 

W 2 = 20 lb (Af 2 = 0.62 slugs) 

Ki = 100 lb/in. = 1,200 lb/ft 
K 2 = 70 lb/in. = 840 Ib/ft 

The value of B , in pound-seconds per foot, is to be 
optimized for maximum possible damping on the upper 
mass. From a practical point of view, it is interesting 
to ascertain if an optimum does exist. If B = 0, the 
system is undamped. If B = co, M 2 is fastened rigidly 
to the base and again the system is undamped. 
Since energy is dissipated for values between B = 0 
and B = oo ; it is reasonable to assume that an optimum 
value of damping does exist. 


i; 


M, 


rx 2 




\ At) 

Fig. 4-32. Shock 
mount which is 
optimized with 
root-locus method. 


The problem is solved by arranging the characteristic equation so that 
B is the variable of a root-locus plot. The equations of motion for the 
system are 

(M^ + Bp + Ki + K 2 )Z 2 + (-Ki)Xi = (Bp + K*)Y (4-102) 
(~Ki)X* + (Mip 2 + Ki)X i = 0 


Solution of these equations for X\ yields 

= __ { KJU/M,M 2 ){\ + p(B/K,)\ _ ( 

Y + [(Ki + Kl)/M,+ (Ki/M 1 )]p> ^ 

+ (BKi/M iM a )p + (.K 1 K i /M 1 M i ) 

The characteristic equation, which is in the denominator of Eq. (4-103), 
contains B in only two terms. To solve the shock mount problem with 
B as a parameter, the characteristic equation must be written in the form 
1 + B[N(p)/C(p)\. With this form as a goal, the characteristic equation 
is rearranged as follows: 


p 4 + 


'Ki + Ki K A KJU 
Ml + Mi) V + M\M 2 


Bp 

Ml 




(4-104) 


when Eq. (4-104) is divided by the first term in brackets, the correct 
form results: 
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1 _l r = i + _ ± (gjWJ _ 

^ c D(p) ^ V * + [(K x + Ki)/M 2 + CKx/MO]? 2 + (K^/M^M ,} 

(4-105) 


When the numerical values of the problem are substituted into Eq. 
(4-105), the characteristic equation reduces to 


1.61p(p 2 + 773) 

(p 2 ) 2 + 4.06 X 10 s (p 2 ) + 1.05 X 10 6 
which is factored (with the binomial equation) to 


(4-106) 


i , p 1.61p(p 2 + 773) 

(p 2 + 3,780) (p 2 + 274) 


(4-107) 


Equation (4-107) has two imaginary zeros at ±j‘27.8, one zero at the 
origin, two imaginary poles at ±j 16.5, and two imaginary poles at ±//01.5. 

The root locus, which is shown in Fig. 4-33, is plotted in the normal 
manner. The variable is the damping constant B. The system has 
four roots; however, the least damped roots correspond to p L and p 2 . 
The maximum damping is found by drawing a line tangent to the inner 
locus from the origin. The damping ratio at this point is f = 0.42. 
The value of B which produces this root is found in the same manner 
as the gain is found (cf. Sec. 4-6). The product of the pole distances 
divided by the zero distance yields 


B = 62.7 lb-sec/ft (4-108) 

At this value of B, the other two roots p 3 and p 4 are located at f = 0.91 
and u> n = 43.5. These roots are sufficiently damped and far removed 
to have negligible effect. 

The method of this example can be applied whenever the parameter 
to be investigated can be isolated and the transformed characteristic 
equation written in the form 

where K is the parameter, N and D are polynomials in p but independent 
of K. If the effect of varying several parameters is to be studied, more 
than one diagram may be required. 

4-13. Root Locus Used to Factor a Polynomial. The root-locus 
method can be applied to any problem that can bo put into servo form, 
that is, the form of Eq. (4-96). Consider the problem of finding the 
roots of the polynomial 

p4 + 5p 3 + 22 p 2 + 80p + 96 = 0 (4-110) 

This equation is rewritten in the following form: 

p 2 (p 2 -I- 5 p + 22) + 80(p + 9 %o) = 0 


(4-111) 
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Fig. 4-33. Root, locus plot, for 


\MI3p(p ± ;/27.8) 

(p ~±jl()M)(p ±>il.5)* 


The two bracketed terms are factored: 

V'i(p + % + >3.90) (p + % - >1.96)] + 80(p + 1.2) = 0 (4-112) 

This equation is now rewritten in the following form: 

^ p 2 (p + H + ,?3.90)(p + % “ >3,90) ^ ' ' 

The equation is now in servo form, with one zero at —1.2 and four poles 
located as follows: 


Two at the origin 
One at +- >496 
One at 
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The root locus is plotted, as shown in Fig. 4-34, as a function of a varia¬ 
ble K. The roots of Eq. (4-113), which are the roots of the original 
equation, are found from the plot of Fig. 4-34 for the value of K = 80. 
At this value of gain the four roots are found from the four branches 




For gain /C— 80 
roots are located at 

Pi f2 =±j4 
P 3=~ 2 
p 4 = -3 

marked with □ 


-2 


-3 


Fig. 4-34. Root locus used to find the 


roots of a polynomial. 


of the locus to be 


p i,2 = ±j4= t> 3 = -2 p 4 = — 3 (4-114) 

and are marked in Fig. 4-34 with a small square. 

In general the procedure for factoring an nth-order polynomial con¬ 
sists of splitting the original equation 

X n + d\X n ~ 1 + a 2 X n ~ 2 + • • * + Un-lZ + d n = 0 (4-115) 
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as follows: 


(a 2 + (iix + a 2 )^ 2 + «3 

+ ar, (x- 


+ — a; +• — 

dz d 3 > 


+ ^x + ~ 8 

&6 &e 




+ etc. . . . (4-116) 


The quadratics are solved with the binomial expression, and the roots 
for each bracketed term are found from a root-locus plot. For definite¬ 
ness, take n = 6 in Eq. (4-115). The equation 


x Q + ciix b + a 2 x 4 + azx s + a 4 x 2 + a*>x + a 6 = 0 (4-117) 

is arranged as follows: 


(x 2 + a ix + di)x 2 + a 3 
The quadratic is factored: 

\ (x + ri)(x + r 2 )x 2 + a 3 


K) 


* 2 + a 5 x + a 6 = 0 (4-118) 


(*+ ;;)]*' 


T (L^x T <X6 — 0 (4-119) 


Equation (4-119) is rewritten and solved with two root-locus plots. The 
first is for the system 

x + a 4 /a 3 


1 + CL\i „ 


x 2 (x + ri) (x + r 2 ) 


0 


(4-120) 


The roots r 3 , r 4 , r &, and r« of this equation are found from a root-locus 
plot with the following conditions: 

Zero at — a 4 /as 

Poles at — ri and —and two at the origin 
Gain = 


Equation (4-119) is now written 


[(x + rz)(x + r 4 )(x + r 6 )(x + r 6 )]x 2 + a*x ■+ a 6 = 0 (4-121) 


A second root-locus plot is used to find the roots of Eq. (4-121), which is 
rearranged 


1 + 


a r> (a* + o,<$/db) 


x 2 (x + r ;i ) (x + r A )(x + r & )(x + r 6 ) 


(4-122) 


The root locus has one zero and six poles, four located at — r 3 , — r 4 , — r 5 , 
and — /*<} and two at the origin. The six roots of Eq. (4-122), which are 
the six roots of the original equation, Eq. (4-117), are found for a gain 
of a r >. 

Several methods 14 exist of using the root locus to factor polynomials. 
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For example, the characteristic equation could be split into cubics instead 
of quadratics. The method presented, however, seems easier. 

4-14. Root Locus Applied to Multiple-loop Systems. A multiple-loop 
control system consists of several feedback paths. Figure 4-35 indicates 
a block diagram for a typical multiple-loop system. The inner loop can 

be replaced by a single block with 


transfer function 


K2G2 

1 + A1K2H1G2 


(4-123) 


- This equation is solved by root- 

_«_ A 2 h 2 -*- locus methods to find the roots of 

l~— the characteristic equation for a 

Fig. 4-35. A multiple-loop control system. .. , , ,, . rnl 

particular value of A i/v 2 . These 

roots become poles in the over-all system, so the outer loop system is 

plotted with the equation 

7 rriTT _ rr a n rr K 2 G 2 (A 


KxAzGiFh 


AiK%HiG% 


(4-124) 


Besides the roots of 1 +■ A 1 K 2 H 1 G 2 , which are poles of KGII, the zeros 
and poles of G h H 2 , and G 2 are added and a complete plot is made. The 




Fig. 4-36. Root-locus plot for inner loop Fig. 4-37. The second root-locus plot for 
of a multiple-loop servo. a multiple-loop system. 

application of the root locus is identical with that for single-loop systems. 
The difficulty that exists for multiple-loop systems is that as Ailv 2 varies, 
the roots of 1 + AiK 2 IIxG 2 and hence the poles of KGH vary. Hence 
two plots are necessary to determine the response. 

As an example, take 


K 2 

0.5p + 1 


(4-125) 


(0.5p + l) 2 







THE ROOT-LOCUS METHOD 


119 


The root-locus sketch for the inner loop is shown in Fig. 4-36. For a 
particular gain, K 2 , the roots are located, as shown in Fig. 4-36, at n, n>, 
and r 3 . The outer-loop locus consists of the transfer function 

KJUjQ.by + l ) 2 ( , vm 

p[(o.5 P + iy + K,] K 

The locus for this system is shown in Fig. 4-37, where the variable along 
the curve of this second locus is K\ since K 2 is fixed. 

The optimization of a multiple-loop system requires that two plots lx? 
made, one for the inner loop and one for the outer. A variation of the 
inner-loop gain changes the location of the poles of the outer-loop trans¬ 
fer function. Hence, the design of a multiple-loop system requires more 
plots than for a single-loop system. 


PROBLEMS 


Except where noted, in the problems of this chapter KG(p) represents the forward 
transfer function in a system with unity feedback. H — 1. 

4-1. KG(p) = ^ 

(а) Plot the root of the above equation as K 1 varies. 

(б) Determine the net angle to each of the points. 

( 1 ) (-2 + j 0 ) 

(2) (0 +j 1) 

(3) (-«+m 

4-2. KG(p) = Ki{p + 8) 


(a) Plot tlie root of the above equation as A'i varies. 

(b) Determine the net angle to each of the points. 

(1) (—2 + jO) 

(2) (—5 + jO) 

(3) (-5 + j2) 


4-3. For each of the following transfer functions locate the Keros and poles and make 
root-locus sketches. Discuss the stability of each cane. 


(a) KG{p) = 

(b) KG(p) = 

(c) KG(p) = 


__K, 

P(2 p +1) 
KiC.i p + 1 ) 
p(2p + i) 
Klip + f) 
P(2p + 1 ) 


id) KO(p) = 


p(p'+ 1)(2 p 4- 1) 


(«) KG{p) = 
(/) KG(p) = 


_ Ki 

p 2 + lOp + 100 
Kijp ± U 

p* + p + 10 
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K 

4-4. KG(p) « p(p + 1)(p + 3 5)(p qr 3 + j 2 )(p + 3 — ~j2) 

(а) Plot the roots of the above equation as Ki varies. 

( б ) Determine the net angle from point p o located at —2 + jl. Is this point 
on the locus? 

4-5. KG(v) =__ 

W (p + 5)(P + 3 + j4)(p + 3 - j4) . 

(а) Plot the roots of the above equation as ICi varies. 

( б ) Determine the net angle from the point po located at ( — 4 + j 2 ). Is this 
point on the locus? 

(a) Plot the roots of the above equation as Ki varies. 

(b) Determine the net angle from point po located at —3 + j2. Is this point 
on the locus? 


4-7. KG(p) = 


Ki 

P(P + 1 )<P + 10) 


(а) Plot the roots of the above equation as 2£i varies. 

( б ) Find the distance between point p — — and the following points: 

(1) (-2.414+J1.414) 

( 2 ) (—4 + jO) 

(3) (2+jO) 


4-8. For any of the systems in Prob. 4-3 that are unstable, estimate the gain Kb 
when the roots cross the imaginary axis. 

4-9. In the following systems, find the gain when the damping ratio is f = 0.2: 

( > K 

W P(P + l)(0.2p + 1) 

(b) _ + Q- 2 ) _ 

p(p + l)( 0 . 2 p + l)(p + 20 ) 

_ iTi(y -f 2 ) _ 

P(P + l)(0.2p + l)(p + 200) 

_ -^i(P + 5) _ 

P(P + l)(0.2p + l)(p 4 - 500) 

4-10. Sketch the root-locus diagrams for the following functions, and discuHS 
stability. The quantities K, G , and H are defined in Fig. 4 - 3 . 

Ki(l 3 p) tt ~ ~L 
p 2 H- 2p -f 100 

jjl rr _ 1 

P 2 4- 2p -I- 100 p 

Zi(p + 2 ) „ __ p + 4 

P(P +20) " " 

4-11. For any of the systems of Prob. 4-10 that are unstable, estimate the gain Kj 
of the system when the roots cross the imaginary axis. 


(a) KG = 
(i b ) KG = 
(c) KG = 
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4-12. For each of the following KG functions, plot the root-locus diagram and 
determine the roots of the characteristic equation for values of Ki equal to 1, 10, 100, 
and 1,000. 


(a) KG = 


K t 


P(P + 1) 
(6) KG - At(p + 1) 
Ki 




(e) KG - 


p 2 _j_ 2 p + 20 

+ 

Ah 


p(0.5p + l)(0.05p H- 1) 


(c) KG == 


P 2 (P + l) 2 


GO KG 


Kip(p 2 + 10 ) 

(V 2 + 5)(p 2 +30) 


4-13. If Ai equals 10, are there any roots of 1 + KG(p ) in the right half plane for the 
function 

Ki 


KG(P ) - 


p(0.1p + l)(0.5p + l)(p + 1) 


Find all four roots of this equation for K x — 10. 

4-14. For what value of J\h does the following system become unstable: 


KG(p) - 


Ki 


PHP + 1 )(p + 10 ) 


4-15. Determine the velocity constant A„ and the resonant frequency o> r when 
the gain in the following system 


KG 


At_ 

p(V“+6.5p)(l + 0.2p) 


H = 1 


is set for a damping ratio f equal to 0.40. 

4-16. Repeat Prob. 4-15 when a series lead network is added. The system func¬ 
tions become 

0.25 At (1 + 0.3/>) 


KG = 


(1 + 0.075p)p(l + 0.5p)(l + 0.2 p) 


H 


4-17. Repeat Prob. 4-15 with position plus rate feedback. The system functions 
become 

At 


KG 


p{ l + 0.5/>)(l -j~ 0.2p) 


A = 1 + 0.3 p 


4-18. Repeat Prob. 4-15 with two series-parallel lead networks. The system 
functions become 


KG 


K\( 1+j /6p)^ __ 

(1 + i /GO p) pil' + 0.5p) (J + 0.2 p) 


H = 


1 + V6P, 

1 + l/60p 


4-19. Use the Spirule to find the root-locus diagrams for 


G = 
G = 


A 


p(r ip + l)(r a *p* + r-ip + 1)(t:j/> + 1) 

___A _____ 

p{r\p + l)(r 2 p + l) 2 (r 3 p + 1) 


whore n = 2rs and n — 3 t 8 . Determine accurately the initial direction of the motion 
of the roots, the asymptotics direction, and the center of gravity. 
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4-20. For the system with an open-loop transfer function of the form 


KG 


(P 4 cx)[p + (a/ 2 )] K 

vKv + 10) 2 1 


sketch on one diagram a root locus for each of the following values of a = 1,4, 6.67, 
9 , 12 . 

4-21. Determine the initial angle of departure from the complex poles and sketch 
the root-locus diagrams for the following transfer functions: 


r n \ 1 + T W _£ < 1 

T2 2 p 2 “h 2^T2P “hi T 2 T1 

(5) -L d iiiP- L > 1 

^ T‘2 2 p 2 + 2^T2P +1 T2 Tl 

p(p + 10) 

K > (P 2 + 4)(P + 20) 


4-22. For the systems of Prob. 4-9, find accurately the critical damping points. 

4-23. A simple position servo is expressed in block-diagram form as shown in the 
figure. 



Fig. 4P-23 


(a) Is the system unstable for any value of gain A ? 

( b ) Upon construction of the above servo, it is found to have zero damping for a 
value of gain A — 30. The instability is due to parasitic time lags in the synchros, 
amplifier, and motor. Lump these effects together in the form of an additional time 
lag in the forward transfer function, i.e., as a factor 1/(1 -j- r a p). What is the value 

Of To? 

4-24. Use the root-locus method to find the roots of the following equations: 

(a) p 1 + 2p 6 — p 6 — 2p 4 -+■ 4 p 3 4- 8p 2 —4 p —8 = 0 
Q>) p A — 4p 3 — 7 p 2 + 22 p + 24 = 0 

(c) 24- 17p 4 + 78 p* + 167p 2 + 246p 4-90 =0 

4-26. For the vibration damper of Fig. 4-32, assume the following values: 

Wi = 50 lb 
W 2 = 20 lb 
K x = 100 lb/in. 

B = 63 lb-sec/ft 

Optimize the system, with root-locus techniques, by varying the lower spring con¬ 
stant K% to obtain the greatest damping on [P 2 . 

4-26. One of the amplifiers in the system of Fig. 4P-26 is inverted so that it yields a 
negative gain instead of a positive gain. The resulting system, without compensation, 
is Unstable. 
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Fig. 4P-26 


(a) Show, by means of a root-locus plot, why this system is unstable. 

(b) The system can be made stable by appropriate compensation. What form of 
compensation should be used? 

Note: When a negative gain is present, the angles must be summed to 0° instead of 
180°. The principles of locus plotting otherwise remain the same. 




CHAPTER 5 


STABILITY, THE FREQUENCY-ANALYSIS METHOD 


5-1. The Impedance Concept. The concept of impedance in electrical 
circuits is familiar to most engineers. Early in their electrical engineer¬ 
ing training, engineers learn to find the steady-state component of differ¬ 
ential equations that are driven with a sinusoidal function by means of 
the impedance method. For example, consider the circuit of Fig. 5-1 

where a simple series circuit is 
shown. If ei is a sinusoidal driving 
voltage, that is, ei = \/2 Ei sin a>£, 
then the complex amplitude of the 
current through the circuit is given 
by 

E i 



a/2 EjS in 

Fig. 5-1. A simple electrical circuit. 


= 


R +juL + (1/jcoO) 


(5-1) 


where coL is the “inductive reactance” of the circuit and l/a>C Y is the 
“capacitive reactance” of the circuit. The units of |I| are amperes 
(rms),* and E\ is the rms amplitude of the applied voltage. If it were 
desired to find the complex amplitude of the output voltage E 0 (joo), then 
Eq. (5-1) is multiplied by the impedance 1 /ja>C and the rms output volt¬ 
age is written 

E t 


E 0 (jo>) = 


(1 - C0 2 LC) + jo>CR 


(5-2) 


Because of the appearance in these equations of the complex quantity j, 
the output voltage E 0 is a complex quantity. E 0 can be written in polar 
form as a magnitude at a particular angle. For the circuit of Fig. 5-1 
the complex output voltage, written in polar form, is 


E 0 {jcS) 


E 1 


V(1 - co 2 LC) 2 + (coCJ?) 2 Z + tan- 1 a>CR/(l ~~ co 2 LC) 


(5-3) 


A ratio of complex quantities is put into polar form by writing the 
numerator and the denominator separately in polar form. The expres- 

* rms is defined as the root mean square voltage and, for sinusoidal functions, is 
equal to lJ\/2 times peak value. 
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sion is written completely in polar form by dividing the magnitudes and 
by subtracting the angles. The symbol Z.<j> means the angle or argument 
of the complex quantity and has the same meaning as e j4> . 

The expression for the output voltage for Eq. (5-3) is written as follows: 


Eo(jcc) = 


Ex 


V(i - + mc) ! 


Z — tan -1 , 


a>RC 


w 2 LC 


= A(oi)Zcj>( oo) 
(5-4) 


This expression represents the output voltage as a function of frequency co. 
The complex expression for E 0 [Eq. (5-4)] has a magnitude designated by 
^4(co) and an angle <£(co). When a variable-frequency signal generator is 
applied to the input, it is theoretically possible to plot the magnitude and 
the phase angle of the output voltage E 0 as the input frequency is varied. 
These plots comprise the so-called “frequency responseof the network. 

It is important to notice that E 0 (joi), as given in Eq. (5-4), is inde¬ 
pendent of time. In reality, however, the input voltage is a function of 
time and as written in Fig. 5-1 is 


exit) — y/2 Ex sin c ot 


where \/2 converts the rms voltage E x to peak value. The output volt¬ 
age expressed as a function of time is found from the complex expression 
of Eq. (5-4). The magnitude of E 0 , as given in Eq. (5-4), is the ampli¬ 
tude of the output sine wave, and the phase angle 4> is the phase shift 
which must be added to the sinusoid as follows: 


G 0 (t) = 


V(1 - 


V2 El 

Sill 

^Lty- + (c cCRy 


C 


ut — tanr 


o cCR 


o*LC 


(5-5) 


Although a differential equation is required to describe the circuit of 
Fig. 5-1, the engineer who is familiar with the impedance concept can 
quickly solve and obtain the steady-state component of the solution of 
these equations. If it is necessary, the steady-state time component 
can be obtained by appropriate interpretation of the amplitude and phase 
angle of the complex solution [as is indicated in going from Eq. (5-4) to 
Eq. (5-5)]. 

The impedance concept can be applied with equal success and with 
equal reduction of labor to any linear system whether it be electrical, 
mechanical, or electromechanical. To understand better the nature of 
the process involved, write the two differential equations for Fig. 5-1 as 
follows: 


(Jo 1 [ t 

ei = Ri + L ~ ± / i dt 

(It L JO 

= i 
dt 


and 


(5-6) 

(5-7) 
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where i is the instantaneous current in the loop of Fig. 5-1. When Eq. 
(5-7) is substituted into Eq. (5-6), the following differential equation 
relating ei to e a results: 

e.-SC^+LC^ + e. (5-8) 

The impedance concept is based upon the following principle: If e x is 
a sinusoidal voltage , then , in the steady state, the current that flows in a linear 
network and hence all voltages that appear in the network are also sinusoidal 
quantities of the same frequency , but possibly with different amplitudes and 
different phase angles. Using this basic principle of linear systems, let e x 
be expressed by the equation 

e x = \/2 Ei& ut (5-9) 

where e iut is the complex form of a sinusoid and can be written 

e j<ai = cos ut + j sin c d (5-10) 

Application of the above-cited principle to Eq. (5-8) indicates that 
e 0 is a sinusoidal signal of the same frequency but of different amplitude 
and phase; hence 

e 0 = a/2 E 0 e^e i(at = a/2 E 0 e i<at (5-11) 

where E 0 is the complex magnitude of the output voltage and equals E 0 e 
When Eqs. (5-9) and (5-11) are substituted into Eq. (5-8), the following 
expression is obtained: 

V2 E^ = RC-V2 E 0 e^ + LC ^ V2 E 0 &“‘ + y/2 E„e *•* (5-12) 

Since E 0 is independent of time, the differentiations indicated in Eq. (5-12) 
can be carried out, with the result 

E x a/2 ^ = RCEoju \/2 </"* + LCE 0 (j*y a/2 + E 0 a/2 e^ (5-13) 

Since the expression a/2 e j(,3t occurs in each term of Eq. (5-13), it is can¬ 
celed and Eq. (5-13) is simplified: 

Et = Eo0+[jRC(* + LC(jco) 2 + 1] (5-14) 

It is important to compare Eq. (5-8) with Eq. (5-14). These two equa¬ 
tions are identical except that in Eq. (5-14) ju is substituted for the 
differentiation with respect to time d/dt that appears in Eq. (5-8). This 
substitution can be formalized: 

4 -*• -* (j a y r dt -» i (5-15) 

dt dt 2 J o ju 
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5-2. Generalized Impedance Functions. The principle that is demon¬ 
strated in the solution of the example of Fig. 5-1 can be generalized to 
any linear system. When the derivative operator d/dt in the differential 
equation of any linear system is replaced by ju, an algebraic equation 
results. This equation can be solved for the dependent variable, and the 
solution yields a steady-state value of the dependent variable in response 
to a sinusoidal driving function input. 

For the example of Fig. 5-1, Eq. (5-14) is solved for E 0 e^, resulting in 
the following expression: 


E„e* = 


E x 


Ei 


(1 - <0 2 LC) + jwRC y/(i _ u*LCy + (ooRCy 


Z — tan -1 


c cRC 


o> 2 LC 


(5-16) 


Equation (5-16) is identical with 1 
validity in this example of substitut¬ 
ing jco for d/dt. 

As an example of the impedance 
method for finding the sinusoidal 
steady-state solution to servo sys¬ 
tems, consider the system of Chap. 

1 which also is shown in the block 
diagram of Fig. 5-2. The differentia 
r to the output position c is written 


Eq. (5-4), hence demonstrating the 


*_£j 

AK p 


K m 

c 

1 1 


p(rp+ 1) 








Fig. 5-2. An example of a position servo. 

1 equation relating the input position 
as follows: 


d 2 c 

dt~ 


+ 2r«„ ~ + co„*c 


Un 2 r 


(5-17) 


To find the steady-state response C(ju) when R(ju) is a sinusoidal signal, 
substitute jco for d/dt in Eq. (5-17) and solve for C(joi): 


C(ju) 


CO J R {jo/) 

(cO n 2 — GO 2 ) + j‘2'(W n W 


(5-18) 


where capital C and R arc used to indicate that these are complex ampli¬ 
tudes and not functions of time. Dividing through by the square of the 
undamped natural resonant frequency u,r 


CUu ) = _ 1 

ii(ju) (1 — u~) + j'2'cu 

where u is the frequency ratio co/co„ and f is the damping ratio, 
tion (5-19) is written in polar form as follows: 


C(Ju) = _ 1 

V(X - « 2 ) 2 + (2D0 2 


Z — tan™ 1 


= A(u)Z<Ku) 


(5-19) 
E( [ua- 


(5-20) 




6 degrees , db amplitude 
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0.01 0.02 0.03 0.04 0.06 0.1 0.2 0.3 0.4 0.6 0.8 1 2 3 4 5 


U 

Fig. 5-3a. Amplitude of the second-order transfer function. 
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The output C is a sinusoid of the same frequency as the applied input R. 
As shown in Eq. (5-20) the amplitude is multiplied by A and the phase is 
shifted by an angle <j>. If the frequency of the sinusoidal driving signal 
is varied, the closed-loop frequency response of the servo, pictured in 
Fig. 5-2, is obtained. The amplitude and phase curves which are shown 


in Figs. 5-3a and b are plotted 
against the logarithmic frequency 
ratio for values of damping ratio in 
the range 0.1 to 2.0. Figure 5-3a 
is the db amplitude of C{ju) / R{ju) 
plotted against the frequency ratio 
u, and Fig. 5-3 6 is the phase shift of 
C(ju) with respect to R(ju) as a 
function of frequency ratio. 

The abbreviation db stands for 
decibels and is defined as 

db = 20 log io 4~ 2 (5-21) 

The decibel was originally defined 
as a unit of power ratio; however, 
in servo applications Eq. (5-21) is 
taken as the definition. A chart 
which converts between decibels 
and voltage ratio is included in 
Fig. 5-4. 

The frequency where the peaks of 
Fig. 5-3a occur versus the damping 
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Fici. 5-4. Linear magnitudes versus 
decibel values. 


ratio is calculated and plotted in Fig. 5-5. 

It is important to observe the simplicity of obtaining the steady-state 
component of the solution of differential equations when the driving 
function is a sinusoid. It is only necessary to replace d/dt by ju. If a 


transfer function is given in which the Laplace-transform operator p is 
indicated, replacing p by joo will result in the impedance solution. 

5-3. Plotting Impedance and Transfer Functions. The labor required 
to plot simple impedance and transfer functions point by point for a 
series of values of frequency is considerable. A method has been devel¬ 
oped for the easy plotting of impedance and transfer functions. These 
plots arc known as “Bode plots.” This method avoids the difficulty of 
computing polar plots (i.e., amplitude radial and phase angle clockwise). 
The method centers about the use of the logarithmic function. Decibel 


gain and phase shift are plotted against logarithmic frequency. 

To appreciate the advantages of using the logarithm of the transfer 
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function, suppose that the following transfer function 

is written in polar form: 

JCCHf ' 1 — — V^n ) 2 + 1 Z tan -1 wi Vj (to7 !l ) 2 ~+ j~ Z tan~ l cqt 3 

co n Z n90° VC^) 2 +T Z tan -1 cor 2 (<or 4 ) 2 + 1 Z tan -1 ojt 4 
= A(co)e*<“> ' (5-23) 

A (to) is the magnitude of KGH, and <j>(u) in the corresponding phase 



angle. The logarithm to the base e of the last part of Eq. (5-23) is 
log e KGH{ju) = log* A(«y+<»5 = log* A (w) + log e 

= logs A (to) + j<j) (to) (5-24) 

The logarithm of the transfer function has a real part which is the loga¬ 
rithm of the magnitude and an imaginary part which is the phase angle. 
If Eq. (5-23) is inserted into Eq. (5-24), the magnitude and the phase 
angle can be written separately in two expressions: 


logs A (to) — loge K + loge y /(cor l ) 2 + 1 + logs yj (cor 3) 2 + i — logs co ri 

- logs V(cor 2 ) 2 +1 - logs Vw 5 '-1- 1 (5-25) 

<f>(co) = tan- 1 con + tan- 1 cor 3 - n90° - tan- 1 wr 2 - tan- 1 cot„ (5-25a) 
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Because the logarithm of the product of two quantities is equal to the 
sum of the logarithms of the quantities, each factored portion of Eq. 
(5-23) is treated separately. These separate factors are plotted in decibel 
units, since multiplication of each side of Eq. (5-25) by 20/2.3* converts 
the units to decibels. The total decibel magnitude is formed simply by 
summing algebraically each of the individual values. Equation (5-25a) 
indicates that the phase-angle function is formed in a similar manner by 
summing the phase-angle function for each of the individual terms in 
Eq. (5-23). 

Since most KGH functions found in servo systems are composed of 
zeros and poles, the decibel magnitude and phase versus log frequency 
need be considered for only a few types of singularities. Based upon the 
knowledge of four simple types, a complete KGH function can be built up 
simply by appropriately adding the magnitude and phase curves. 

6-4. The Asymptotic Approximation. The most commonly encoun¬ 
tered functions in servo systems are listed as follows: 

Frequency invariant factors. K 

Simple* zeros and poles at the origin. ja> or 1/jco 

Simple zeros. (jeon + 1) 

Simple polos. (jeon -F l) -1 

Quadratic zeros and poles. (j —) + —j + 1 

L \ 03,J 03n J 

^Simple means there is only one zero or pole at a point. 

Each of these functions can be plotted point by point. Because of the 
nature of the plot, however, a linear asymptotic approximation of the 
decibel magnitude curves permits a rapid method of plotting these factors. 
In all cases these curves are plotted on semilog paper. The linear scale is 
the decibel gain plotted against frequency co, which is plotted on a loga¬ 
rithmic scale. Phase shift is plotted on a linear scale against a loga¬ 
rithmic frequency scale. 

Frequency Invariant Facton. The product of the gains which is a con¬ 
stant independent of frequency is plotted from the function 

20 log io K (5-26) 

where K represents the product of all the frequency invariant terms in 
the KGII function. Equation (5-20) is plotted in Fig. 5-0 as a constant 
with zero phase shift. 

Zeros or Paten at the Origin. For zeros or poles at the origin, 

o«)“ or •(/).. (5 - 27) 

* Since log,, x = (logm x) log* 10 = 2.3 logiu x, it follows that 20 logio x = 20/2.3 
log, A 
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the amplitude and phase curves are found by taking the logarithm of 
these functions as follows: 


log* (ja>) ±n = ±n log, o) ± jn90° (5-28) 

For simple zeros or poles the integer n is unity. The amplitude is 
±n 20 logio co db, and the phase shift is ±n90°. The ±n accounts for 
either zeros or poles; +n corresponds to zeros, and —n corresponds to 
poles. 




Fig. 5-7. Decibel gain and phase for (ju) ±n . 

The phase-shift curve for a simple zero or pole is constant at ± n90°. 
For a single zero at the origin, the phase shift is a constant +90°, and 
for a single pole at the origin, the phase shift is a constant -90° as 
shown in Fig. 5-7 a. 

The amplitude is a straight line with a slope approximately equal to 
±?i6 db/octave, where n is the number of zeros or poles at the origin. 
An octave is a factor of 2 change in frequency. For a single zero, the 
straight line is at +(> db/octave and intersects the 0-db axis at the point 
co = 1. The curve for a single pole, which is shown also in Fig. 5-7 b, 
is a straight line with a slope of — 6 db/octave passing through the 0-db 
axis at the point co = 1. 

These straight lines, which are shown in Fig. 5-7 a and b, are not 
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asymptotic approximations but rather the actual curves. When decibel 
is plotted against the logarithm of the frequency, the amplitude curves 
are straight lines passing through the 0-db axis at co = 1. 

The ± %6-db/octave slope of the amplitude curves can be verified by 
considering the change in decibel amplitude for a change in frequency 
of one octave. This is written 


A db = 20(log o) 2 — log cox) = 20 log — (5-29) 


But o )2 is equal to 2on, since an octave corresponds to a factor of 2 change 
in frequency 

A db = 20 logio 2 = 20(0.30103) « 6 db/octave (5-30) 

A straight line with a slope of 6 db/octave on the amplitude curve, which 
is shown in Fig. 5-7 b, intersects the 0-db line at to = 1.. 

For ease in plotting, the constant portion of the transfer function K 
can be combined with the ± ( j*co) n term. Usually only a single or double 
pole exists at the origin. Take as an example a single pole at the origin. 
The constant and this pole are combined as follows: 


K (co t i + !)»•• 
jo) (cor 2 +!)•■• 

The term to be plotted is 


(cOTi + 1) * * • 

[J(C0/K)J(0)T 2 + 1) * • • 

1_ 

j(WK) 


(5-31) 


(5-32) 


This term, Eq. (5-32), has the same slope as the single pole at the origin 
1 /,/co, except the amplitude curve intersects the 0-db line at a frequency 
co = K. The phase shift remains a constant at —90°. 

If a double pole is at the origin, the plot isjdentical except that the 
amplitude crosses the 0-db line when co = Vk. 

It is convenient when working with frequency methods to write the 
transfer function in the form rp + 1 so that K includes all the constants 
factored from the frequency-dependent portion of the transfer function. 
This is opposite in form to that necessary for a root-locus construction. 
For root locus the terms should be put in the form p + (1/t). 

Simple Zeros. For simple zeros of the form 

icon + 1 (5-33) 

a linear asymptotic approximation is used. For con <3^ 1, 

20 logio |jeon + 1| ~ 20 logio 1 = 0 db (5-34) 
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For small values of co the magnitude remains at 0 db. When co becomes 
much greater than l(con 1), 

20 logio \jo)Ti + 1| —20 logio con (5-35) 

For large values of co, the amplitude and phase response of a simple zero 
(jcoTi + 1) resemble the response of a simple zero at the origin jcor x . 
The slope, for large co, is +6 db/octave. The 6-db/octave straight-line 
asymptote intersects the 0-db line when con — 1 or when co = 1/ri. The 
point of intersection at co = 1/n is called the “corner frequency.” The 
two straight lines, one along the 0-db axis and the other at +6 db/octave 
intersecting at the point co = 1 /ti, are the asymptotic approximations 
for a simple zero of the form+on + 1. This straight-line asymptote is 
shown in Fig. 5-8 a. The procedure to follow when plotting the ampli¬ 
tude curve for+on + 1 is outlined as follows: 

1. Locate the “comer frequency,” that is, co = 1/ri. 

2. Plot a 6-db/octave line through this point to the right (increasing 
frequency) and a straight line along 0 db to the left. 

3. If more accuracy is required, the actual curve is found as explained 
in the next paragraph and as shown on Fig. 5-8a. 

The actual curve for the amplitude deviates only slightly from the 
straight-line asymptotes. As is shown in Fig. 5-8a, the curve rises +3 db 
above the asymptote at the corner frequency and approximately +1 db, 
respectively, at one octave above and one octave below the corner fre¬ 
quency. These deviations from the asymptotic approximation are com¬ 
puted by evaluating the magnitude of the zero jcori + 1 at the corner 
frequency, at twice, and at one-half the comer frequency, as follows: 

At co = 1/n 

20 log \j\ +l|-20 log y/2 = 3 db 
Deviation from asymptote = +3 db 

At co = 2/n 

20 log \j2 + 1| = 20 log *v/5 = 6.99 

Deviation from asymptote = 6.99 — 6 « +1 db 

At CO = 1 / 2 T1 

20 log | j]4 + 1| = 20 log VM = 0-969 
Deviation from asymptote « +1.0 db 

The phase shift for a simple zero is obtained from the expression 

ct> = tan“ 1 corx (5-36) 

The frequency co is plotted on a logarithmic scale. The arctangent curve 
has a value of 45° when con = 1 which is at the corner frequency. The 
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phase curve starts at 0°, increases to a maximum of 90°, and is sym¬ 
metric about the 45° point. The complete frequency-response curve for 
the zero comprises the amplitude curve shown in Tig. 5-8a and the phase- 
shift curve shown in Fig. 5-86. 




Since the phase curve is a familiar arctangent curve, it, too, is often 
sketched. An approximate straight-lino phase curve can he used to aid 
in sketching the phase response. The straight line passes through 0° at 
Ho (corner frequency), 4-45° at the corner frequency and 90° at 10 
(corner frequency). If a line is drawn as shown in Fig. 5-9, the maxi- 
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mum deviation from the actual curve is 6°. These straight-line approxi¬ 
mations are also included in Fig. 5-86. 

Simple Poles. Simple poles of the form 1 /(jW 2 + 1) can be treated 
similarly to simple zeros. Since the logarithm of the reciprocal is equal 
to the negative of the logarithm, or 

20 l0g (jon!+ 1) = ~ 20 lo § OW, + 1) (5-37) 

the curve for a simple pole is similar to that for a simple zero with the 
exception of a minus sign. For small frequencies, co « 1 /t 2 , the ampli¬ 
tude remains at 0 db. For large frequencies, w 1/V 2 , the asymptote 



is a straight line at —6 db/octave. This asymptote, which is shown in 
Fig. 5-8a, intersects the 0-db axis at co = l/r 2 . co = l/r 2 is called the 
corner frequency or the break point for this particular pole. As in the 
case of the zero, the actual amplitude curve deviates from the straight- 
line approximation by —3 db at the corner frequency and by —1 db at 
both l/2r 2 and 2/r 2 . 

The phase-shift curve is similar to that for a zero, but since the pole 
is in the denominator of KGH , the sign is changed when the angle is 
brought into the numerator 

= — tan' 1 cor 2 ( 5 - 38 ) 

Equation (5-38) is an arctangent curve which starts from zero phase 
shift and approaches —90° phase lag for large frequency. The —45° 
phase-shift point occurs at the corner frequency. The same straight-line 
a PP r oximation that is used for zeros is applicable for poles. The phase 
curve and the straight-line approximation are included in Fig. 5-86. 

If the transfer function has a repeated zero or pole, for example, if 
there are two equal poles or two equal zeros, the amplitude curve is 
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similar to that of a single zero or pole. The slope changes from 6 to 
12 db/octave, and the phase shift is at ±90° at the corner frequency 
for a zero or pole, respectively, rather than at ±45° for a single zero or 
pole. The phase shift varies from zero to ±180° rather than zero to 
±90°. These functions are shown in Fig. 5-10a and b. 



Fn;. 5-10. Frequency response of double poles and zeros. 


Quadratic Zeros and Poles. Occasionally, quadratic poles of the form 


G0«) 


uv>__ _ 1 

— CO 2 + jf2fco n a> + co n 2 — (co/co n ) 2 + j2f(oo/co w ) + 1 


(5-39) 


occur in the KGH function. Equation (5-39) can be put into dimension¬ 
less form by replacing w/c*) n by the frequency ratio a with the result 


(1 - u 2 ) +j2?n 


(5-40) 


The magnitude and phase of Eq. (5-40) are plotted in Figs. 5-3a and b. 
Because the amplitude and phase response for quadratic poles depend 
not only on the corner frequency but also upon the damping ratio 
a dimensionless chart of the form shown in Figs. 5~3a and b is used to 
make the plot. The amplitude and phase response are plotted by 
locating the corner frequency and damping ratio for the particular 
quadratic factor. The damping ratio and corner frequency are found 
by comparison of the given expression with Eq. (5-39). For example, 
suppose it is required to plot the function 


1 

p 2 + 3 p + I'0 

Equation (5-41) is put into the form of Eq. (5-39) by comparison 


(5-41) 
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Frequency ratio, u 

Fig. 5-11. Amplitude differences for the quadratic function 1/[(1 — u 2 ) + j2£u]. 



Fig. 5-12. Phase-shift deviation from a straight-line approximation for a second-order 
system. 
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Equating like terms, 

W* = VlO and r = ““ = 0.475 (5-43) 

The corner frequency co = <a H is first located on the Bode plot. The 
first approximation is drawn in the same manner as a double pole located 
at the corner frequency co„, that is, a — 12-db/octave line going to the 
right and starting from the corner frequency for the amplitude response 
and an approximation to the arctangent curve extending from 0 to —180° 
for the phase response. Because the deviation from these asymptotes 
depends upon the damping ratio, it is necessary to refer to Fig. 5-11 
which gives the deviations from the 12-db/octave amplitude for various 
damping ratios. The deviations from the phase approximation are given 
in Fig. 5-12. For servo systems which contain not only single-order 
zeros and poles but also complex 
poles, use of these charts enables 
the engineer to make a Bode plot. 

If a complex zero rather than a 
complex pole exists in the transfer 
function, the curves of Figs. 5-3a 
and b are inverted as is done for 
simple zeros and poles. 

5-5. The p Plane and the KGII 
Plane. In studying stability from 
the root-locus point of view, as in 
Chap. 4, the p plane is drawn. The 
roots of 1 + KGII are located on this p plane. Figure 5-13 shows a p plane 
for a 1 + KGII function. When all the roots are in the left half plane, 
the transients die out and the system is stable. If the roots should lie in 
the right half plane, however, the corresponding exponential terms have 
positive real parts and build up with increasing time. Roots that lie on 
the imaginary axis produce oscillations which neither build up nor decay. 
These roots, which are termed marginally stable, are the boundary 
between stable and unstable systems. The designer is interested in 
knowing if any roofs lie in the right half plane. To discover if any roots 
of 1 + KGII = 0 arc in the right half plane, a contour, which is shown 
in. Fig. 5-13, is chosen. This contour encircles the entire right half of 
the p plane. The radius of the contour is made so large that all possible 
roots in the right half plane are included. 

The plot of KGH(p) is called a mapping of a contour located in the 
p plane into a contour in the KGII plane. When a closed curve C\, such 
as shown in the p plane of Fig. 5-14a, is mapped into the KGII plane, 
another closed curve (!$ is obtained in the KGII plane, as shown in Fig. 
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Fig. 5-14. p plane mapped onto KGH (p) plane. 


5-146. For single-valued functions, a correspondence exists between 
points on C i, the curve in the p plane, and points on C 2 , the mapped 
curve in the KGH plane. If a point is moved along C i in the direction 
of the arrow (clockwise), the mapped point moves along C 2 in a direc¬ 



tion depending upon the KGH func¬ 
tion. Suppose that p 2 is a root of 
1 + KGH = 0 and that the contour 
passes through the point p 2 in the 
p plane, as shown in Fig. 5-14a. 
If p 2 is a root, then when KGH is 
evaluated with 

p = 29 2 , KGFI(p 2 ) = — l; 


Fig 5-15. Encirclement of a root in the that j the contour C \ in the KGH 
p plane. 7 . 

plane passes through the point — 1. 

Consider the characteristic equation for a closed-loop system 


1 + lean = (y ~ yQ(p - pO(p - gj) 

(P - Pa) (p - Pb)(p - Pa) 


(5-44) 


where p l} ■ • ■ are the roots and p a , p b , . . . are the poles of 1 + 
KGH. Notice that poles of KGH are also poles of 1 + KGH. Each 
factor in the expression 1 + KGH can be considered as a complex vector, 
as shown in Fig. 5-15. The vector extends from the fixed points, p u p 2 , p 3 




(a) (b) 

Fig. 5-16. (1 + KGH ) plane and KGH plane. 
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and p a , Pbj Pc to the variable point p . Suppose the variable point moves, 
in a clockwise direction, one complete revolution about p 2 , as shown on 
Fig. 5-15. The vector p + p 2 makes one complete clockwise revolution 
because the contour encircles this root. Since all the other roots and 
poles are external to the contour, the remaining vectors make no net 
revolutions. Since the term p + p 2 in Eq. (5-44) changes phase by 360° 
(one complete revolution), the quantity 1 + KGH incurs a change of 
360°. Hence, a vector representing 1 + KGH (in the l + KGH plane) 
would make one clockwise encirclement of the origin. This is shown in 
Fig. 5-16a. The remaining roots and poles contribute no net change in 
phase of 1 + KGH . 

Because the roots are in the numerator of Eq. (5-44), one clockwise 
rotation about p 2 results in one clockwise encirclement of the origin for the 



(b) 



Fig. 5-17. Enclosing a root and a pole in p plane causes no net enclosure of — 1 point in 
KGH plane. 

function 1 + KGH. The 1 + KGH plane is shifted into the KGH plane 
by shifting the origin, as shown in Fig. 5-166. In this plane, one CW 
(clockwise) encirclement of one root in the p plane produces one CW 
encirclement of the — 1 + j0 point in the KGH plane. 

Suppose the closed contour in the p plane is made to encircle both a 
root and a pole, as shown in Fig. 5-17a, in a CW direction. In this case 
the vectors from both p 2 and p a rotate through one complete revolution, 
or 360°. The root p 2 contributes +360° to 1 + KGH , since it is in the 
numerator of Eq. (5-44). The pole p a contributes —360°, since it is in 
the denominator. Hence the net phase change of 1 + KGH is zero, 
and the contour does not encircle the — 1 point in the KGII plane (shown 
on Fig. 5-176). 

If the closed contour is enlarged to include p x , p 2 , and p a , the net phase 
contribution to 1 + KGH is +360°. A CW encirclement of a root causes 
a CW encirclement of the — 1 point in the KGH plane. A CW encircle¬ 
ment of a pole causes a CCW (counterclockwise) encirclement of the — 1 
point in the KGH plane. 

These results can be summarized as follows: A CW encirclement of a 
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region in the p plane causes — #P clockwise encirclements of the — 1 
point in the KGH plane. §R is the number of roots and fP is the 
number of poles, both of 1 + KGH , that are located within the encircled 
region. 

5-6. The Nyquist Stability Criterion. The frequency-analysis method 
of determining the stability of feedback control systems is based upon 
the Nyquist criterion. This method provides a simple, graphically 
obtainable principle that allows the servo engineer to determine the 
stability of linear systems. A more complete mathematical derivation 
of the Nyquist criterion is found in Appendix VI. 

Roots which lie in the right half of the p plane give rise to an unstable 
system. Poles of 1 ■+ KGH which lie in the right half plane are of con¬ 
cern when the loop is open. Suppose the contour of Fig. 5-13 is made 
large enough to include the entire right half plane. As this contour is 
mapped on to the KGH plane, the number of CW encirclements of the 
— 1 point yields stability information. 

The Nyquist stability criterion can be stated as follows: Given any 
open-loop transfer function KGH (jo), which is the ratio of two factored 
polynomials in the variable jco and written in the form 


KGH(joi) = 


KjjoiTx + 1 )(jC0T3 + 1) 

tiu) n UuT 2 + l)0wr 4 + 1) 


(5-45) 


the amplitude and phase polar plot of KGH(jco) as the frequency is 
varied from — oo to oo encircles the — 1 + jO point in all N times, where N 
is given by the following equation: 


N = (5-40) 

N is the number of clockwise encirclements of the point — 1, j/P equals 
the number of poles of KGH in the right half plane, and fR is the num¬ 
ber of roots of 1 + KGH which lie 



KG(jo)j 






H(jco) 





Fig. 5-18. A typical closed-loop system. 


in the right half plane. K is the 
constant or frequency-invariant, 
portion of the open-loop transfer 
function, G(jcS) is the forward-loop 
transfer function, and 77 (;/co) is the 
feedback transfer function. These 
functions are indicated in Fig. 5-18 
and are obtained from the transfer function by substituting j<a for p. It 
should be remembered that poles of KGH are also poles of 1 + AT///, 
since the unity does not alter the size of an infinite quantity. 

In practice, however, the contour shown in Fig. 5-13 can be simplified. 
Since only systems with constant real coefficients are considered in this 
text, the roots which appear must be either on the real axis or in com- 
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plex conjugate pairs. As a result the map of the —ju> axis is the mirror 
image of the +ja> axis. Hence it is necessary to plot only the upper 
portion of the imaginary axis in the p plane. 

So that all the right half of the p plane be encircled, the semicircular 
contour must have a large radius R. Many physical systems have zero 
response to an infinite frequency; hence, the large semicircle will often 
map into the KGH plane as a point at the origin. Because the origin 
of the KGH plane is a considerable distance from the point — 1, it is of 
little concern in the stability investigation. 

Practically, only real, positive frequencies from zero to infinity need be 
mapped, and this plot is obtained by applying sinusoidal inputs and 
varying the frequency of the signals from zero to infinity. 

The Nyquist criterion gives information regarding the number of roots 
minus the number of poles of 1 + KGIi. KGH is generally the ratio of 
factored polynomials. The poles of 1 + KGH are identical with the 
poles of KGH. The number of poles of KGH in the right half plane 
can be found from inspection of Eq. (5-45). Hence, the number of poles 
with positive real part can easily be determined. The number of encircle¬ 
ments of the point —1 is found from the KGH -plane plot. Both N and 
jfP in Eq. (5-46) are known, so that the number of roots of 1 + KGII 
in the right half plane can be found by rearranging Eq. (5-46), with the 
result 

#R = N + ifP (5-47) 


As an example of the application of the Nyquist criterion to a simple 
case, consider the transfer function 


KGH 


A 

p(rp +T) 


(5-48) 


This is the transfer function for a system which consists of an amplifier 
driving a motor. The constant A is the product of the potentiometer 
constant, the motor constant, and the amplifier gain, r is the time con¬ 
stant of the motor. When p is replaced by jw, as discussed in Sec. 5-1, 
the KGH function is written as a function of frequency 

w-FO < M!,) 

To apply the Nyquist criterion it is necessary to make a plot of KGH 
as the frequency is varied from zero to infinity. For definiteness, let 
r be equal to 0.1 sec. 

Use is made of the asymptotic approximation (Hoc. 5-4) to plot the 
KGH function as the frequency is varied. These Bode plots can be used 
in the following two ways: 
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1. The polar Nyquist plot can be made from the asymptotic approxi¬ 
mation. The stability criterion can be based upon the polar diagram. 

2. The stability criterion can be given directly m terms ot the Bode 

diagram, i.e., decibel gain versus log frequency. 

The first of the two above-mentioned methods is used to solve the 

example of Eq. (5-49). 

The Bode diagram for the transfer function oi /T ) is con¬ 

structed, as indicated in Sec. 5-4, by adding the plots loi 


A 


and 


J._ 

O.i joi -I- 1 


(5-50) 


This is shown in Fig. 5-19. The plot consists of a straight, line with slope 
— 6 db/octave until the frequency w = 10 is reached, from this corner 



frequency, the curve slopes at —12 db/octave. 1 he curve is plotted lor 
A = 1. A change in gain results in a vertical translation of the ampli¬ 
tude curve. The phase curve starts at —90°, corresponding to the pole 
at the origin 1 /ju, and continues to —180° along an arctangent curve. 

The polar plot is constructed from this Bode plot, by plotting corre¬ 
sponding values of amplitude and phase at several frequencies, as shown 
in Fig. 5-20. Figure 5-20a is a plot of the contour in the p plane, and 
Fig. 5-205 is the contour mapped into the. KGll plane. The arrows 
on each of these curves indicate the direction of increasing frequency. 


Phase lag, degrees 
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Based on the Nyquist criterion, the system of this example (Fig. 5-206) 
is stable. Examination of the transfer function of Eq. (5-49) shows that 
#P = 0; i.e., there are no poles of KGH (and hence 1 + KGH) in the 
right half plane. The number of encirclements of the —1 point is zero 
for any value of amplifier gain A. Hence the system has no roots in the 
right half plane and is stable for any value of gain. 



Fig. 5-20. ( a ) Plot of P = joy as w is varied from (,) to -j- <*>. (5) Polar Nyquist dia- 

gram of ^(o:ii +' 1 )' 

As indicated in Chap. 4, the open-loop response KGII is used to deter¬ 
mine the roots of 1 + KGH = 0. With the frequency-analysis method, 
the open-loop frequency response KGH is plotted, in magnitude and phase 
angle, as a Bode plot. The frequency is varied from zero to infinity. 
When p is replaced by joy } KGH can be written as follows: 


KGH {joy) 


Ki{jO)Ti +- ^ 

lju>) n Uwr* + 1) (jcot-4 +■ 1) 


(5-51) 


It is convenient to put the transfer function in the form shown in Eq. 
(5-51). If the terms are not in the form rp + 1, for example 


KGH = 


A {joy + 5)0 + 2) 
[6«j* + + lSlO’co + 3) 


(5-52) 





db gain 
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the expression can be divided through to obtain 

vn „ _ A5[QV5) + 1]2DW2) + 1] 

KGH ~ 18[(jco) 2 /18 + (>/6) + l]3[0«/3) + 1] 

__ 10A [Q'co/5) + l][Q/2) + 11_ 

“ 54 [0)718 + 0/6) + l][0/3) + 1] 

This latter form has the advantage of isolating the factors that multiply 



Frequency, co 

Fig. 5-21. Bode plot for ——--—---A • 

the gain. In this case the gain is related to the amplifier gain an 
follows: 

K = 1 ^ 54/1 (5-54) 

Consider another example of a servo system which has the following 
KGH function: 

KGH(ju) — “/~-Ti4 77 ' _L n (5-55) 

Mju + 1 KHjw +1) 

The Bode plot is constructed, with the asymptotic approximation, in Fig. 
5-21 for two amplifier gains: A = 2 and A = 10. The polar plot is con¬ 
structed by plotting points of corresponding amplitude and phase at 
several values of frequencies. The plot for the KGH function of Eq. 
(5-55) is shown in Fig. 5-22. The lower value of gain A i = 2 results in 
a KGH plot which does not encircle the point —1 and the system is 
stable, since = 0 by inspection of Eq. (5-55). The higher value gain 
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A 2 = 10 results in a KGH function which does encircle the point —1 as 
the frequency is varied from zero to infinity. This system is unstable. 

Utilizing an amplitude and phase plot of KGH , the Nyquist stability 
criterion enables the engineer to determine if any roots lie in the right 
half of the p plane. 

The Nyquist stability criterion and the root-locus method for deter¬ 
mining stability are perfect complements to each other. When the 



Fig. 5-22. Polar Nyquist diagram of — r .—• 

0«)0« + l .)0&7« + l) 


designer is in the initial stages of synthesizing a servo system, the root- 
locus method (based heavily on sketching) is most convenient for rapid 
analysis. When the servomechanism is built, however, an amplitude and 
phase response can usually be run on most physical systems so that sys¬ 
tem stability can be studied from these experimentally determined curves. 
If a system is constructed of components whose transfer functions are not 
known analytically, an amplitude and phase response provides a method 
of approximating the transfer function experimentally (Sec. 5-14). It 
seems, then, that root-locus techniques should be used when analytically 
designing servo systems. The frequency-analysis method should be used 
when experimentally studying systems or when finding experimentally 
transfer functions which are difficult to derive analytically. 
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To facilitate the learning of the frequency-analysis method the student 
should be familiar with the shapes of various transfer functions, V or 
this reason, several simple systems are included in Fig. 5-23 as polar 
Nyquist diagrams. 

5-7. Stability Criterion with the Decibel Gain and Phase versus Fre¬ 
quency Diagrams. The db gain and phase versus logarithmic, fre¬ 
quency method of plotting transfer functions of servo systems can be 



used in either of two ways. The amplitude and phase response plotted 
as a function of frequency (Bode diagram) can be transferred into a 
polar plot. This is done in the two examples of the previous section. 
Alternately, the stability criterion can be derived in a form applicable 
directly to the decibel and phase versus frequency diagram. For certain 
cases, it may be necessary to make the polar plot for purposes of clarify¬ 
ing the Bode plot. This step is frequently required for conditionally 
stable systems. 

The stability criterion utilizing the polar diagram is based on the criti¬ 
cal point —1. If the KGH locus encircles or goes through this point, 
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the system has a root (provided fP == 0, as is often the case) in the right 
half plane, or on the j axis, and hence is either unstable or marginally 
stable. The critical — 1 point in the KGH plane is located in the Bode 
diagram by taking the logarithm 

logio (-1) = log 0 db - jl80° (5-56) 

The critical point in the Bode diagram is 0 db on the amplitude curve 
and 180° on the phase curve, both at the same frequency. If the KGH 
curve encircles the —1 point on a polar plot, the magnitude of KGH 
will be greater than 1 when the phase shift is 180°. Hence, encirclement 
of the 0-db and 180° critical point in the Bode diagram means that the 
amplitude is greater than 0 db when the phase shift is 180°. Under this 
condition, the system has a root in the right half of the p plane and hence 
the system is unstable, again provided there are no poles in the right half 
plane. If the amplitude is exactly 0 db when the phase shift is 180°, 
then this corresponds to the polar KGH locus passing through the point 
— 1, and the root lies on the j axis. Some examples of both stable and 
unstable systems are now considered. 

5-8. Examples of Bode Construction. Suppose the following transfer 
function is investigated for its stability: 

KGH = pwr+iiPf+i] (5 ~ 57) 

K is the constant gain of the loop, and the GH function is represented 
by a pole at the origin, at —5, and at —10. The Bode diagram con¬ 
sists of three components: one for the single pole at the origin and one 
each due to the other two poles. These are shown in Pig. 5-24. 

The transfer function is written as a function of co by replacing p with jw 


KG II (jo) = 


K 

jcofovs) + lJtO/io) + i] 


(5-58) 


The corner frequencies at co = 5 and co = 10 are first located on the 
graph of Fig. 5-24. Notice that the frequency scale is logarithmic. 
Corresponding to the pole at the origin, a straight line, with a slope of 
— 6 db/octave, is first drawn. This line is displaced because of K and 
goes through the 0-db axis at the point co = K. In this example, 
20 log K is taken as —4 db. Corresponding to the pole at —5, arising 
from the term l/[y(co/ 5) + 1|, a straight line starting at co = 5 and 
dropping at —6 db/octave is drawn as shown in Fig. 5-24. The con¬ 
tribution from the term l/fi(co/10) + 1| is a line which is asymptotic to 
0 db out to the corner frequency, and then it drops off at —6 db/octave. 
The constant term K in the transfer function of Kq. (5-58) has no phase 
shift, and the amplitude curve is simply a straight line of magnitude 
20 log K. 
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The phase-shift curves corresponding to each of these terms are inserted 
as shown on the figure. Due to the l/jw term the phase is constant at 

— 90°. Due to the term l/[i(«/5) + 1] the phase proceeds from 0 to 

— 90° and intersects —45° at the corner frequency co = 5. Correspond¬ 
ing to the term l/[j(co/10) + 1] the phase shift changes from zero to -90° 
and intersects the -45° point at the corner frequency « = 10. 

To obtain the complete frequency response of this system it is only 
necessary to add the four amplitude curves, obtaining the asymptotic 
approximation which is shown with a dashed line. The phase-shift curves 



Fig. 5-24. Amplitude and phase response of -.—tty —— ttttct-tv 

5) + lj[0co/.l0) + 1) 


for the three terms are also added. This addition results in the composite 
phase-shift curve shown with the heavy line in Fig. 5-24. Generally, 
the information obtained from the asymptotes is satisfactory for the 
determination of stability. For this particular case when the phase shift 
is at —180°, the amplitude curve is below the 0-db line. If the gain in 
the example of Fig. 5-24 is greater, the system is closer to instability. 
In this latter case, the asymptotes would, of necessity, be faired in by 
noting that the true curve deviates from the asymptote by —8 db at 
each corner frequency and by -1 db at both half and twice the corner 
frequency. Another example is given to indicate the nature of the 
asymptotic approximation when the system is near instability. 

Suppose the transfer function 

K 


mv) = 


Ki(p + 5) 

vKv + 10 ) 


KG(jo) = 


+ i] 

(jo>) 2 [j(WW+ 1] 


(5-59) 
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be considered for investigation of stability. Note how the terms have 
been factored into the form joor + 1. The break points are first located 
on the Bode diagram. The magnitude curves consist of four parts. 
The first is a constant, 20 logio K. The second curve is contributed by 
VO) 2 and is a straight line intersecting the co = 1 at 0 db with a slope 
-•12 db/octave. The third curve is 0 db to the first break point (co = 5). 
From this point the amplitude rises at +6 db/octave. Because of the 




Frequency, co 

Fig. 5-25. Amplitude and phase of a] (^/]V)^ _jT' J ]‘ 

term l/[j(co/10) + 1] the amplitude response is zero to the corner fre¬ 
quency co = 10. From this point the curve drops off at —6 db/octave. 
These curves are shown in Fig. 5-25. 

The phase-shift curve for the constant K is zero and for the l/(jco) 2 
term is a constant —180°. A variation from 0 to +90° with the 45° 
point at the corner frequency co = 5 is contributed by the zero y (co/ 5) + 1. 
A variation from 0 to —90° with the corner frequency phase shift —45° 
results from the pole at co = 10. These phase curves arc shown in Fig. 
5-25. The separate amplitude curves of this system are added together, 
resulting in the total amplitude response shown by the heavy line on the 
figure. The phase-shift curves are also added, resulting in the composite 
system phase shift which is shown with a heavy line. 
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The actual amplitude curves are found from the asymptotes by raising 
the amplitude curve at each corner frequency +3 db for zeros and lower¬ 
ing at each corner frequency — 3 db for poles, also adding (for zeros) or 
subtracting (for poles) 1 db at one-half and twice the corner frequency. 
The final amplitude curve is shown in Fig. 5-25 by the heaviest line. 
Because of the double pole, this system is near instability at the low- 
frequency end, but the zero produces phase lead which keeps the phase 
response of the composite system above 180° until the amplitude curve 
becomes less than 0 db. To determine the point at which unit amplitude 
occurs, the smooth curve rather than the asymptote must be used. 

5-9. M and N Contours—Nichols’s Charts. The Nyquist stability 
criterion and the application of this criterion to the stability of servo sys¬ 
tems also yield information regarding the degree of stability of a system. 



(b) (c) (d) 


Fig. 5-26. Relation between nearness of approach to the point — 1 and the root 
location. 

If a root of 1 + KGH - 0 exists on the j axis in the p plane, the plot of 
KGH goes through the point — 1; see, for example, Fig. 5-14a and b of 
this chapter. If the root is in the right half plane the plot of KGH would 
encircle the point —1. The correspondence between the plot in the p 
plane and the map in the KGH plane can be further extended as in 
Fig. 5-26. 

Figure 5-265, c, and d indicates the mapping of the p plane onto the 
KGH plane for three locations of the root p, L . If one of a pair of roots is 
located at the point p x on Fig. 5-26a, a plot somewhat as shown in. Fig;. 
5-265 results as the frequency is varied from zero to infinity. The 
KGH map encircles the point -1, which indicates that the transient 
component has two roots in the right half plane. The system oscillates 
with increasing amplitude. If, however, one of a pair of roots is located 
at the point p 2 , the plot in the KGH plane resembles that of Mg, 5-2 Gc, 
in which the curve goes through the point -1. This system exhibits 
oscillations which neither build up nor die out. If one of the 1 * roots is 
located at the point p h the corresponding plot of KGH neither encircles 
nor goes through the point —1 but misses the point, as shown in Fig;. 
5-26d. 
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The closer the root is to the axis, the closer the curve KGH is to the 
— 1 point. On the basis of this, a relation exists between the nearness of 
approach to the point — 1 in the KGH plane and the nearness to the j axis 
in the p plane. Since the distance from the j axis is the constant £oo n in 
the exponential term, the damping ratio which exists in the system is 
related to the nearness of approach to the point —1. The nearness of 
approach of the KGH plot to the point — 1 can be related exactly to the 
system damping ratio for a second-order differential equation. For 
higher-order systems, the relative stability can be approximated. 



Fig. 5-27. Definition of M and N. 


The M and N contours are based upon the closed-loop transfer function 


C0«) _ K(tUu) 
R(ju) 1 + KOUa) 


(5-60) 


for systems with unity feedback, H = 1. The open-loop transfer func¬ 
tion KG(ju ) and the denominator 1 + KG(jw) are vectors. Both of these 
vectors are shown on Fig. 5-27. Equation (5-00) can be written in an 
alternate form (polar form): 


cm = 

R(ju) 


KGUo) , ,, Im Cjj^/RUu) 
1 + KG(ju) * T, ‘ m lie (\ju) /HQiS) 


(5-61) 


where Im means “imaginary part of” and lie means “real part of.” 
The M and N functions arc defined in terms of the amplitude and phase 
of Eq. (5-61): 

= M Z tan-' N (5-62) 

R(ju) 


Hence these functions are defined as follows: 


M = 


KG 

1 + KG 


and 


Im C(joo)/H(ju) 
Re C(ju)/Ji( ju) 


(5-63) 


The M and N curves are lines along which the magnitude is constant 
(M = constant) and lines along which the phase angle is constant 
(N = constant). On polar paper, these M and N curves are easily 
shown to be circles. 
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The M circles are shown on Fig. 5-28. The larger the value of M y the 
smaller the circle about the point -1. These circles arc not concentric 
about the point —1 but are located according to the expression 

Radius of M circle = -- ~~ 

M* - 1 

T-.- _ M" (• r >-(54) 

Distance from origin to center of M circle = 

M 2 — 1 

The derivation of these expressions is included in Appendix VII. The 
smaller the value of M, the farther is the center of the circle from the 
point -1. A series of M circles is plotted on the polar plot for the par- 
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ticular function. The KG function is tangent to some particular M circle, 
which corresponds to the maximum value of M (called M p ) for that par¬ 
ticular a). From a knowledge of the value of M p , an estimate of the 
damping ratio can be obtained. 



Fig. 5-29. N circles in the KG plane. 

For example, in Fig. 5-28 the polar plot of KG(ju) is shown as the 
frequency is varied from zero to infinity. On this plot the curve is 
tangent to the M = 3 curve. M p for this system is equal to 3. 

The N circles are shown on Fig. 5-29. The center of all circles lies 
along the line Re KG = — The circles are located along this line 
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(5-65^0 
(5-65tO 

The N circles, which are also derived in Appendix VII, are significant in 
determining closed-loop phase shift. For systems whose feedback func¬ 
tion is unity (H = 1), the phase shift between input and output is £*> 
constant if the KG locus runs along one of the N circles. 

5-10. Nichols’s Charts. Before the development of the root-locus 
techniques and the design of servo systems from their pole-zero configu¬ 
rations, the Nyquist, or frequency-analysis, technique was highly refined. - 
As a result, a great number of extensions of Nyquist theory exist in this 
field today. The inverse KG locus, the magnitude and phase for in verso 
KG, M and N contours, and Nichols’s charts are only a few. References 
to many of the texts cited in the bibliography 6 ' 7 ’ 38 ’ 52 will yield a con¬ 
siderable amount of information about these other techniques. 

In Sec. 5-3, the Bode diagram is constructed using decibel gain and 
the phase lag in degrees as vertical coordinates with frequency plotted 
horizontally against a logarithmic scale. The two plots are combined 
into one if the gain in decibels is plotted against the phase shift of KG- 
Used in this fashion the point —1 of the polar diagram maps into the 
0-db and —180° point on this rectangular diagram. The encirclements 
of this critical point are determined in the same way as for the standard 
polar plot. 

Passing from the polar system to the rectangular is essentially a trans¬ 
formation. The M and N circles on the polar plot are transformed into 
M and N contours in the rectangular system. The plot of these contours 
for various values of M and N is known as a “Nichols chart,” and one 
form of this chart is shown in Fig. 5-30. The use of the Nichols chart, 
is similar to that described under the M and N circles using polar Nyquist 
diagrams except that a different set of coordinates is used. The rectangu¬ 
lar system of coordinates is generally used in conjunction with the decibel 
gain and phase versus log frequency diagrams (Bode plots), since the 
same coordinates are plotted. 

The Nyquist diagrams, however plotted, are all equivalent diagrams, 
and no further information can be inferred from one which cannot be 
similarly obtained from the other. The principal advantage of the Bode 
diagram choice of coordinates lies in the ease with which system modi¬ 
fications are translated into changes in the Nyquist diagram. 

As an example of the use of the Nichols chart solution consider gt 


iccording to the equations 

Radius of N circle 


= A + (AY 

\4 + \2N/ 


Distance from negative real axis = + 
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system that is represented by an open-loop transfer function of the 
following form: 


KG = 


Ki 

p[p 2 + (i()p + lO 4 ] 


(5-00) 


Suppose it is desired to find the value of K v such that M p = 1.50. The 
transfer function is rewritten 


KG = 


_ K& n ~ 2 _ 

pKp /“») 2 +■ (2fp/co„) + 1] 


(5-67) 
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where u n = 100 radians/sec and f = 0.3. When p is set equal toju and 
the substitution 

u = — = oilO -2 (5-68) 

is made in Eq. (5-67), the transfer function becomes 

KGW - (5 - 69) 

The magnitude of KG(ju)/Kio) n ~~ z is plotted by adding the plot of 
|1/1 — u 2 + 2j£u\ to the straight line, which is the amplitude of \l/ju\ r 



Frequency ratio, u ->■ 

Fig. 5-31. Plot of |/v(7(y?^)/7v l 6j n “‘ 3 | versus u. 


at — 6-db/octave slope. This latter curve passes through the 0-db axis 
at u = 1. The amplitude curve is shown on Fig. 5-31. 

The phase curve for KG{ju)/K x w n -* is plotted in Fig. 5-32 by adding 
1/1 — w 2 + 2j£w found in Fig. 5-35 to —90°. 

The rectangular diagram, shown in Fig. 5-33, is construct,od in a 
point-by-point fashion from Figs. 5-31 and 5-32. The Nichols chart in 
the form of a transparent template (Fig. 5-30) is superimposed on top of 
Fig. 5-33 and shifted vertically until the locus of KG(ju)/Kiw,r s is 
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tangent to the M = 1.5 curve. To do this, the gain must be reduced 
by a factor of 3 (shown in Fig. 5-33). The M = 1.5 curve is drawn in 
Fig. 5-33 in the correct position. The resonant frequency found at the 




Fig. 5-33. Locus of KG(ju)/K\<a n ~ 3 plus M = 1.5 contour super¬ 
imposed (gain factor = 

point of tangcncy is u P = 0.04 or 

o) p = Upcon — 94 radians/sec (5-70) 

The velocity constant is given by 

K. = \ = 33.3 X 10- 8 

W n 


(5-71) 
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6-11. Determining How Stable a System Is from the Frequency 
Method. Besides answering the question as to whether a system is or is 
not stable, the frequency-analysis method gives other information with 
respect to how stable the system is. That is, an approximation to the 
damping ratio f of the transient component of the closed-loop system 
can be obtained. For small values of damping ratio the KGH locus 
passes closer to the point — 1 without enclosing it, as contrasted to large 
values of f which yield KGH plots that pass at some distance from the 




Fig. 5-34. Definition of gain and phase margin. 

point — 1. Two quantities which give damping-ratio information are 
known as the phase and gain margin and are defined as follows: 

The gain margin, which is defined in Fig. 5-34a, is the factor by which 
the servo gain must be multiplied when the phase is 180° to produce 
marginal stability. Hence, if the system is stable with a gain A h the 
gain can increase or can be multiplied by the gain margin before marginal 
stability occurs. Marginal stability will result for a loop gain A 2 that 
causes the locus to pass through the —1 point. The gain A 2 is found 
as follows: 

A 2 = gain margin • A x = i Ai (5-72) 

where d is shown on Fig. 5-34a and is measured along the —180° axis. 
Hence when the phase shift of KGH is 180°, the gain margin is the factor 
by which the gain can be multiplied to produce marginal stability. 

The phase margin <j> m is 180° minus the phase lag that occurs at unity 
gain and is defined in Fig. 5-346. The phase lag is read from the KGH(j<a) 
plot at the point where the magnitude of KGH (j go) is unity. On a polar 
plot this angle is easily found with a compass. Place the point of the 
compass at the origin with the opposite end at the -1 point. Rotate 
the compass down, as shown on Fig. 5-346, until it intersects the KGII(joo) 
contour. The included angle is the phase margin <f> m . 
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The closeness of approach to the point — 1 can be interpreted in terms 
of the damping ratio. In particular, the relationship between the damp¬ 
ing ratio f and the phase margin <t> m can be calculated analytically for a 
second-order system. The curve relating the phase margin to the damp¬ 
ing ratio is shown in Fig. 5-35. The equation for this curve is derived in 
Appendix VIII. It is not possible to obtain the curve relating the 
damping ratio to the gain margin, 
since, for a second-order system, 
only for infinite frequency does the 
system have a phase shift of 180°. 

Hence no value of gain will cause 
instability. It is shown in Chap. 4 
that a second-order system is stable 
for any value of gain. 

A good approximation to the f 
versus <j> m curve is found from the 
linear portion of Fig. 5-35. Refer¬ 
ence to Appendix VIII, where the 
curve is derived, indicates that in the region 

0 < < 40° (5-73) 

the damping ratio is given approximately by 

r = ** ( 5 “ 74 ) 

As an example of the use of phase and gain margin, consider again 
the example of Eq. (5-57). The phase and gain margin are read directly 
from Fig. 5-24. At the frequency where the amplitude characteristic 
crosses the 0-db line, the phase shift 0o is read as —101°. The phase 
margin is 79°. The system of Fig. 5-19, however, has no gain margin, 
since the phase shift is 180° only for a very large frequency, at which any 
multiplication of the gain has no elfect. Often only one of the two 
margins (either gain or phase) yields useful information; as in this case, 
the meaningful one is used. 

The M criterion is discussed in Sec. 5-9. The relative stability of a 
system can be ascertained from the nearness of approach of the KG locus 
to the — 1 point. The problem of estimating the damping ratio from the 
Nyquist diagram is, however, only approximate. In many cases the 
nearness of approach to the point — 1 is used to estimate the damping. 
Considering more quantitatively, the ratio of the distance from the 
origin to the distance from the point p = — 1 is taken as a measure of 
the nearness to the point —1. This definition is arbitrary and is of 
value only if its use gives satisfactory results. The usefulness of this 



Fig. 5-35. Damping ratio f versus phase 
margin 4) m . 
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definition can be evaluated by comparison with other methods, for exam¬ 
ple, the root-locus technique of Chap. 4. 

The maximum value of M, denoted by the symbol M P) can be related 


to the closed-loop damping ratio. 



Fig. 5-36. Damping ratio £ versus maxi¬ 
mum M (M p ). 


Large values of M p , which refer to a 
large resonant rise in the closed- 
loop frequency response, corre¬ 
spond to small damping ratio. A 
small resonant rise, small M PJ cor¬ 
responds to larger values of damp¬ 
ing ratio. 

The exact relationship between 
the damping ratio and M p is deter¬ 
mined for a second-order system. 
Only for this system, 

KG(p) = K/p(rp + 1) 


and H(p) = 1, does a unique analytical relationship exist between M. p 
and This relationship, which is derived in Appendix VIII, is shown 
plotted in Fig. 5-36. The assumption is usually made that this same 
relationship is approximately correct for higher-order systems. Use of 
Fig. 5-36 will be found to be quite misleading if the system has several 
complex roots near the j axis. It is unfortunate, in fact, that this 



Fig. 5-37. Frequency-gradient method of approximating damping ratio. 

relationship is least accurate for unusual systems where the engineer's 
experience and intuition are least reliable. 

The most important use of M P7 phase margin, and gain margin is In 
determining the “relative stability” of a system. Even though these 
methods yield only approximate results in finding the absolute value of f, 
they are valuable in determining whether a change in a particular system 
has resulted in a greater or lesser degree of stability. 
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The frequency gradient method of estimating f is often more significant 
than the phase or gain margin or the M criterion in estimating the 
damping of the least stable roots. An approximate expression for the 
damping ratio can be obtained from the distance of nearest approach 
and the frequency gradient along the KG locus. The equation is derived 
from a consideration of Fig. 5-37 in which all the terms are defined. 
The ratio of distances in the p plane are approximately equal, for small 
distances, to the ratio of distances in the KG plane. For small f the dis¬ 
tance i'oo n is approximately fco x . The distance is related to di, the 
distance from the — 1 point to the curve c[ f in the same manner in which 
the distance Aw in the p plane is related to the distance A l in the KG 
plane. Written in mathematical form, 

"f ~ ^ 


Equation (5-75) is rearranged 


rfx(Aw/A£) 


(5-76) 


This equation is often more reliable in the unusual cases where the 
damping is low. Since the M criterion often gives poorer results in these 
cases, it is a good complement. The 


degree of approximation becomes K + ^ & 

10 

c 

poorer, of course, as the distance of * 

nearest approach becomes larger. 

5-12. Comparison of Various 








Methods of Finding f. As an exam- p IG 5.33 Example system which is 
pie of finding f for the least damped solved by several methods, 
roots, the system of Fig. 5-38 is con¬ 
sidered. In this example it is necessary to determine: “How stable is 
this particular system?” The damping ratio f is computed by the 
following methods: 

1. Root locus 

2. M criteria 

3. Phase margin 

4. Frequency gradient 

The root-locus plot for the system under consideration is shown on 
Fig. 5-39. The transfer function is written in tlie correct form for root- 
locus analysis as 

+ X + 16 ) (M7) 

Three trials are sufficient to locate the point on the locus where K = 640. 
From Fig. 5-39 the damping ratio is found to be £ = 0,139, 
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The polar Nyquist plot for the system of Fig. 5-38 is plotted in Fig. 
5-40 from the expression 

KG{ja) = MUww^mwTT] (5_78) 

Several M circles are shown on this plot. The peak value of M, M PJ 
which corresponds to the circle that is tangent to the KG plot is 3.80. 
Reference to Fig. 5-36 indicates that an M p = 3.80 corresponds to a 
damping ratio of f = 0.141. 



Fig. 5-39. Root-locus plot of KGH = 640/[ p{p -f 4 )(p -f 10)). 


The phase margin for this system is found from Fig. 5-40 to be 
cf) m = 16.7°. From Fig. 5-35 the damping ratio is found to he f = 0.145, 
The damping ratio is estimated with the frequency gradient method 
by measuring the lengths and frequencies from Fig. 5-40. For this 
example, 

di = 0.60 in. an = 6 ops 

A l = 0.42 in. Aco = 0.6 cps 

These values are combined as follows: 


= (0- °° (; p«) _ () l4 , ( r m 

«i Al (6 cps) (0.42 in.) “ (U W 0>-7«) 

Table 5-1 shows the comparison of £ found by the four methods. 
Comparison of the various methods of obtaining the damping ratio in 

Table 5-1. Comparison of Methods of Computing Damping Ratio 
Method, used Da mp itig ral io 


Root locus = 0.139 
M criterion = 0. 141 
Phase margin =0.145 
Frequency gradient. = <). 143 
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this particular example indicates a greater degree of agreement than can 
normally be expected. Since the system is only third order and since 
one of the poles, p + 16, is so far to the left the agreement is quite close. 

In general, the more complex the system, the more the results obtained 
from the frequency-analysis methods deviate. In addition, the perform¬ 
ance of a complex system cannot be described by a single quantity f but 



requires an understanding of where the roots are located and how changes 
in the system affect these locations. The root-locus method provides 
such information. 

5-13. Closed-loop Frequency Response. In fcedback-control-system 
design, the transfer function for which the Nyquist diagram is plotted 
is not the transfer function of the complete system with the feedback 
loop closed. Nor is it the transfer function of the open loop taken from 
input to output. It is the transfer function of the entire open loop 
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taken from the point where it is open, around the loop, and back to that 
point again. It is, however, possible to obtain the transfer function 
and, hence, the frequency response of the closed loop. This transfer 
function for a single-loop system is given by 

C(ja) KG(jo>) _ 1 KG(jcS) /Kom 

1 + KG{jo>) H(ju>) H(jcc) 1 + KG(ju) H(j») 

The frequency response of the entire system can be determined by 
manipulating the KGH function into the form given in the last part of 
Eq. (5-80). Frequently this may be required, for a closed-loop servo, 
to ensure that the system satisfies the specifications. 

The M contours represent the magnitude of KG/ (1 + KG) [or, alter¬ 
nately, KGH/(l + KGH)]. When the values of M are read at points 
along the KG plot, a closed-loop amplitude-frequency plot is formed. 
The closed-loop phase response is available by reading points from the 
N contours. The Nichols chart of Fig. 5-30 is useful in obtaining the 
closed-loop frequency response. The KG locus is plotted on the Nichols 
chart similar to that which is done in Fig. 5-33. The closed-loop magni¬ 
tude is read from the intersection of the KG locus with the M contour. 
The closed-loop phase response is read from the intersection with the 
N contour. By reading M and N at several values of frequency, the 
closed-loop frequency response is obtained. 

If the transfer function has a feedback function H(joi) ^ 1, the result 
read from the Nichols chart must be divided, usually graphically, * by 
H(joo) as indicated by Eq. (5-80). 

These plots, however, represent one of the last stages of the problem 
and come only after questions of gain, stability, and steady-state errors 
have been answered. Any frequency-response specifications such as 
bandwidths can be determined from this over-all plot. 

5-14. Experimental Data. One of the most important uses of the 
frequency method of servo analysis lies in the area of determining the 
transfer functions for certain components. Because of difficulty in analy¬ 
sis of pneumatic and hydrodynamic systems, magnetic amplifiers, rotating 
components, and the like, an analytic expression for the transfer function 
may be difficult to obtain. Pneumatic valves, for example, do not readily 
lend themselves to analytic determination. Very often, however, a fre¬ 
quency plot is obtained on these systems and the decibel gain and phase 
shift versus logarithmic frequency is plotted. The design can be con¬ 
structed on the basis of an approximate transfer function determined 
from the experimentally derived frequency plots. Although the approxi¬ 
mation problem in network synthesis and other fields of electrical engi¬ 
neering has been considered in great detail, 3,11 the asymptotic approxi- 

* Reference 5, pp. 266-274, outlines such a procedure. 
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mations afforded by the Bode plots are most helpful in practical servo 
design. 

Consider the example shown on Table 5-2 in which the experimental 
amplitude characteristics of a system are tabulated. It is desired 
to obtain a transfer function which approximates these character¬ 
istics. If the characteristics are plotted, as in Fig. 5-41, against the 
logarithmic frequency, a series of straight lines can be fitted to these data. 

Table 5-2. Experimental Frequency Data 


/ 

CO 

Decibel gain 

GO 

377 

-7.75 

50 

314 

-4.3 

40 

251 

-0.2 

35 

219 

0.75 

25 

157 

5.16 

20 

126 

7.97 

16 

100 

10.53 

10 

63 

15.03 

7 

44 

1G .90 

2.5 

16 

20.43 

1.3 

8 

21.0 

0.22 

1.2 

24.0 

0 

0 

24. 1 


By noting the corresponding corner frequencies, a transfer function is 
obtained. For the example given in Fig. 5-41, ail approximate transfer 
function is calculated from the amplitude curve 

KGH = (o_o49p + iy(0.00()7p -f T) ^ )-81 ' > 

Often, the phase response for the approximate transfer function will not 
completely agree with the experimental curve. The problem of obtain¬ 
ing the best match for both amplitude and phase curves is simplified if 
linear asymptotes are used for both amplitude and phase curves and the 
two curves are utilized simultaneously. The phase-shift curve can be 
approximated by the straight line of Fig. 5-8 b. 

Use of this approximate transfer function, Eq. (5-81), in conjunction 
with the remaining analytically obtainable transfer functions permits the 
servo engineer to analyze the system. A more accurate study may 
require that the actual element be used with a computer. An analogue 
computer can simulate all of the system except the actual element. Very 
often, however, such a computer or simulator is difficult to locate and 
expensive to use. Careful application of an experimentally determined 
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Fig. 5-41. Approximate transfer function for experimental data. 

transfer function yields useful, although approximate, information in 
quite a short time. 

Having once obtained a transfer function from this frequency analysis, 
the engineer continues the synthesis of the servo by means of the root- 
locus techniques described in Chap. 4. 

PROBLEMS 

5 - 1 . Derive the sinusoidal steady-state transfer functions for the systems of Fig. 

5P-1. 




Fig. 5P-1 

5-2. Plot the amplitude and phase response of the transfer function of Prob, 5-1 for 
Ri = 0.522 = 100K and C - 1 ut 
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5 - 3 . Find the sinusoidal steady-state transfer functions for the systems of Prob. 
2-2, Chap. 2. 

5 - 4 . Show that the substitution p = jw is applicable to find the steady-state solu¬ 
tion for any linear differential equation (system) with constant coefficients when the 
driving function is sinusoidal and the initial conditions are zero. 

5 - 5 . Plot the rise in the amplitude-frequency response versus the damping ratio £ 
for the function 


where 



CO 

U — — 

CO,I 


___ 1_ 

(1 - 'll") -f j2£u 


6 - 6 . Use the asymptotic approximation to construct amplitude and phase diagrams 
versus log frequency for the following transfer functions: 

5 p -f 1 
20p H- 1 
1 


(a) 

l 

V 

(d) ; 

(b) 

1 


(p + 5)(p + 10 ) 

(c) 

1 

Cf) j 

p(p 4- 5) 


p(4p 2 4- 3p + 2) 

9 (p a * + 2 p± 3) 


3 p 3 4 - 4 p 2 -|- 7 p 4 - 2 
5 - 7 . Sketch polar diagrams for the following transfer function: 

1 /IN Tl p 4- 1 / N 1 


(a) 


rip 4 - 1 


(« 


TiP 4“ 1 


(c) 


(ri p 4- l)(rap 4" 1) 


where r\ = 5, t* = 20 . 

6 - 8 . From the curves of Prob. 5-5, plot polar Nyquist, plots for the given transfer 
functions, and from the polar diagrams determine the stability of each system. 

5 - 9 . Construct amplitude and phase versus log frequency diagrams for the transfer 
functions of Prob. 4-0 of Chap. 4. Fstimate the. gain that will result in a damping 
ratio of 0 . 2 . 

6 - 10 . Plot a Bode plot for 

m<(v 4-j) 

p 2 (v + 10) 

and discuss stability for various values of K. 

5 - 11 . Obtain the transfer function for the amplitude curve shown on Fig. 5P-11. 



6 -12. Plot a polar Nyquist diagram for the function 

K 

KGH = p{p/ 4 + DCp /10 + l)(4pTI5 

for K = 1 and K = 4. Which is stable? 
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6 - 13 . For the system of Prob. 5-12 with K = 1, obtain an approximation to the 
damping ratio by each of the following four methods: 

(a) M criterion ( b ) Root locus 

(c) Phase margin ( d ) Frequency gradient 

Compare results. 

6 - 14 . The open-loop response of a control system is given by 


V P(P + l)(p/5 + 1) 

Find K such that the closed loop response has a damping ratio equal to 0.20 which 
corresponds to an M v = 2.54. * . 

6 - 15 . Use the M criterion to determine the gain K that corresponds to a t = 
0.2 (M p — 2.54) for the systems of Prob. 4-9, Chap. 4. 

5 - 16 . A position servo consists of an electronic amplifier (which has a transfer 
function of A), a magnetic power amplifier, and a motor. The motor transfer function 



Fig. 5P-15 


4 - < ?( p( °-° J 16p + *)> and the transfer function of the magnetic amplifier is K M G M . 
Ihe block diagram for the system is shown in Fig. 5P-15. The experimental fre¬ 
quency data on the magnetic amplifier was taken and is shown in the table. Determine 
tne gam A so that the system has a damping ratio of 0.20. 


Frequency/ 


Decibel gain 


Phase shift, deg 


120 

100 

80 

70 

50 

40 

32 

20 

14 

5 

2.5 

0.5 

0 


-7.8 

—4.3 

- 0.2 

0.75 

5.16 

7.97 

10.53 

15.03 

16.90 

20.43 

21.6 

24.0 

24.0 


-165 

-160 

-159 

-151 

-139 

-128 

-126 

-90 

-55 

-37 

-27 

-10 

0 


6 - 17 . Use the Nichols chart to plot the closed 

tor Prob. 5-14 with each of the following values 


-loop frequency response KG/( 1 + KG) 
of M v : 1.3, 2.0, and 5.0. 
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6-18. Three identical amplifiers with the individual characteristics shown on Fig. 
5P-18 are ganged together. The 3-db points are as shown. 



(а) What is the transfer function of the ganged amplifiers, that is, what is the 
open-loop transfer function? 

(б) Show in a polar plot the combined characteristic of the ganged amplifiers. 
Can the closed-loop system utilizing the ganged amplifiers in the open loop be 
unstable? Why? 





CHAPTER 6 


SERVOMECHANISM EQUALIZATION 


6-1. Introduction. The design of a feedback control system involves a, 
compromise between the magnitude of the steady-state error and the 
degree of stability. After the first analysis of the system it may be 
found that the system has too great a steady-state error (possibly K v is 
too small). Alternatively, the steady-state errors may be within specifi¬ 
cation, but the system is too close to instability (i.e., the damping ratio is 
too small). In either case the system must be “equalized.” In general 
terms, servo equalization consists of changing the loop gain, adding zeros 
and poles, or making any change that will bring the steady-state error 
and the degree of stability within the desired specification. 



A 


4.T 

C 

r- 

(0.005p+ l) 


p(0.Q16p +1) 




Amplifier 

Motor 



Fie. 6 - 1 . Position servo system. 


6-2. Equalization by Gain Adjustment. As an example, consider the 
system of Fig. 6-1 which has an open-loop transfer function 


TX JT.L 

p(0.005p + l)(0.016p + 1) (6_ 1 ) 

Suppose that the steady-state error requirement is met by this system 
but that the damping is too low. The reduction in gain necessary to 
increase the damping ratio from 0.1 to 0.2 is obtained from the root-locus 
plot of Fig. 6-2 as 

^cr-o.2) = 0.647f (f _ 0 . 1 ) (6-2) 

The error coefficient K„ however, is reduced by the same factor as the 
gam. Although the stability is improved, the velocity error is increased. 
If the system is simple, it may be expedient, to equalise by gain mhw*.. 
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4.1 A 1 

(0.010) (0.005) p(p +2(j())'(p -h 02.5”) 


tion. In general an optimum system does not result, and in more com¬ 
plex cases gain variation alone is not'sufficient. 

6-3. Equalization by Inserting a Network. When the system requires 
an improvement in the steady-state error or the degree of stability which 
is greater than that which can be obtained by gain variation, the insertion 
of a network in the loop may be required. Consider, for example, the 
system of Fig. 6-1 with a network, of transfer function Gn, inserted in 
the forward loop, shown in Fig. 6-3. It is again desired to raise f to 0.2 
but without sacrificing the magnitude of gain. 

The amplifier time constant is 0.005 and the amplifier gain is A. The 
network, which is shown in Fig. 6-4, is inserted in the loop at a point 



Fig. 6-3. Equalized position servo. 
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where the impedance which is seen by the network is low (ideally zero) 
and the impedance which loads the output of the network is high (ideally 
infinite). The transfer function of the network chosen for this example is 

<M> 

where t x = R X C and r 2 = JrjfL (6-4) 

rti -f- ns 


where 


n = RiC 


As a first case, suppose R± = R 2 and it is required to determine the 
value of the RC product that will yield the maximum velocity-error 


Low j 

impedance Ej, 
load ! 



I High 

E 0 impedance 
! load 


Fig. 6-4. A passive circuit equalizer. 


coefficient K v , which corresponds to the minimum error for £ = 0.2. If 
RC is represented by r, the open-loop transfer function is 


KG(p) 


.1(5.12 X 10 4 )fp + (1 /t)] 

P(P + 200) (p + 62.5) ip + (2 /t)] 


The transfer function of Eq. (6-5) is written in standard form for root- 
locus solution. The velocity coefficient is 

K = lim M(5-13 X 10 4 )(p + l/r)_ 

’ P(P + 200) (p + 62.5) (p + 2/t) 

= ^1(5-1 3 X 10 4 )( 1/t) (6 - b) 

(200) (62.5) (2/r) ~ 


It is to be noticed that the network changes K„ by a factor of 2 because 
Ri = Ri = R acts as a voltage divider. The method of optimizing this 
system is outlined as follows: 

1. The poles and zeros are located on the p plane. 

2. The £ = 0.2 line is drawn from the origin (6 = cos-' f, where d is 
measured from the negative real axis). 

3. The one variable pole and one variable zero are moved along the 
negative real axis. For the different positions of the pole and zero, the 
point is found on the £ = 0.2 line where the sum of the angles equals 180°. 

4. The gain is determined at this point KG{p ) = 1, which yields a 
closed-loop damping ratio of £ = 0.20 for the specific value of r. 

A typical root-locus sketch is shown on Fig. 6-5 for one location of the 
equalizer zero and pole (1/t = 120). This zero and pole are moved along 
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the real axis until an optimum K v is obtained for a specific damping ratio 
of f = 0.20. Included in Fig. 6-6 is a plot of K v versus the reciprocal time 
constant l/RC — 1/r. A maximum K v (= 168) occurs for a r = RC = 
8.38 msec. An improvement in K v of approximately a factor of 3 results 
by inserting the network of Fig. 0-4 with = R 2j since the velocity con¬ 
stant is approximately 50 for 1 /RC — 0. 



Fnj. 6-5. A typical roof-locus plot, for 

*1.1/1 _ p -f 120 _ 

FU) 10)(0-005) p(p F 200)"(p + 02.5) (p -f 240) 


As the final step, suppose that Ry is not held equal to R 2 but that in 
optimizing this system the amplifier gain is limited to 1,000. Since the 
zero and the pole now bear no specific relation (r 2 /ri not necessarily equal 
to more freedom is available and a larger K v is possible. The prob¬ 
lem becomes somewhat complicated because an optimum must be found 
when two quantities are varying simultaneously. The problem is attacked 
by holding the ratio of r^/ry fixed and plotting a curve of K v versus 1/ri. 
By taking several t%/t\ ratios, an optimum solution is approached. 

To determine the values of R h R 2 , and C that give a maximum K v 
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it is necessary to use a technique of successive approximations, 
velocity constant K v is given by 


K v = lim V KG(v) = lim r - 
p->0 p—»o VP 


45.13 X 10 4 [p + (1/ri)] 

+ 200) (p + 62.5)[p + (1 /t,)] 


5.13 X 10 4 T 2 
1.25 X 10 4 n 


4.14 - 

T 1 


The 

(6-7) 


where t 2 = [RiRi/(Ri + Rn)]C and n = RiC. The method of solution 
consists of plotting a family of K v versus 1/ri curves for several specific 



0 50 100 150 200 250 300 


J_ radians 

RC second 

Fig. 6 -6. Velocity-error constant K v versus reciprocal time constant. 


ratios of r 2 /ri. Examination of these curves indicates how K v depends 
upon the parameter t 2 /ti. Interpolation between the curves results in 
the maximum K v possible with a fixed value of A = 1,000. 

The method of optimizing this system is outlined in the following 
step-by-step procedure: 

1. Obtain curves of K v versus l/n for the specific parameter values of 
t 2 /ti = 0.1, 0.2, 0.3, 0.4, 0.6, 0.7, 0.8, and 0.9. The method used to 
obtain the curves is the same as the previous case. The curves for these 
ratios are shown in Fig. 6-7. The maximum value of K v increases with- 
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out limit as r 2 /ri approaches zero. Each curve has only one maximum 
which is located near the point 1 /tx = 120. As K v increases, A increases. 
This indicates that K v is limited only by the maximum value of amplifier 
gain A available. In this problem A is limited to 1,000. 



X 

T i 


Fig. 6-7. Velocity-error constant K v versus 1/n for different ratios of ra/ri. 

2. Calculate the velocity constant K v for = 0.1 arid 0.2 with 
A = 1,000. With t 2 /ri = 0.2 the maximum K v results for a gain of less 
than 1,000. The maximum K v , which is obtained when t 2 /t x = 0.1, 
occurs when the gain is in excess of 1,000. The ratio of t 2 /ti necessary 
to obtain a maximum K v with the gain A limited to .1,000 lies between 
r 2 / T i = o.l and t 2 /t 1 = 0.2. 

3. Interpolate between t 2 /ti = 0.1 and r 2 /r 1 = 0.2 to determine the 
accurate value of t 2 /ti for A = 1,000. Various values of t^/ti are chosen 
between 0.1 and 0.2 for two values of l/r x (= 120 and 128). The two 




178 


BASIC FEEDBACK CONTROL SYSTEM DESIGN 


corresponding curves, which are included in Fig. 6-8, are plotted for K v 
versus r 2 /ri. A line which satisfies the equation 


K v = 4,100 - 

T 1 

is drawn through these curves. Where this line intersects the curves 
a ratio of t 2 /ti is obtained which provides a maximum K v for each value 
of 1/n. 



Fig. 6-8. The velocity-error constant K v versus the ratio of r 2 /n for Uiroo different, 
values of 1/n, also the line K v = 4,100 r 2 /n. 


4. Plot the maximum K v values versus 1/r,, which are found in step 
for A = 1,000. Figure 6-9 shows the plot of this example. The maxi¬ 
mum occurs for r 2 /rx = 0.118 and 1/n = 120. A maximum K v of 403 is 
obtained. This is an improvement by a factor of nearly 10. 

5. Calculate the component values from the optimum conditions of 
step 4. From the values 1/n = 120 and n/n = 0.118 Urn component 
values are specified as follows: 


1?2 

Ri ~\~ Ri 


0.118 


and 


C = 


1.112 X 10 3 


(6-K) 


Ri, i? 2 , and C cannot be found in absolute value unless some other con¬ 
dition, such as input or output impedance, is specified, in a practical 
circuit the impedance level at the point where the network is to be 
inserted must be considered. 

6-4. Method of Servomechanism Equalization. The example of the 
previous section indicates the method of equalizing a system wit h a pas- 
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sive circuit. Although a procedure requiring a trial-and-error approach 
is presented, each trial is rapidly analyzed and a solution is obtained. 
The procedure can be generalized with the following outline: 

1. Determine the constants and transfer functions of all the “ unalter¬ 
able” components. For example, a position servo requires a motor to 
drive the output shaft. This is an unalterable component, since without 
the motor there would be no servo and most motor transfer functions 



104 112 120 128 


1 

T i 

Fig. 6-9. The velocity-error constant K v versus 1/n for A ~ 1,000. 


are identical in form. Use frequency analysis techniques to determine 
the transfer functions of difficult components. 

2. Determine the steady-state errors. Add any necessary polos at the 
origin to reduce this error (in many systems this is not necessary, since 
the unalterable components contain poles at the origin). 

3. Determine the degree of stability of the basic system. If this is not 
satisfactory (that is, f too small), choose a network. 

4. Move the zeros and poles of the network until a suitable degree of 
stability is obtained. 

Since the first choice of a network requires some experience, the next 
sections consider some common networks that can be used to equalize 
simple servo systems. 

A myriad of electric networks exists for servo compensation. These 


networks consist of zeros and poles 
which are introduced either to shift 
the unstable branches of the locus 
back into the left half plane or to 
alter the gain gradient (variation of a 
point on the locus with a change in 
gain) along the locus. It is often im¬ 
possible to accomplish both of these 



effects with one network. Certain networks have a greater effect than 


others. 


6-5. Passive Circuit Lead Network. The circuit of a lead network, 
sometimes referred to as a passive circuit differentiator, is shown in Fig. 
6-10a. The transfer function for this network, with zero source and 
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infinite load impedance, is 

E. 

E; n 


= G(p) = 


p + (1/ar) 

P + (1A) 


where a = 1 + {Ri/R^ and r = 
represented on the p plane of Fig. 



Fig. 6-106. Zero-pole configuration for a 
lead network. 


RiRzC/(Ri + Rt). The network is 
6-106 by a pole at p = — 1/r and a 
zero at p = —1/ar. The zero is 
closer to the origin than the pole, and 
the ratio of the two distances is a. 
The example of the previous section 
indicates that an improvement of 
about a factor of 10 in K v is possible 
by appropriately choosing the com¬ 
ponent values for the lead network. 
If r is small, both the pole and the 
zero are remote and effectively cancel 


each other. As r is made larger, the 
zero enters the region where the locus is affected. For very large r, the 
pole also becomes significant. 


As another example, consider the effect of inserting a passive circuit 
lead network into a third-order system. The open-loop transfer function 



Fig. 6-11. Root-locus diagrams for the system transfer function 


KG(p)H( v ) « 


_ 20 A _ p -f- (1 /4r) 

V(p + l)(p + 5) p + (1/r) 



SEPVOMECHANISM EQUALIZATION 


181 


for the system and equalizer h 


KGH — __ p + (l/4r) 

p(^-MK^+5) 

system equalizer 


( 6 - 10 ) 


This is plotted on Fig. 6-11 for several values of r. Points are connected 
on each locus for gains of 1, 2, 5, 10, and 15. The lead network, as can 
be seen from Fig. 6-11, produces a different effect depending upon both 
r and K. Generally, the lead net- ^ 

work increases the damping ratio f o-j--ww-*- 

and also increases the frequency t > 

of oscillation. £ % 2 E 

6-6. Passive Lag Network. A |' n -L i° 

passive circuit lag network, which is j >z _ - j 

often termed an integrator, is shown Fig. 6-12a. Passive circuit lag network, 
in Fig. 6-12a. For zero source and 
infinite load impedance the transfer 

function is a=l + ^ . 


where 


B l v + OA) 

" a p + (1/ar) 

1 + 


( 6 - 11 ) 


Insertion of a lag network in a 6 ; 12ft - Zor °-P° le for a 

system produces a zero and pole in 

the p plane. The zero is located at — 1/r, and the pole at —1/ar. As 
can be seen from Fig. 6-126, the pole is closer to the origin. If r is large, 
both zero and pole are near the origin and show no stabilizing effect except 
to introduce another root which is near the zero (located at 1/r) for all 
values of gain. Such a root gives rise to a response with a long time con¬ 
stant (approximately equal to r). As r is decreased, the zero approaches 
the other roots and has a stabilizing effect. For still smaller r, the pole 
becomes effective and exerts a destabilizing effect. 

The system of Fig. 6-11 is again stabilized but with a lag network 
instead of a lead network. The transfer function for the system con¬ 
taining the lag network can be written 

KGII = T-~y r -4 Tkf AriAl (6 ‘ 12) 

p(p + 1)(jP + 5) P A (f/A) 

The root-locus plot for several values of r is shown in Fig. 6-13. Points 
of constant K (5 and 10) are connected on each locus. Inspection of 
these loci indicates that with a careful choice of r the system can be 


KGII = 
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made more stable. It should be noticed, however, that with an improper 
choice of r the system can be made less stable. 

Lag networks possess certain disadvantages. If the time constant r is 
too large, a long exponential root occurs in the system. The effect of 
this root can be minimized by keeping the zero close to the pole. The 
root-locus diagrams of Fig. 6-13 show the location of the root with the 



Fig. 6-13. lloot-locus diagrams for the system transfer function 


KG(p)H(p) = 


5 K p + (1/r) 

p(p 4- l)(p H- 5) p + (1/4 t) 


longest time constant for K = 10. The choice of a value of r which will 


provide effective stabilization with a satisfactory exponential time con¬ 
stant is often impossible. 


6-7. Summary of Various Equalizer Networks. In an effort to present 
some of the possibilities available with passive circuit networks, Table 
6-1 is included. The circuit for the network, the transfer function, and 
the zero-pole configuration are given for each case. 


Only simpler networks are included in the table. The positions of 
the zeros and poles are given on the p plane or can be discerned from 
the transfer function. As an example, suppose it is desired to locate the 
poles of network —d given in Table 6-1. The poles are found by factor- 
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networks. The time constant r for all networks is RC . The fraction of 
total rotation of the potentiometer is represented by y. 

Figure 6-14a presents an adj ustable 
network which is shown in Chap. 7 to 
be valuable for phase shifting a-c 
control systems. The transformer 
has a center-tapped secondary. The 
transfer function, for the conditions 
of small source and large load im¬ 
pedance, is 

Eo = 1 - Vry = 1 joyry 

E in 1 + pry 1 + jury 

= nZ — 2 tan " 1 oory (6-14) 

Since the voltages nE in applied to 
this network are derived from a trans¬ 
former, the transfer function of Eq. 

(6-14) is not applicable at zero fre¬ 
quency. If the voltages are derived 
at the output of a d-c phase inverter, 
as shown in Fig. 6-146, Eq. (6-14) is 
applicable at zero frequency. Equa¬ 
tion (6-14) represents a so-called “ all¬ 
pass network 77 ; that is, as 7 is varied 
there results essentially no amplitude change, while the phase lag is varia¬ 
ble from 0 to —180 for a fixed frequency. The zero-pole configuration 
for this phase shifter is shown in Fig. 6-15 for two specific values of 7 . 



Phase lag = for 7, 

= 4>' } + *2 for y 2 

Fig. 6-15. Zero-pole configuration for adjustable phase-shift network. 

6-9. Parallel Equalization. Previous methods of equalization are 
termed “series equalization 77 because networks with the appropriate 
zero-pole configuration are inserted in the forward (or series) loop. With 





'-vy 

| nE in 

-O “ . 

V- v 

Be 

«C 1 

| + 1 

O 


Fig. 6-14a. Adjustable phase-shift net¬ 
work (passive). 



Fig. 6-14 b. Adjustable phase-shift net¬ 
work (active). 
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p(r 1 p + l)(-r 2 p + 1) 


Position 

feedback 


Fig. 6-16. Position servo block diagram.. 
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u parallel equalization” the equalizing network is inserted in the feedback 
path <>i the control system. Use of this form of equalization usually 
leads to multiple-loop* systems. Since there exists a large number of 
a-e transducers, this method provides an especially good means for sta¬ 
bilizing servos where the signal is all alternating current, f 

Consider the example of Fig. 6-16 where the simple position servo of 
Chap. 1 is shown. The amplifier time constant is ti, and r 2 is the motor 
time constant. For a gain K of 24 X 10 4 the system roots, shown on 



Fie. 6-18. Position servo with rate feedback. 


the root-locus sketch of Fig. 6-17a, cross the j axis and the system becomes 
unstable. Suppose that an output-shaft rate signal is added to the 
position signal and fed back to the input, as in Fig. 6-18. In this figure 
a is the ratio of the position feedback voltage to the rate feedback voltage. 
The same numerical values as used in Fig. 6-16 are inserted into the 
system of Fig. 6-18. When a is taken equal to 10, the following open- 
loop transfer function results: 


KiK*(p T 10) 

p(p + 20) (p + 100) 


(6-15) 


The root-locus sketch for this function is included on Fig. 6-176. The 
insertion of the equalizer in the feedback loop adds a zero on the p plane. 
The system is now stable with the same value of gain (K = 24 X 10 4 ) 
at which it was previously unstable. 

In general, rate generators provide signals proportional to shaft 
velocity. These components are discussed in Chap. 8. When rate 
generator signals are added to the position signals, a zero of the following 
form is inserted into the p plane: 

K(p + a) (6-16) 

where a is the ratio of position to rate signal. When a rigid reference 
frame is not available, for example in an airborne or shipboard appli- 


* Sec See. 4-14 for a discussion of the root-locus analysis of multiple-loop servos. 
Section 6-10 presents an example of a multiple-loop system, 
t Alternating-current systems are discussed in Chap. 7. 
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cation, a gyroscope* is customarily used to measure simultaneously the 
position and rate of the object being controlled. Rate feedback pro¬ 
vides an effective stabilization method when an output motion is avail¬ 
able. In many cases, for example an all-pneumatic or an all-electric 
system, the servo output is not mechanical, and hence a rate generator 
cannot be used. 

In general, however, stabilizing networks other than rate generators 
can be used in the feedback loop. First derivative of the output, second 
derivative, or a combination of these can be used to achieve the desired 
equalization. The type and amount of feedback depend upon the par¬ 
ticular system. 



Although many motor manufacturers build a-c and d-c rate generators, 
these are often expensive. Use of the back emf of the motor, which is 
developed by either a-c or d-c motors when rotating, may be a convenient 
expedient to obtain the rate signal. The back emf, which corresponds 
to the generator action of a rotating machine, is proportional to velocity 
and can be utilized to stabilize servo systems in the same manner as a 
rate generator signal. The output of the power device (possibly an 
amplifier) is applied across a bridge circuit on Fig. 6-19. 

The bridge is balanced to yield zero output with full-load voltage 
across the motor windings and with the motor stalled. The resistance R 
is varied to balance the bridge when the motor is stalled. As the motor 
is allowed to rotate, the back emf unbalances the bridge and an output 
rate signal results. This signal is fed back to the input in the same 
manner as the signal from a rate generator would be utilized. 

6-10. Multiple-loop Servos. Parallel equalization often leads to 
systems which comprise more than one feedback loop. In some cases 
multiple-loop servos are inherent in the system; in others they are 
intentionally introduced to modify the undesirable transfer function of 
certain components. 

* See Chap. 9 for a discussion of both position and rate gyroscopes. 
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Block diagrams of some common types of multiple-loop systems are 
shown in Fig. 6-20. Figure 6-20a is typical of systems in which a minor 
loop is established to modify the transfer function G 2; an example is the 
use of position feedback around an electric or pneumatic control motor 
to convert it from an integrating device to a positioning device. Figure 
6-206 is typical of the cross-coupling problems often encountered in air¬ 
craft and missile control systems. 




Fig. 6-20. Typical multiple-loop servo systems. 



Fig. 0-21. An example of a multiple-loop control system. 


Use of the block-diagram identities of Chap. 1 usually permits the 
reduction of the block diagrams and transfer functions. The root-locus 
method, as discussed in Sec. 4-14, is a convenient method of analysis of 
multiple-loop systems. 

To illustrate the use of a second loop to stabilize a system, the example 
of Fig. 6-21 is considered. This example is not necessarily a practical 
problem but has been selected to demonstrate how an unstable system 
can be stabilized with a second loop. The transfer functions of the 
individual blocks are given on the figure. The numerical values for the 
constants are taken as follows: 


K 2 = 300 sec - " 1 
K* = 0.1 
ri = 0,1 sec 


t 2 = 1.0 sec 
t 3 — 0.1 sec 
t 4 = 0.3 sec 


(6-17) 
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The problem is to determine whether rate feedback (represented by r 6 ) 
can stabilize the system when K\ is adjusted to give a natuial frequency 
of 1.5 cps for the closed-loop system. 



The root-locus diagram which is shown in Fig. 6-22 for the minor loop 
is first plotted. For K = 30, the roots of the system arc; located as 
follows: 


p = -5.35 p = +0.5 + 7*4.25 p = +0.5 - +1.25 (0-18) 

The inner loop can now be replaced by a single transfer function in which 
the roots of Eq. (6-18) become the poles of the new transfer function. 
Care must be exercised, however, in writing this transfer function. The 
roots of the characteristic equation are found from a solution, of 


K^K^ir-ip + 1 ) 
p(r 2 p + l)(r 4 p + 1) 


(0-19) 


The roots p x , p 2 , and pz are found from this equation without making; a 
distinction between the forward and feedback transfer functions. In 
writing the over-all transfer function C/R h however, a distinction dons 
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arise. The correct form is found from an examination of the over-all 
transfer function: 


C_ 

Rt 


K 2 


1 + 


pfap + 1) _ 

KjKs^rtfp 4 ~ 1 ) 

p(TiP + 1 )(T«P + 1) 


KtKt 


K t (up + 1 ) 
p(r 2 p + l)(r 4 p + 1) 
Ms 


+ (r 3 p + 1) 




(6-20) 


K 2 K 3 is factored from the denominator of Eq. (6-20) so that the dimen¬ 
sions are correct when substituting the roots 


+ £)(* + (' + £) - + * + ■ ««« 

As a check on the constants K 2 K, h set p = 0 in Eq. (6-21) with the result 
that both sides of the equation reduce to unity. Hence the inner-loop 
transfer function must be written as follows: 


__ (1 / Kz)(t 4P + 1 )_ 

Ri [1 + (p/v OJEl + (p/v 2)][1 + (V/Vz)] 

The roots of the inner loop become the poles in the outer-loop root locus. 
Generally the zeroes of the over-all transfer function are the zeroes of the 
forward transfer function and the poles of the feedback function. The 
constant is readily found by a limiting process (that is, set p = 0). For 
this example, the poles are located at the points indicated in Eq. (6-18). 

In addition the two remaining poles exist at p = —10. A zero is 
located at p = — 1/rr, and at p — —3.83 for the minor loop function. 

Root-locus diagrams for the complete system are shown in Fig. 6-28 
for tb = 0.5, 1.0, and 2.0 see as well as the limiting curve for tb—> 00 . 
This series of loci show that for <*>» = 0.4 a value of r 5 = 1.0 gives a mar¬ 
ginal stability. As r r , increases, the degree of stability improves. The 
limiting value of r r > — co gives a f = +0.044. Although the system is 
made stable, further equalization is required since this system cannot be 
considered satisfactory. 

6-11. Comparison of Various Equalizers. In an attempt to indicate a 
comparison of several types of equalizers, the following system is studied: 


KG(p) 


K 

p( 1 + 0.5p)(L + 0.2 p) 


(6-23) 


Although this system is only third order, the wide variety of results indi¬ 
cate the degree of freedom afforded the servo engineer in synthesizing a 
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Fig. 6-23. Root-locus diagram of the multiple-loop system of Fig. 6-21. 

particular system. The results are not general; they apply only to this 
particular system, which is equalized by the following methods: 

1 . No compensation 

2 . Series lead network of the form 


G i(p) 


0.25(1 + 0.3p) 
(1 + 0.075p) 


3. Tachometer plus unity feedback of the form 


H(p) = 1 + 0.3p 

4. Series-parallel lead network of the form 


a. = 6 + l JM u _ (l + 1/6p) 

(1 + l/60p) a - (IT l/60p) 


(6-24) 


(6-25) 


(6-26) 
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For each equalizer, the system is analyzed by both Bode and root-locus 
methods. A typical root-locus diagram is included in Fig. 6-24. All the 
intermediate Bode and root-locus diagrams are not included; however, 
the results are summarized in Table 6-3. All systems are designed for 
f = 0.4. 



Fig. 6-24. Root-locus diagram for a system with series-parallel compensation. 



The results tabulated in Table 6-3 are further compared in Fig. 6-25, 
where the response to a step function is plotted for each system. The 
time base for all cases is the same. In this particular comparison the 
last equalizer yields the most desirable solution. 








Table 6-3. Comparison of Various Equalizer Networks 
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PROBLEMS 

6-1. For each of the following loop transfer functions choose the gain necessary to 
obtain f = 0.2 and f = 0.4. 

K 

p (0.005p ■+■ l)(0.016p + 1) 

Kjp + 10) 

p(0.005p + l)(0.016p + 1) 

K 

p(0.005p + l) 2 (0.016p + 1) 

6 - 2 . Determine the transfer function of a network that will stabilize the system of 
Fig. 6 P-2. G t is the transfer function of the network. The input and output imped¬ 
ances that the network sees are, respectively, zero and infinite. 


(a) 

(b) 

(c) 



/AG e 


i 

P 3 

1 C 

r- 









Fig. 6P-2 


6 - 3 . It is desired to support a body electrostatically. The block diagram of a servo 
to accomplish this is shown in Fig. 6P-3. 


1/M 

V 2 - (Kt/M) ~ 
F a = 


Kb = 


AG(p) - 
K e = 


transfer function of body supported with an electrostatic field 

force supplied by servo 
transfer function of position pickoff 
amplifier and equalizer transfer function 
transfer function of force field 


The values are 


Kb 

K e 

M 



= 1.1 X H) 2 volts/in. 
= 2.5 X 10“ 6 lb/volt 
= 10~* lb-sec 2 /ft 

= 315 radians/sec 


A = amplifier gain 


(а) Take G(p) = ap + 1, and choose a and A for the optimum 
the steady-state error to a step function input. 

(б) Take G(p) = cap -f 1 4- y/p, and choose <x, y, and .4 for an 


system. Compute 
optimum system. 



Fig. 6P-3 
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6 - 4 . The system of Fig. 6P-4 represents the basic form of a strip chart recorder. 
An unknown d-c voltage e x (0 is to be dynamically recorded. A refeience voltage 
Er is accurately maintained across the slide-wire potentiometer. In most commercial 
systems, Er is automatically compared with the voltage of a standard cell and the same 
servo that is shown in Fig. 6P-4 serves as the self-correcting feedback system. 



The operation entails a comparison of e x (t ) and e/(0* The difference voltage 
e x (t) — e/00 is converted into an a-c error voltage through the use of a chopper modu¬ 
lator. The a-c error voltage drives a power amplifier which excites the control phase 
of a two-phase servomotor. The servomotor jointly drives the lead screw mechanism 
and the helical potentiometer in the proper direction to reduce the error signal. 

Motor data: 


Stall torque. 3.84 in.-oz with 74 volts applied to the control winding 

No-load speed. 3,600 rpm 

Rotor inertia. 0.96 X 10“ 3 oz-in.-sec 2 


The gear train moment of inertia referred to the motor shaft is found to be 1.63 X 10 3 
oz-in-sec 2 . Neglect friction and backlash in this study. The transfer function of the 
modulator-amplifier combination is found to be A. Let c(t) be the linear displacement 
in inches of the pen on the strip chart. 

(a) Formulate a block diagram for the system using e x (t) as the input and c(t ) as the 
controlled output. 

(b) What is the necessary value of gain A for a damping ratio of 0.7, and what is the 
corresponding undamped angular frequency? Note: this information can be obtained 
directly from the equations. 

(c) With the gain set as in (&), what is the steady-state error (in inches) for a step 
input of 100 mv? 

(d) If you were to use this recorder, to what value would you set the damping and 
why? 

6 - 6 . The system of Fig. 6P-5 is a speed regulator in which the speed depends upon 
a potentiometer setting e r . Tachometric feedback is employed to compare a voltage 
eb, which is proportional to the angular velocity of the output shaft, with the reference 
voltage e r . The error voltage e r — e & is amplified and used to excite the generator 
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field. The generator then drives the motor and load. Assume no back emf induced 
in the field of the alternator and assume zero output impedance for the amplifier. 
The back emf of the motor is Kco. 

e 0 = Kfif — RJa H- K<a Kb = 0.1 volt/(radian) (sec)"* 1 
Motor torque L m = K a ia K a =0.5 lb-ft/amp 

ei = Kbu J = 0.25 slug-ft 2 

K f = 50 volts/amp K = 0.3 volt/(radian)(sec) -1 

A = 50 Rf — 25 ohms 

Lf = 1.2 henrys R a = 1.5 ohms 

(а) Form the block diagram for the system. Express individual transfer functions 
in terms of the system parameters, that is, K a , Kb, J , A, etc. 

(б) Write the closed-loop transfer function a>/E r . 

(c) Determine the stability of the system. 



Fig. OP-5 


6-6. A servo is described by the transfer function 

0 « - fSTii 

(a) For what values of K is the system stable? 

(b) Insert a series equalizer G e (p) = (1 /a)[(arp + \)/(rp 1)1, and choose the best 

values of a and r. 

( c ) Is there any other equalizer that may be superior? 

6-7. For the multiple-loop servo shown on Fig. OP-7, G i = 8/p 3 and Gt = p n . For 
what values of n is the system stable? 



Fig. OP-7 
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6 - 8 . It is desired to select a lead network of the form 

1+4 T P 
Gw = ■ -r—-- 

1 + rp 

and to insert this in the servo of Fig. 6P-8. Obtain a plot of f, the damping ratio, 
and co n , the undamped natural resonant frequency, as a function of r for 0 < r < 0.75. 
What is the optimum setting for r? 



Fig. 6P-8 




CHAPTER 7 


DESIGN OF D-C AND A-C EQUALIZERS 


7-1. Introduction. In the previous chapter the various methods of 
equalizing feedback control systems are discussed. Both series and par¬ 
allel equalization are employed in the examples of Chap. 6. The problem 
of equalizing a servo system is at least twofold: 

1 . Locate the zeros and poles required for stability. 

2. Design a network that satisfies the desired zero-pole configuration. 

This present chapter treats the second part of the equalizer problem— 

the design or synthesis of the network that will satisfy the zero-pole con¬ 
figuration found necessary in the theoretical discussion of Chap. 6. 

The first part of this chapter deals with the problems of network syn¬ 
thesis* and the equalization of d-c control systems. Procedures for the 
design of simple networks and examples of the use of these procedures are 
discussed. 

Because of the following reasons, it may be advantageous to use an a-c 
system. 

1 . Drift (random fluctuations of d-c level) in d-c amplifiers. 

2. Difficulty of design of the d-c amplifier. Alternating-current ampli¬ 
fiers can be coupled using transformers or capacitors with no problem of 
drift. 

3 . Simplicity of components. 

The analysis of a-c systems, which is discussed in Chap. 6, is similar to 
that of d-c systems. It is not necessary to take notice of the presence of 
the carrier or a-c signal during the initial phases. For example, to a first 
approximation transfer functions of both a-c and d-c servomotors are the 
same. The practical method of mechanizing the required zero-pole con¬ 
figuration, however, is different from the d-c case. The latter portion of 
this chapter considers the special techniques which can be used for the 
design of a-c equalizers. 

* The author is indebted to I)r. Louis Weinberg for much of the material in this 
chapter. Most of the material in the sections on synthesis was obtained from his 
excellent summary “Network Synthesis,” a section of the hook u Servomechanisms 
and Feedback Control Handbook,” edited by J. G. Truxai and published by McGraw- 
Hill Book Company, Inc. 
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7-2. The Network Synthesis Problem. The design or synthesis of an 
equalizer network comprises the following items: 

1. A transfer function, which is specified by a particular zero-pole con¬ 
figuration, is given, and a network with these given characteristics is to 
be found. A solution may not exist; however, if it does exist, it is gen¬ 
erally not unique. Thus, the most practical network can be chosen from 
a large number of equivalent possibilities. 

2. Asa first step, a check is made (often by inspection) to determine if 
the given function satisfies the necessary and sufficient conditions for phys¬ 
ical realizability. Only finite passive lumped-parameter networks that 
obey the reciprocity theorem are considered. A function is said to be phys¬ 
ically realizable if a network representation of that function can be devised, 
the network containing only a finite number of mutual inductances, ideal 
transformers, and positive resistances, capacitances, and inductances. 

3. The design procedure is generally carried out step by step, each step 
reducing the degree of the given transfer function. Both the network 
configuration and the element values are found with the procedure. 

The system function of a network is defined as a function of the com¬ 
plex variable p, representing the ratio of a response variable to an excita¬ 
tion variable. More precisely, a 
system function is equal to the ratio 
of the Laplace transform of the re¬ 
sponse, or output variable, to the 
Laplace transform of the driving 
function, or input variable. It is 
also the transform of the impulse 
response of the network. There are two types of system functions of 
interest: the driving-point function and the transfer function. Lor a 
driving-point function (or, as it is often called, a two-terminal function) 
the input and output are measured at the same pair of terminals. Hence, 
any input or output impedance or admittance is a driving-point func¬ 
tion. For a transfer function, on the other hand, the input and output 
are measured at two different pairs of terminals. For example, in the 
general four-terminal network, shown in Fig. 7-1, with the input applied 
at terminal pair 1-1', Yu — Ii/Ei is a driving-point admittance, E%/Ei 
the transfer voltage ratio, I 2 /I 1 the transfer current ratio, E%/I\ the 
transfer impedance, and I%/E\ the transfer admittance. 

The most general type of system function for a finite lumped-param¬ 
eter network is a real rational function, which is given by a quotient of 
polynomials of the form 

Ctrl') = + ' ‘ 1 + aiP + ao = K (p + Jh) - . . (p + p m ) 

D(p) b n p n + ■ • ■ + hp + b 0 (p + p[) . . . (p + p' n ) 

(7-1) 



Fig. 7-1. General four-terminal network. 
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where K — a m /b n is a constant multiplier and the as and bs are real 
constants. 

For stability it is necessary that D(p) have no zeros in the right half 
plane, thus D(p) must be a Hurwitz polynomial, where a Hurwitz poly¬ 
nomial is defined as one having zeros only in the left half plane. For cer¬ 
tain restricted networks, D(p) may have zeros on the imaginary axis. 

7-3. Realizability Conditions for Two-terminal Networks. The neces¬ 
sary and sufficient conditions for the physical realizability of two-termi¬ 
nal, two-element kind networks are presented without proof in this sec¬ 
tion. Numerous references, which include the proofs, are cited in the 
bibliography. A network possessing only two types of elements is called 
a two-element kind network; for example, an RC network is made up of 
resistances and capacitances only. 

a. RC (and RL) Driving-point Functions * A system function may be 
realized as the driving-point impedance of an RC network if it satisfies 
all the following conditions: 

1. The zeros and poles are all simple and lie on the negative real axis 
or at the origin of the complex plane. 

2. The zeros and poles alternate along the negative real axis. 

3. The critical frequency of smallest magnitude (i.e., the one at or 
nearest the origin) is a pole. 

4. The constant multiplier K is positive. 

A function with these characteristics is given by the factored form 

Z = K (P + PaKP + Pa) . . . (p + Vm ) / 7 _ 2) 

(p + Pi)(P + Pa) • • • (p + Pn) 

where all the critical frequencies pj arc positive real numbers and 

0 ^ pi < p2 < P;i . • . (7-3) 

Since Y = l/Z, an RC admittance must possess the characteristics 
(1), (2), and (4), but its critical frequency of smallest magnitude must be 
a zero. Since the critical frequencies of an RC function are all on the 
negative real axis, its characteristics may be shown completely by a plot 
as a function of the real variable <r(p — <r + jo). Because of the alterna¬ 
tion of the simple poles and zeros the derivative will possess one sign 
throughout: negative for impedances and positive for admittances. Sev¬ 
eral typical plots are shown in Fig. 7-2. 

The discussion is confined to RC networks; however, if the word 
impedance is substituted for admittance and vice versa, all the state¬ 
ments apply to RL networks. 

b. LC Driving-point Functions . 17 * 26 Foster’s reactance theorem states 
that a system function may be realized as the driving-point impedance 


See Ref. 22, pp. 208-210. 
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or admittance of an LC network (without mutual inductance or ideal 
transformers) if it satisfies all the following conditions: 

1. The zeros and poles are all simple and occur on the imaginary axis 
as conjugate pairs. 

2 . The zeros and poles alternate (this is termed the separation property 
of the zeros and poles). 

3. The constant multiplier K is positive. 

An LC driving-point function is called a reactance function if it is an 
impedance, a susceptance function if an admittance. 




An example of a reactance function is 

^ = IM = (P 2 + *>i»)(p* + *> 3 2 ) ■ . ■ .. 

D{P) P(P 2 + C02 2 )(p 2 + C0 4 2 ) . . . ^ 7 " '' 

in which 0 < coi < o> 2 < w 3 . 

c. RLC Driving-point Functions* The conditions for realizability of a 
rational function as a general driving-point impedance (or admittance) 
are that it be a positive real function. A rational function Z is defined 
as positive real if it satisfies the following two conditions: 

1. Z is real for p real. 

2 . Re Z(p ) ^ 0 for Re p ^ 0. 

The above two conditions may be stated in an equivalent form that is 
more suitable for testing purposes as follows: 
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1 . 7j is real for p real. 

2. The denominator polynomial of Z is a Hurwitz polynomial, or may 
have zeios on the j axis. If Z has poles on the j axis, these poles must 
be simple and have real and positive residues. 

0. He Z{ju) >, 0 for all real values of w . 

7-4. Two-terminal Network Synthesis. 26 ’ 64 The synthesis of two- 
element kind dii\ ing-point functions is considered in this section. Two 
methods of synthesis for the driving-point functions are presented, one 
employing a part ial-t ruction and the other a continued-fraction expansion. 

(t. I 1 outer »s i/ntliC'Vis. 1 he Foster form of an RC network is obtained 
by a partial-fraction expansion of the impedance function. Each term 
may be realized by recognition, the first term corresponding to a resist¬ 
ance and each of the ot her terms to the impedance of an RC parallel com- 
binat ion. A series connection of all these basic structures yields the total 
impedance. Since Z(p) satisfies the conditions for realizability as an RC 
network, all residues are positive. 

Since' the expansion of an admittance Y may yield negative terms (or 
residues), Y p is expanded and then multiplication of both sides of p 
yields an expansion for V with all positive coefficients. The over-all 
admittance is then given by a parallel connection of R, C, or RC series 
combinations. 

One expansion procedure is based on a partial-fraction development of 
Y{p) as follows: 


v ;; /vo y k ± _ 

v Ay p + on 

X 1 


(7-5) 


whore all h\ mr zero or real and positive, and all are real and positive. 

As an example of such a partial-fraction expansion, consider the follow¬ 
ing admit lance function: 


y (P +■ %)(P +J>) M a\ 

~ (p + 4)(p + 10) w ; 

Kxuininntinn of the physical realizability conditions of Sec. 7-3 indicates 
that Kq. (7-0) can lx* synthesized as an RC network. 

To obtain one expansion with only positive coefficients, Y/p is 
expanded as follows; 

Y (p t- 2j (p f (>) = !u Ki _, K 2 , 7 _ T) 

p pt.p M)(/> +• it)) v Xv 4-4) Ip + io) 

Based upon the partial-fraction expansion technique, as discussed in 
appendix I (See. l-">), the constants in Kq. (7-7) are found as follows: 
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1. Multiply both sides of Eq. (7-7) by p , set p — 0, and solve for Kq: 

P(P + 2 )(p + 6) = K , KiV , A 2 p 

p(P + 4)(p +10) °' t "p+4 1_ p + 10 

= A 

0 (4) (10) 10 

2. Multiply both sides of Eq. (7-7) by p + 4, set p = —4, and solve 
for K i: 

(-4 + 2)(—4 + 6) _ (-2)(+2) _ 1 
( —4)( —4 + 10) ( —4)(+6) “ 6 C7_Jj 

3. Multiply both sides of Eq. (7-7) by p + 10, set p = —10, and solve 

for K 2 : 

(-10 + 2)(-10 + 6) (-8)(-4) 8 ,_ im 

2 (—10)(—10 + 4) ( —10)( —6) ~ 15 ( ' 7_1U} 

In general the constants are found by multiplying the equation by 
each of the poles. When p is set equal to the value of the pole, the con- 

o-- stant is found. Hence for Eq. (7-7) the expansion 

Ac for F is found by multiplying both sides of the 

1 Y =— - p -, equation by p as follows: 


F = i, Mp , H sv 

10 ^ p + 4 _r p + 10 


(7-11) 


!Teni 3 '/c network. ° f ad “ ittance of a series combination of a capac- 

itor and a resistor is shown in Fig. 7-3. Hence, 
the circuit for the admittance of Eq. (7-11) is given in Fig. 7-4. 

The partial-fraction expansion of an impedance Z(p ), which is realiz¬ 
able as an RC network, is expanded 


as follows: 


zw _*.+!+_* i * h ? f - r -, ‘ 

P P + Pi f +r=i- Ar~ — JL 

b C-l 24 ‘-2— 1J0 

+ • • • + (7-12) 0 - 1 - 1 - 1 

P ' P« Pin. 7-4. Partial-fraction synthesis of 

where all k* are zero or real and posi- Y(p) = 1? + MV. + e > 

tive quantities and all p { are real and (p + 43(p + 10) 

positive. As an example of such a partial-fraction expansion, consider 
the function given in Eq. (7-6) which is written as an impedance 

Z = (p + 4 )(P + 10) (7 .... 

(p + 2)(p + 6) (7_1 ' 3 ' 

The second form of partial-fraction expansion is as follows: 

Z = k„ + —A— + -fa 

p + 2 p + 6 


Fig. 7-4. Partial-fraction synthesis of 
Y(p) = (P + 2 )(P + 6) 


(V + 4 )(p + 10 ) 


(7-13) 


(7-147 
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The constants are found, as discussed in Appendix I and as indicated in 
the above example [Eq. (7-7)], as follows: 


K = lim = 1 

*->« {p + 2 )(p + 6) 

(p + 4)(p + 10) 

1 P + « p— — 2 

k = (p + 4)(p + 10) 

V + 2 P = -6 


(7-15) 

(7-16) 

(7-17) 


The expansion is wl'ittcn as follows: 

z-i + jrb + jnLs 

and the network is included in Fig. 7-5. 



Fig. 7-5. Partial-fraction synthesis of Z(p) = 

(p + 2)(p + G) 


(7-18) 




i_i i-1 


(a) (b) 

Fig. 7-7. Breakdown of a network in a continued-fraction expansion. 

b. Cauer Synthesis. The continued-fraction or Cauer synthesis yields 
a two-terminal ladder-type network. The impedance of the network of 
Fig. 7-6 can be written as a series of terms, the first of which is Z\i 

Z(p) ~Z X + Z A (7-19) 

and is shown in Fig. 7-7 a. The impedance Z A can be written as an 
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YA = -k = Yi + Y * 


(7-20) 


which is shown in Fig. 7-7 b. This process is continued with the result 


Zip) — Zi -f- 


Fx + 


Any expression 


Zi + 


f 2 + 


1 


1 


Z 3 + ■ • • 


Zip) = 


N(j>) 

Dip) 


(7-21) 


(7-22) 


is easily written in the form of a continued fraction by a process of 
repeated division 

Zip) = aip) + = dip) + 


Dip) 


= a(p) + 


Dip)/N iip) 
= etc. 


(7-23) 


Hp) + 


Niip)/Diip) 


Since the order of Nip) and Dip) does not differ by more than unity, 
each of the quotients aip), h(p), etc., are simple circuits. The process is 
carried out until a recognizable circuit is obtained for one of the remain¬ 
ing fractions. 

The expansion may be made about infinity or zero; in each case the 
partial quotients all have positive coefficients. In the expansion about 
infinity the general form is as follows: 


Z — di + 


cip -1 - 

di + 


(7-24) 


c-ip -1 - 

di T • • • 

The first term corresponds to a resistance in the series arm of value d x 
ohms; the second term to a shunt capacitance of value Ci farads. 

In the expansion about the origin, the general form can be written as 

jc~ n - 
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z = c -i + _ - 1 

p 

di +--- 



1 


di + 
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(7-25) 


The pole* at. the origin and the constants are alternately removed from 
the function. The first term corresponds to a capacitance of a farads in 
the weiies mm, the second term to a conductance of di ohms in the shunt 
arm; etc. 

h oi the expansion about infinity, the polynomials are "written in the 
normal order in descending powers of p, whereas for the expansion about 
zero, the polynomials are written in ascending powers of p. 

As an example of the continued-fraction expansion of a two-terminal 
admittance function, consider the function of Eq. (7-6) 

Y = . (P + 2 ) (p + 6) = p 2 + 8p + 12 

(p + 4)(p + 10) p°- + 14p + 40 ( ' 7 

The expansion about infinity is first found. Since Y has no pole at 
infinity, no operation is performed in the first cycle. In the second 
cycle, the function is divided as follows: 


1 

p 2 -f- 8p 4~ 12 \p” 4- 14p 4- 40 

f 4- 8p 4- 12 1 
4~ bp 4~ 28 0 ^ 

Ip 2 4- 8p 4- 12 
... 14 9 

r + T” 5 

10 i 

-J p 4- 12 |6p 4- 28 (7-27) 
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The expression is rewritten as follows: 


Y = 


1 


1 + 


1 


l V + --- (7-28) 


25 . 1 

and the RC network is shown on Fig. 7-8. 


o- 


Ro = l 

W\AA 


Rz= l 

K \ 5 
AAAAA- 



Fig. 7-8. Continued-fraction expansion of Y 



(y +2)(p + 6) 
{p -|- 4) ( 7 ? + 10) 


The continued-fraction expansion about the origin is found by dividing 
the polynomials which are written in ascending order. The resulting 
continued fraction is written as follows: 


Y = 



1 


?00 , _ l _ 

19p ^ 

361 1 

630 + 

3,969 1 

76 p 


(7-29) 


The corresponding RC network is shown in Fig. 7-9. The values of the 
components are made reasonable with an impedance-level change. To 
raise the impedance level by a factor b the impedance of each type of 
element is multiplied by b. Hence, multiply every R and L by 6, and 
divide every C by b. 

7-5. Realizability Conditions for Four-terminal-network Synthesis. 

A rational function is realizable as a transfer impedance (or transfer 
admittance) of an RLC network if it satisfies the following necessary and 
sufficient conditions: 

1. The function is real for p real. 
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2. The denominator has zeros in the left half plane or on the j axis. If 
zeros are present on the j axis, these zeros must be simple and the function 
must have real (positive or negative) residues in these poles. 

,1. I he degree of the numerator may be at most one greater than the 
degree of the denominator. 

1 o be realizable as a transfer voltage ratio, a rational function must 
also have real coefficients hut it cannot have a pole at the origin or at 
infinity. It must be analytic in the right half plane; if poles occur on the 
j axis, they must be simple and 
have pure imaginary residues. 

The above conditions place no 
explicit restrictions on the zeros of 
the transfer function; they may lie 
anywhere in the plane. However, 
the transfer function of a grounded 
network without mutual induc¬ 
tance cannot possess zeros on the 
positive real axis. Finally, restric¬ 
ting the network to have a resistance termination requires that no poles 
occur on the j axis in any of the transfer functions. 

It is possible to establish restrictions on the magnitude of the gain of 
RLC and HC networks. Most procedures are concerned with synthesis 
within a constant multiplier, since an amplifier easily compensates any 
loss of gain through the network. For this reason, such conditions are 
not discussed in this book. 

7-6. Four-terminal-network Synthesis. Two linear equations com¬ 
pletely describe the behavior of a four-terminal (two-terminal-pair) net¬ 
work; an n-terminal-pair network requires n equations for its complete 
description. Of the many different sets of equations that may be used, 
two convenient sets are 



Fig. 7-9. Continued-fraction expansion of 
y = (g +2)(p +6) 

(p + 4)(p + 10) 


El = Znh + Z12/2 
= Znh + Znh 


(7-30) 


and the inverse set of equations 

h = 

h = 


Yuli 1 + 
YnE\ + 


Y12E2 
Y22E2 


(7-31) 


where Z v > = Z 2 \ and Y ]2 = Fai by the reciprocity theorem. 

The Fs arc called the open-circuit impedances; the Fs, the short-cir¬ 
cuit admittances. The definitions of these system functions are con¬ 
tained in the equations 


Zu 

Z n 


Ei 


h 

!h 

h 


7V-0 


Z21 


Z22 


E 2 
h 
E 2 


h = 0 


h 


(7-32) 


|n-o 


hi -o 
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and 


Yu = 

Y 12 = 


h 

Ei 

h 


|e 2 =o 


E2 


\Ei = 0 



|e 2 =o 


I JS?i = 0 


(7-33) 


The Zs are evaluated (or measured in the laboratory) with all terminal 
pairs open-circuited (a current source having an infinite internal imped¬ 
ance); the Fs with short-circuit constraints at the terminals (a voltage 
source having zero internal impedance). 

In many synthesis procedures an identification of the appropriate Zs 
(or Fs) is made with the given system function, and then these Z s are 
realized by a network of the desired form. Both ungrounded networks 
(lattice) and grounded networks (ladders) are discussed in the next 
section. 

7-7. Elementary Lattice and Ladder Synthesis. Any realizable RC 
transfer function can be realized by a lattice network, which is shown in 



gp _ z b -z a 

Ein Zb+Za 


Fig. 7-10. The transfer function for this network is found for the condi¬ 
tion of zero source and infinite load impedance. The equations about 
the two nodes E 2 and E 3 with the lower input node taken as ground are 
written 



(7-34) 


Solution of these equations yields 


E 0 = E 2 — E z 


= EinKl/Zg) - (1 /Z b )] 
[(1 /Za) + (1 /Z b )\ 



(7-35) 


The two-terminal impedance functions and Z b are found by identify¬ 
ing numerator and denominator with the desired transfer function. 

Either the impedance, Eqs. (7-30), or admittance equations, Eqs. 
(7-31), can be used to determine the transfer voltage ratio. The imped¬ 
ance form is found by setting the output current 1 2 equal to zero, since 
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the load impedance is assumed to be infinite. The transfer voltage ratio, 
or transfer 1 unction, is written 


_ Z\2 

-$in Zix 


(7-36) 


If t.he transfer function is denoted as E„/E in = Z 12 (p)/Z n (p), the two- 
terminal impedances are found as follows: 


Z b — Z a = Z is (p) 
Z b + Z a = Z n (3>) 


Adding and subtracting Eqs. (7-37), 


(7-37) 


z* = VAZAv) + ZM\ 
Za = y^Zniv) - Zu(p)] 


(7-38) 


Each of the functions Z a and Z b can be divided by Kq(p), where q(p) is 
any desired polynomial in the operator p. Since a ratio of impedances 
is tal-con in Eq. (7-36), the Kq(p) cancels out of the fraction. q{p) is 
inserted to aid in realizing the two-terminal impedance functions that 
result,. Division of Eqs. (7-38) by Kq(p ) yields the equations 


7 . Zu(p) + Z u (p ) ^ _ 1 Z n (p) — Zu(p) 

6 2 Kq(p) ^ ~ 2 —Kq(j>) 

Consider, as an example, the following transfer function: 


(7-39) 


Eo _ (p + 30) 2 p 2 -f 60p + 900 

E in (p + 50) (p + 100) p 2 + 150p + 5,000 

The Quantities Z„ and Z b are found from Eqs. (7-38) as follows: 


z b = )4(p 2 + 150p + 5,000 + p 2 + 60 p + 900) 
Za = H(p 2 + 150p -1- 5,000 - p 2 - 60p - 900) 

These quantities are divided by q(p): 

r, _ 90p + 4,100 _ 90 4,100 

“ ' K<i(p) ' K + Kp 

r , _ 2 p 2 + 21 Op 5,900 _ 2p 210 5,900 

" ' Kq(p) K ' K ^ Kp 


In tliis ease it is convenient to take Kq(p ) = Kp. The two-terminal 
impedances Z a and Z b are shown in Eig. 7-11. The numerical values 
become reasonable in size when K is taken equal to 10 -2 . 

In general, Z a and Z b can be built with passive elements if the subtrac¬ 
tion necessary in Eq. (7-39) results in all positive components. Prac' 
tically, the lattice network has the disadvantage of possessing no com- 
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mon ground between input and output. To overcome this problem it is 
necessary to drive the input with a balanced signal, for example, from a 
transformer or difference amplifier. Alternatively, the load may be 
driven in push-pull so that the common ground problem can be obviated. 
Another difficulty with the lattice network is the number of elements 
necessary. For the example taken here, ten elements are necessary to 
achieve the desired transfer function. 


Ro 


C a 

-1(- 


-'lTtRJW N -WW 1 - 


c 

-k- 


Ra=T = 9000 Cl 
Ca = 4TO = 2. 4 4 M f 

7 90 4100 

L o- Xp 


[ b =£=200h 
R b =212 = 24,000 Q 

_Q> = 5900“ 1'69 /if 


_ 2p 210 5900 

Fig. 7-11. Lattice elements. 



^R 0 



Fig. 7-12a. Simple ladder 
network. 


Fig. 7-125. Loaded ladder 
network. 


Synthesis of the necessary two-terminal impedances Z a and Z h is accom¬ 
plished by reference to Table 7-1 or use of any of the two-terminal syn¬ 
thesis procedures of Sec. 7-4. It is important to maintain a low source 
and high load impedance. 

Because of the disadvantage of an ungrounded network, considerable 
emphasis has been placed on three-terminal networks. One terminal in 
common to the input and the output and hence can be grounded. A 
ladder network 24 is an example of such a grounded network. Since many 
synthesis procedures have been developed* (and are being developed), 
only a very simple and limited example is considered in this text. Tim 
ladder synthesis is based upon the circuit of Fig. 7-12a. When this net¬ 
work is operated from zero or low source impedance and infinite or large 

* See Ref. 54, pp. 190-220. 
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Table 7-1. Passive Circuit Impedance Forms 
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load impedance, the transfer function can be written 

E. = Z* = 1 

Ein Zl Z 2 1 ~b (Z l/ Z 2 ) 


(7-41) 


When Eq. (7-41) is rearranged and the open-circuit impedances of Eq 
(7-36) utilized, the following equation results: 


Ejn _ , _ Zu _ _ Zu — Zu _ Z\ 

E 0 ~ Z u Zu Z 2 


(7-42) 


As an example of this procedure, consider the problem: After the design 
of a control system, it is found that an equalizer is required which has the 
following transfer function: 

Eo = (p + 30) 2 = Zu 

E in (p + 50) (p + 100) Z u U V 

Find a network that yields this transfer function. Substituting Eq. 
(7-43) into Eq. (7-42), the ratio of Z 1 /Z 2 is found: 

Zn = p 2 + 150p + 5,000 _ = 90p + 4,100 

Z 2 p 2 ~b 60p -b 900 p 2 ~b 6Op -b 900 

To find Zi and Z 2 identify numerators and denominators as follows: 


T _ 90p + 4,100 „ _ p 2 + 60p + 900 

Kq(p) ~ Kq(p) 

where, as in the lattice synthesis, q(p) is any desired polynomial in the 
operator p which is inserted to aid in realizing the two-terminal imped- 

R Q t; R 2 C 2 

-VSAA/'-1 (- —'TTflRT'-Wv V" - }(- 


^=- = 9000^1 

t 2 = l=100h 

C 1 = 4TOO = 2 - 44 

R 2 = “ = 6000 SI 

7 90 ,4100 

900” 9 /if 


_ p , 60 900 


z ^k+T+W 


Fig. 7-13. Example of ladder network synthesis. 


ance functions. Since the ratio of Zi to Z 2 is taken, q(p) cancels out of 
the fraction. In this example take Kq(p) = Kp and 


Z! = 


90 4,100 

K + Kp 


r/ p 60 900 

A = K + K + K^ 


In this case the two-terminal networks are easily identified by inspection. 
The networks, which are shown in Fig. 7-13, consist of a resistor and 
capacitor in series for and a series R, L, C combination for Zi. Rea¬ 
sonable component sizes are obtained when K is taken equal to 10“* 
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If the subtraction (/£,■„/%,) — 1 performed in Eq. (7-42) results in all 
positive signs, the '/1 and Z% impedances can be found. A series of two- 
termimil impedance networks and their corresponding impedance func¬ 
tions are included in Table 7-1. 

Practically it is not possible to obtain a zero source and infinite load 
impedance. Usually a 10:1 impedance ratio is sufficient to yield the 
desired transfer function. That is, the source impedance should he 
JtLO the magnitude of the network input impedance at the frequencies of 
operation. The load impedance should be 10 times the magnitude of the 
network output impedance at the operating frequencies. When a 
10:1 impedance change is not possible, a constant resistance ladder net¬ 
work may prove useful. The «j uations for such a network are obtained 
from the circuit shown in Fig. 7-12b. The transfer function is written 
as follows: 


E. _ Mi _ ZJRo „ 

Jim RnZx H- JCSt + Ztfi Z x /R 0 +- Za/Ro +- (Zi/R 0 )(Zi/R„) u ' ' 


and the input impedance is given by 


Zt 


Zxllo -|- Z t R,+Z& 2 
"lio+Za " 


Zx/R, + ZifR 0 ■+ (Zi/R c )(Z*/R.) 
1 + Z*/R a 


Rc (7-45) 


.For the condition that, the input impedance is equal to the load imped¬ 
ance, i.e., Zi n = R„, Eq. (7-45) is equaled to R„ with the result, 


Z L'j.^ 4.?L?L s | i Zx 

R n ■*" Ho fio Ho R, 


(7-46) 


When Eq. (7-4(1) is substituted into Eq. (7-44), the following design 
expression results: 


/d# _ Zj-i / Ji„ Zt _ 1 

I<J in ~ 1 \- Z-ij\io ° r li„ Etn/Ec - 1 


(7-47) 


Similarly, the design equation for Z x is written from Eq. (7-46) asfollows: 


£i = 1 _ & 

Ho l + ZjRo lk 


(7-48) 


Application of Heps. (7-47) and (7-48) for tlie constant resistance ladder 
is similar to that for the simple ladder network. 

A full treatmei it of network synthesis would require a volume in itself. 
The refenmeos 6 * 24 * 26 ' 64 included at the conclusion of this book provide 
considerable additional material on network synthesis. 

7-8. Active Network Synthesis. Much is known about the character¬ 
istics and synthesis of two-terminal networks. The synthesis of four- 
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terminal active networks can be based upon passive two-terminal net¬ 
works. The use of an amplifier, however, does not result in a transfer 
function which differs from a ratio of two polynomials. The constant 
multiplier may be changed, but the form of the transfer function remains 
the same. 

One of the most direct methods of active network synthesis lies in the 
operational amplifier approach. Consider the network shown in Fig. 



Fig. 7-14. Operational amplifier used for active network synthesis. 


7-14. The transfer function is found by summing the currents flowing 
into node a as follows: 


E in — e E 0 — £ 
Zi Z 2 


(7-49) 


The sum is equal to zero, since no current flows into the amplifier input. 
If the gain of the amplifier — A is large, the error £ is negligible and the 
transfer function takes the form 


Eq _ Z 2 

Ei n Z i 


(7-50) 


The transfer function is simply the ratio of two-terminal impedance func¬ 
tions, the synthesis of which is given in previous sections. 

As an example, if Z i = Ri and Z 2 = l/pC 2 , the transfer function 
becomes 


Eo_ = _1_ 

Ein R'lCiP 


(7-51) 


which is an integrator (pole at the origin). If Zi = 1/pC and Z 2 = R 2 , 
the transfer function is 


Eo_ 

Ein 


— R 2 CiP 


(7-52) 


which is a differentiator (zero at the origin). 

Consider again the example of Eq. (7-43) with a negative sign inserted: 


E 0 __ -(p + 30) 2 _ -(p + 30) p + 30 

E in (p + 50) (p + 100) p + 50 p + 100 



DESIGN OF D-C AND A-C EQUALIZERS 217 


Equating Eqs. (7-50) and (7-53) and solving for the two-terminal imped¬ 
ance functions, 


7 = V + 30 
Z2 p + 50 


and 


7 - P + 100 
p + 30 


(7-54) 


Reference to Table 7-1 indicates several two-terminal networks that will 
satisfy Eq. (7-54) (cf. g , h , i, q , r). 

This active network synthesis requires no subtraction, as do both the 
ladder and lattice synthesis procedures. The two-terminal impedances 
are positive and can be synthesized easily. If the network is to be used 
at zero frequency, however, the high-gain amplifier must operate at direct 
current. A d-c amplifier is difficult to design and operate. If the low- 
frequency response is not required because of the form of the network 
(a differentiator, for example, has zero output for direct current), an a-c 
amplifier can be used. However, when the network requires d-c response, 
the need for a d-c amplifier limits the use of this method of equalization. 

7-9. Suppressed-carrier Modulation. The form of the signal that is 
present in a-c servos is shown in Eig. 7-15 for a sinusoidal modulating sig- 



Fra. 7-15. Suppressed-carrier signal for a sinusoidal modulating voltage. 


mil. This signal is termed “double sideband suppressed carrier.” The 
equation for this signal is given as follows: 

e = sin w 8 t sin w c t — cos (co c — cx>,)t — cos (oo c + c o s )t (7-55) 

where co« is the signal frequency and is the carrier frequency. Typical 
carrier frequencies are 00, 400, 1,000 ops, etc. Signal frequencies 
are usually small—0 to 10 ops. The name for this type of modulation 
arises from the second part of Eq. (7-55). Notice that only the fre¬ 
quencies oo c + o) s and oo c — co* exist in this expression. Since there is 
no component at the carrier frequency, this type of modulation is termed 
“suppressed carrier.” A frequency spectrum* (i.e., a plot of har¬ 
monic magnitudes plotted against frequency) is plotted in Fig. 7-10 to a 
log scale. 


* &'(> Hof. 20, p. i i;l 
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Of more importance than the name of the signal is how it arises in servo 
systems. The special transformer, which is shown in Fig. 7-17, has a sec¬ 
ondary that can be rotated mechanically with respect to the primary. 
When the mechanical angle 8 between the windings is 90°, full voltage cj 
is developed across the secondary. As 6 is varied, a voltage is developed 
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Pig. 7-16. Frequency spectrum for Suppressed-carrier signal. 


across the output. For small 6, this voltage can be written as 

e 0 - e x sin u J sin 6 « (ei sin u,,t)e (7-5(») 

It is this type of signal which is developed at the output, of a-e position 
pickoffs. (Chapter 8 considers several types of a-c transducers.) A 
pickoff, which is described by Eq. (7-56), produces a linear voltage with 
respect to shaft position for small angular rotations. 

The sign of the signal is contained in the phase of the carrier signal. 
In the region where the signal amplitude approaches the origin (point A 
on Fig. 7-15), the carrier signal shifts phase by 180°. This is also shown 



Pig. 7-17. Rotatable transformer produces a suppressed carrier signal. 


in Eq. (7-56). . The carrier signal changes sign as 6 changes sign. If an 
all-a-c system is employed, the torque output from the motor is propor¬ 
tional to the magnitude of the signal. The direction of I,he torque applied 
depends upon the phase of the carrier. If a low-frequency signal is 
required, a phase-sensitive demodulator* must be used to restore correct 
polarity information to the output. 

7-10. Alternating-current Servo Equalization. Many types of a-c 
servos exist. In some, a-c signals exist throughout the "loop; in others, 

,, Ia such a demodulator adds in a carrier or reference signal. The .sum in 

the low ’ frequency signal »- -..» 
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at least a pari: of the servo employs d-c components. This latter variety 
normally requires a modulator and demodulator to transform from direct 
to alternating current and vice versa. A modulated carrier servo usually 
employs eixvolope feedback (i.e., the feedback signal is also suppressed car¬ 
rier. An u-o, rate generator would provide such a signal). Although var¬ 
ious types °1 a-e servos are in use, the method of analysis of such systems 
is essentially the same as in the d-c servo case. 



Fio. 7-18. An a,ll-d-o servo system. 


Consider Idle simple d-c position servo which is shown in Fig. 7-18. In 
this system a potentiometer, excited with a d-c voltage, is used to trans¬ 
duce the input and output shaft position into voltage. A d-c amplifier 
and d-c motor complete the system. 

A hybrid a,-c-d-c system is shown in Fig. 7-19. The potentiometers 
are excited by a d-c voltage. The error voltage is amplified in a d-c pre¬ 
amplifier. The d-c signal is now suppressed-carrier-modulated. This 
can he accomplished with an electromechanical chopper or with electronic 
circuits. The a-c signal is amplified and used to drive the a-c motor. 



Fin. 7-10. Hybrid a-c-d-c. servo system. 


An all-a-c {system is shown in Fig. 7-20. In this system all components 
are alternating current; the amplifier is transformer or resistance-capaci¬ 
tance coupled, the subtraction is performed with transformers, and the 
position piekoffs are induction type. 

If equalization is necessary in the servo, special techniques must be 
employed ho that the equalizer operates only on the signal and not on 
the carrier. Any of the d-c equalizers of the previous section operate 
only on a low-frequency signal. If the signal of Eq. (7-55) were inserted 
into one of tlxese “d-c equalizers,” the output would not have the correct 
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form. For example, if the signal of Eq. (7-55) were inserted into the 
lead network of Fig. 6-12a, the only result, with co e » 1/RC, would be 
attenuation of the output by a constant amount 


R% 

Ri R2. 


(7-57) 


The network has no equalizing effect upon the suppressed-carrier signal. 
Since the zeros and poles of the network are located in the low frequencies, 
0 to 10 cps in most servo applications, the normal d-c network has no 
effect in the region of the carrier (o> c ) frequency, 400 cps. 


a-c reference 



Fig. 7-20. An all-a-c servo system. 


Figure 7-21 represents the block diagram of a common method of equal¬ 
izing a-c servos—demodulation-modulation technique. All the advan¬ 
tages of a-c pickoffs and a-c amplifiers are maintained. The a-c signal is 
reduced to direct current (low frequency) with the phase-sensitive demod¬ 
ulator. The equalization is accomplished with the networks, discussed 
previously, and the signal is again returned to alternating current with a 
modulator. Practically, the system of Fig. 7-21 is mechanized in a num- 



Fig. 7-21. Demodulation-modulation method of equalizing a-c servos. 


ber of ways. For example, the equalized d-c signal can be used to drive 
a magnetic amplifier* whose output is alternating current. Alterna¬ 
tively, the equalized d-c signal might be used directly to drive a d-c 
actuator through a d-c power stage. 

Phase-sensitive demodulators and modulators necessary for the equal¬ 
ization of a-c servos act essentially as switches, which are controlled by 
a reference signal of the same frequency as the carrier frequency. 
Actual circuits for both demodulators and modulators are discussed in 

* Magnetic amplifiers are discussed in Chap. 9. 
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Chap. 9. It is sufficient to consider a demodulator as a unit that reduces 
the suppressed-carrier a-c signal to direct current (or low frequency) and 
a modulator, a unit that modulates the signal on a carrier. This is shown 
in the block diagram of Fig. 7-22. A hybrid a-c-d-c system, in which the 
suppressed carrier is demodulated to a low-frequency signal, can be equal¬ 
ized with the d-c networks of this chapter. 



Fig. 7-22. Block diagram for a demodulator and modulator. 


7-11. All a-c Servos—Carrier Networks. It is possible to stabilize 
a-c servos with passive circuits in the forward loop without reducing the 
a-c signal to direct current. The networks that accomplish this are called 
“carrier networks/’ Bridged- and parallel-T networks* are two such 
carrier networks. A resistor-shunt 
bridged-T is shown in Fig. 7-23. When 
the network is inserted at a point where 
the input impedance is low and the out¬ 
put impedance is high, the transfer func¬ 
tion is 

0 = (1 - u*) + jur n 
E\ lju) (1 — Ur) + jun ^ ~ Fig. 7-23. Resistor-shunt hr iclgerl-T. 

The following dimensionless quantities are defined 

^ < - 7 " 59 ^ 
Ry{(U +.£?) 
it-«h+'c,j + o,iit 

<*o[Ri(Ci + ('i) +■ H'iC 2 1 

The amplitude (in decibels) and phase versus logarithmic frequency is 
shown on Fig. 7-24. 

The ability of a bridged-T network to stabilize an all-a-c servo can be 
understood by reference to Fig. 7-25. liquation (7-55) and Fig. 7-16 
show that a suppressed-carrier signal contains two components—one at 
w c — co« and the other at co r + co„. The signal varies about the carrier at 
co c exactly as the d-c signal varies about zero frequency. 

In Fig. 7-25 are shown the amplitude and phase of a lead network. In 
the same figure are shown the amplitude and phase of a bridged-T network 

* A design procedure for these bridged- and parallel-T networks is included in 
Appendix IX. See also pages 117-123 of Kef. 29. 


u = 

r = 

n — 


■vwv- 
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with the carrier frequency reduced to zero (w„ = 0). The similarity 
between these two networks is seen from this comparison. When the 
suppressed-carrier signal is passed through a bridged-T network, the side¬ 
bands (at ± m s ) respond in an analogous fashion to direct current 
through a lead network. Hence a bridged-T network equalizes a-c sup¬ 
pressed-carrier systems in a similar manner as a passive circuit, differen¬ 
tiator stabilizes a d-c servo. Except for low-frequency (60 cps) systems, 



Eig. 7-24. Typical amplitude and phase response of a bridged-T notch network. 

carrier networks usually find little use. Reasons for this are summarized 
as follows: 

1* Networks with a small Q ) for a fixed time constant, attenuate the 
sidebands at co c ± o> s so that the signal to noise ratio is lowered. This 
effect is less at the lower frequencies (60 cps). 

2. Shift of the reference frequency causes the sidebands to receive 
nonsymmetrical amplitude and phase response, and hence distortion 
results. Although these networks are not recommended for most a-c 
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servo equalization, they do find other application in servo work (of. 
Sec. 7-14). 

The general procedure for synthesizing an a-c equalizer is summarized 
as follows: 

1. Determine the correct d-c network from the stability analysis. 

2. Find the network with approximately the same gain and phase char¬ 
acteristics about co c (carrier frequency) as the d-c network has about zero 
frequency. 




This latter problem is solved, when to,. » co«, by a transformation of 
frequency.* The jw in l,he transfer function of the network, 

5 = G(ja>) (7-00) 

in 

is replaced by a function of frequency p(jco). Provided the maximum 
* See Ref. 54, pp. 401-409, for a more extensive treatment of tills subject. 
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d-c network a-c network 



Fig. 7-26. Alternating-current network equivalents for d-c networks. 


signal frequency is less than the carrier frequency, it can be shown* that 
a frequency transformation of the form 


=if(l -|£) (7-61) 

transforms the d-c network into the desired a-c equivalent. An induct¬ 
ance L in the original d-c network is replaced by an impedance 



See Ref. 54. 
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which is an inductance in series with a capacitance, as shown in Fig. 
7-26a. A capacitance C is replaced by a network with an admittance 


which is a capacitance in parallel with an inductance, as shown in Fig. 
7-20b. Resistances remain unchanged. Figure 7-26 includes the a-c 
equivalents for several d-c lead and lag networks. 

As an example, suppose the network shown in Fig. 7-27 a was required 
to stabilize the d-c servo. The transformation of this d-c network to 
operate with a 400-cps carrier system results in the network which is 

shown in Fig. 7-276. C-0 032 f 

Practical application of these net- _^^ 

works requires 0 _, __._ 0 


1. Iligh-Q inductors to prevent 
sideband attenuation 

2. C-losely controlled carrier fre¬ 
quency to prevent frequency shift 


R 1 = 600K 


(a) 

0.016 JLtrf 


Fia. 7-27. (a) Direct-current network 
equalizer, (b) Alternating-current 
equivalent network for d-c equalizer. 

Since a two-phase motor* converts 


The values of either L or G require [ 

nclj ustment so that the resonant cir- 0 - — n5 ^l — - -1-° 

cuit cun be accurately tuned to the —vww— i 

carrier frequency. 600 K |30fC 

7-12. Electromechanical Net- 0 _1_ 0 

works. Because of the analogy (cf. ( b ) 

Chap. 2) between electrical and me- Fia. 7-27. (a) Direct-current network 

elmnical networks, it is reasonable to (b) Alternating-current 

. _ . . . equivalent network lor d-c equalizer, 

expect that mechanical components 

can bo utilized for stabilizing servos. Since a two-phase motor* converts 
the suppressed-carrier-voltago input into a low-frequency shaft position, 
the motor functions as a demodulator. This section treats the electro¬ 
mechanical integrator and differentiator. 

An elcctrome(^hanical integrator is shown in the block diagram of Fig. 
7-28. The transfer function E 0 /Ein is given by 

_____ hjiAKm/N /tj 

A,n ~ p(rp + 1) 

where the (quantities are defined in Fig. 7-28. For low frequencies, the 
motor time constant is neglected and the system is described by the 
equation 

K „ EiAK m 1 (76S) 

87n N V 


* See chap. 9 for a more detailed discussion of two-phase motors. 
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This equation represents an integration 

E x AK m r 

e 0 — / e% n dt (7-66) 

An integrator is used in a system to reduce the steady-state error to zero. 
For a small constant input the motor will continue to turn at constant 
velocity. The integrator output is taken from a potentiometer which 
can be excited with either alternating or direct current. 


Reference 



Fig. 7-28. Block diagram of an electromechanical integrator. 



Fig. 7-29. Block diagram of electromechanical differentiator. 


Figure 7-29 shows the block diagram of an electromechanical lead net¬ 
work. The transfer function of the closed loop is 

=_ A __ Ap(rp 4 - 1 ) 


AKJN 

.v(n> + i) 


V(rp + 1) + A 


(7-67) 


For large forward loop gain A and for small values of motor time con¬ 
stant r, the transfer function is 


E 0 N 

IT.-S" < 7 -o 8 > 

This equation represents a differentiation 


N dei n 

S ° ~ K m ~dt ( 7 ‘ 69 ) 

Hence the network of Fig. 7-29 is a suppressed-carrier differentiator. In 
both Figs. 7-28 and 7-29 the amplifiers are tuned so that a high gain is 
obtained with a narrow bandwidth and noise is kept to a minimum. 
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Fig. 7-30. An electromechanical network equalizer. 

A variety of transfer functions are obtained if other mechanical com¬ 
ponents, such as damping or spring rate, are added to the motor shaft. 
For example, consider the transfer function for the electromechanical sys¬ 
tem of big. 7-30. The following equation can be written: 

NL = K,E a - K iP (7-70) 

whore K i and K> arc defined in See. 1-3. 

NL = N-J M p s ^ + K - e)j (7-71) 

and Jp-9i + K ($■> - = 0 (7-72) 

When these equations are solved, the feedback transfer function H 
becomes 


II = 



iK 

\N%lIJW~V(fK-jKW + (JW. + J)p + KJ 


(7-73) 


With a high-gain amplifier in the forward loop, Eq. (7-73) reduces to 


K, = A „ J_ 
1C in \~VAh~h 

The over-all transfer function is approximated: 


(7-74) 


ICo 

Kin. 


N> J,, K n p* + J ')'’ V' 1 + (NV m + J)p + K t 


(7-75) 


This system produces a zero at the origin plus three other zeros, whose 
locations depend upon the mechanical constants. 

7-13. Various Methods of Stabilizing A-C Servos. Because of the 
widespread use of a-e servos, especially 400 and some 60 cps, many 
schemes have been advanced for stabilizing these systems. These 
methods primarily deal with changes in the load that result in output- 
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• Pressure 


Friction surface 

Fig. 7-31. A coulomb friction 
damper. 


shaft damping. The application of these devices is generally limited to 
small instrument-type a-c servos whose output is mechanical motion. 
Although these methods are fairly inexpensive, usually the damping is 
improved at the expense of the steady-state error. Although the units 

shown in the figures are for rotational 
Q utput Pre5sure mo tion systems, the extension to linear 

shaft jAfi motion outputs is clear. 

a * Coulomb Friction. Friction surfaces 
rubbing on the output shaft, as shown in 
Friction surface Fig. 7-31^ produce output-shaft damping. 

Fig. 7-31. A coulomb friction For systems where accuracy requirements 
damper. are no t severe ^ ^he f r i c tion opposes shaft 

motion and creates an inexpensive and simple damper. Since this damper 
is nonlinear,* care must be exercised when using such dampers. The 
disadvantages of coulomb-friction damping are summarized: 

1. Life is limited by wear. 

2. As the unit wears the degree of damping changes. 

3. Output power is wasted. 

4. Static and velocity errors are introduced in shaft position. 

b. Viscous Friction. This damping v yy/7/7?r// 

can be obtained, as shown schematically Viscous fluid 

in Fig. 7-32, by mounting paddles on a shaft |^H“^ S h e || 
shaft. The paddles are caused to move -Cl R ^ 

through grease or oil, depending upon bearing otafin9 lsc 

the motion and the amount of damping Paddles 

required. The rotating paddle disk Fig. 7 - 32 . A viscous friction damper, 
exerts a restraining torque proportional 

to velocity. This damping unit is simple and rugged and has long life. 
The disadvantages of viscous damping are summarized: 

1. The viscosity and hence the degree of damping are temperature 

sensitive. 

agnet ^ Some inertia is added to output shaft. 
Shaft N s c • Fddy-current or Foucault Damping. 

;^^Conducting This type of damping, which is shown in the 
n : s dlsc sketch of Fig. 7-33, produces an approximate 
n~ ® viscous damping by means of a magnetic field. 

^ A conducting (copper or aluminum) cup is 

dam er 33 ' ^ eddy '' currerlt attached to the output shaft and is rotated 

through a magnetic field. The eddy currents 
induced in the cup set up a magnetic field which reacts with the original 
field in such a manner that a retarding torque is produced on the output 


Bearing 


-Viscous fluid 


Rotating disc 


^Paddles 


Fig. 7-32. A viscous friction damper. 


Magnet 


Fig. 7-33. An eddy-current 
damper. 


* See Sec. 10-3 for a discussion of coulomb friction. Chapter 10 considers the 
analysis of systems containing such nonlinearities. 
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shaft. This unit is easily constructed, is highly reliable, and has no fluid 
to leak out. Disadvantages of eddy-current damping are summarized: 

1. The maximum damping available is small. 

2. The resistance of the disk and hence the degree of damping are tem¬ 
perature sensitive. 

d. Damping Proportional to Acceleration. Both viscous- and magnetic- 
acceleration dampers are utilized in position systems. The viscous-accel¬ 
eration damper is shown on Fig. 7-34. 

The unit is similar to the viscous veloc¬ 
ity damper of Fig. 7-32, except that the 
shell is fixed to the shaft and the disk is 
free to rotate. When the velocity 
suddenly changes, the moment of inertia 
of the disk produces a restraining torque 
on the shaft. The unit dissipates 
energy only when the velocity changes— 
an acceleration damper. The unit produces no additional velocity error. 
The disadvantages are summarized: 

1. Shaft moment of inertia is greatly increased. 

2. The mechanical construction is more complex. 

3. The unit requires a special bearing. 

e. Direct Current through Motor Windings. When the torque output of 

instrument servos is sufficient, a 
certain degree of damping can be 
obtained simply by running a small 
amount of direct current through 
the a-c windings. An example of 
this technique is shown in Fig. 7-35, 
A diode in a parallel resistance 
network permits a controllable 
amount of direct current through 
the motor reference phase. The 

disadvantages of this type of damping are 

1. Only a small amount of damping is possible. 

2. Motor torque is reduced. 

7-14. Practical Considerations in A-C Servo Design. In Sec. 6-11 a 

comparison of several methods of equalizing a servo system is considered. 
This comparison does not consider that the system may utilize alternating 
current. This problem should be considered after the equalizer transfer 
function is found. The series lead network, system B, can be inserted 
into the a-c system in several ways: 

1. Use of a demodulator and modulator (see Fig. 7-21) 

2. Frequency transform the network as shown in Sec. 7-11 



o- qroumr 

Control phase 

o--- 

Fig. 7-35. Direct-current through ?l-c 
motor results in motor (lamping. 



-Fluid 
-Disc 

^Bearing 

N Shell — fixed 
to shaft 

Fig. 7-34. Viscous-acceleration damp¬ 
ing. 



230 BASIC FEEDBACK CONTROL SYSTEM DESIGN 

An a-c rate generator geared to the output shaft easily produces the 
H(p) = 1 + 0.3p for system C. 

System E is least suitable for an a-c system, since two d-c networks, 
which would require two sets of demodulators and modulators, would be 
required. 

In the design of an a-c system, the methods of servo analysis (cf. 
Chaps. 3, 4, and 5) are used, in the same manner as in the design of d-c 
systems. The main difference between the d-c and a-c servo design prob¬ 
lem lies in the practical area of mechanizing the network. 

Of utmost importance in the design is the carrier phase shift. For full 
torque on the two-phase servo motor, the control and reference phase 
must be 90° apart in phase. If the phase is 60°, the power is 70 per 



Fig. 7-36. Experimental cheeking of the phase shift in two-phase a-c motor. 

cent of maximum, since the torque is a sine function of the phase shift. 
Because of unaccounted phase shifts through the system, it is usually nec¬ 
essary to provide additional phase-shifting networks. With the reference 
and control phases of the servomotor on the X and Y plates of an oscillo¬ 
scope, as in Fig. 7-36, the pattern is a circle when the oscilloscope chan¬ 
nels have the same gain. The chart of Fig. 7-37 shows the ellipses that 
are seen on the oscilloscope for several phase differences between the X 
and Y axes. Often an approximate phase shift is suitable for approximat¬ 
ing purposes (especially in the laboratory). The student should famil¬ 
iarize himself with this chart. Often poor performance in a-c servos is 
directly attributable to phase errors between the reference and control 
phases. 

Phase-shift correction can be accomplished in either the control or ref¬ 
erence phases. The adjustable network of Fig. 7-38, which is discussed 
in Sec. 6-8, provides a simple method of inserting an adjustable amount 
of phase shift in the control phase. Since this network can be placed 
ahead of the power amplifier, it is required to carry little power. 

Shifting the reference phase is conveniently done by a pair of capaci¬ 
tors. One method is shown in Fig. 7-39. Since these capacitors are 
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inserted at a high power level, it is usually not feasible to make them 
continuously variable. Many manufacturers suggest the size capacitor 
reel n 1 rcd for suitable operation of their motor. In any case the final 
selection of these components is best made in the laboratory. 



x = sin cot y = sin (cot + <t>) 

Fid. 7-37. (IsciUoNCope ellipses for various phase shifts between x and y axes. 



Fkj. 7-3H. Phase-shift, network for control Fm. 7-H9. Phase-shift network for refer- 
phj\,H<^ of a-c servo system. enee phase of a-e motor. 

In the design of a-c servos, the signal-to-noise ratio is considerably 
iinprovod by using tamed amplifiers. The design is based upon the con- 
cep t of eliminating from the response characteristics of the system all 
frequencies except in the narrow region about the carrier frequency. 
Careful design of the tuned circuit is necessary 7 since sharp tuning adds 
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phase lag to the signal. Parallel-tuned LC circuits, as shown in Fig. 
7-40a, are inserted in the forward path of the servo and produce a nar¬ 
row-band system. Tuned transformer coupling, as shown in Fig. 7-406, 
produces essentially the same results as Fig. 7-40a, since both methods 
are inserted in the forward loop of the amplifier. 



(a) Series inductance- (b) Transformer 

capacitance tuning capacitance tuning 



(c) L-C feedback tuning (d) Twin-tee feedback 

tuning 

Fig. 7-40. Tuned amplifiers used to eliminate undesirable frequencies. 


An alternate method of tuning the amplifier is shown in Fig. 7-K)r. A 
series LC coil is used in the feedback path of the amplifier. The transfer 
function of the amplifier with a network II (p) in the feedback is 

A - A ~ 1 n 7n 

Bin 1 — All ~ —II (7_7( ^ 

for large values of gain A. The gain of the closed-loop amplifier is large 
only when H is small. In particular, at a frequency when II = (), the 
over-all gain is A. Outside this frequency band the gain drops off. 

One of the difficulties with all the networks considered thus far is the 
temperature sensitivity of iron-core inductors. Especially for transistor 
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Percent of resonant frequency X 10Q 


Fkj. 7-41a. Amplitude response for the bridged-T networks. 
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Fig. 7-416. Phase-angle response for the bridged-T networks. 
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amplifier, interstage coupling transformers have an input magnetizing 
inductance which is comparable to the output impedance of the transis¬ 
tor. As the temperature varies, the magnetizing impedance varies and 
the gain of the stage may vary by a factor of 2. To avoid such prob¬ 
lems created by the use of iron-core inductors, RC networks, such as 
bridged- and parallel-T networks, are used, as shown in Fig. 7~40<A 
Figure 7-24 shows the frequency response for one bridged-T network. 
Figures 7-41 a and b show the amplitude and phase response for a bridged-!/ 7 
network for various notch depths. The network is driven from a low 
source impedance and into a large output impedance. A design pro¬ 
cedure of bridged- and parallel-T networks is included in Appendix IX. 


PROBLEMS 

7 - 1 . Determine which of the following two-terminal impedance functions art 
realizable with only resistances and capacitors: 


7(p + 1 )(p +6) 

^ ' p(p + 3)(p + 10) 

Wp + Wp + 3) 

W (p +0)(p + 10) 
M 3(p + l)(p +5 ) 
W (p +3)(p + 10) 


(d) 


2(p + l)(p.- 3) 


p(p + 2)(p + (>) 

(e) _ 4 (2 l+ik^ 


(/) -3 


P(P + 2 ) 

(-P ~ l)(p +7) 
p(p + 5) 


7-2. Determine which of the functions in Prob. 7-1 can be realized as an UC 
admittance function. 

7-3. Find four RC networks for each of the realizable impedance functions in Prob. 
7-1. 

7-4. Determine four different networks for the following RC admittance: 


V _ (P_+ 1) (p ± 3) 
(P T : 2)(v +5) 


Each expansion is to possess only positive coefficients. 

7 - 5 . Find lattice networks for the following transfer voltage ratios: 




( 6 ) ; 


p l 

(p+"6j“(p“+ 50) 
p(p 4- 1) 


p 2 + p -f- 10 


pi _|_ 9 

(r) (p'+ 12)(p + 20) 


(d) 


f + p + 10 
(p + 10) 2 


7 - 6 . Find grounded networks for the transfer voltage ratios of Prob. 7-5. 

7 - 7 . Synthesize the negative of the transfer voltage ratios of Prob. 7-5 with active 
networks (as in Sec. 7-8). 

7 - 8 . Determine the transfer function for the electromechanical equalizer shown on 
Fig, 7P-8. Would this system have any practical use? 
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7 - 9 . Design a resistance shunt and a capacitor shunt bridged-T network with a 
resonant frequency of 400 cps, a notch depth of 0.2 and a d-c impedance level of 50K. 

7-10. Derive the equation for the phase shifter of Fig. 7-38, and show how this 
network is useful for a-c servo systems. 

7-11. Determine the amplitude and phase response for the LC tuned amplifier of 
Fig. 7-40c. Assume that the high-gain amplifier has infinite input and zero ouput 
impedance. Take 

L = lOh C = 0.015 fd R » lOiffi 

7-12. A light-seeker servo system consists of two photocells mounted on a bracket 
attached to a shaft which in turn is driven by a motor. The system is shown sche¬ 
matically in Fig. 7P-12. Equalize this system by means of passive element networks. 
The specification requires an overshoot of 5 per cent and minimum response time 
(i.e., minimize the rise time). 



The output of the differential amplifier is a voltage which is proportional to 9 and is 
positive for positive 9 and negative for negative 6. The transfer function of the 
motor is 

= 100 
Ein p(p 4- 10) 

Let E 1 /9 = 10 volts/degree and 9 0 turns through 20° to cause 9 to turn through 1°. 
The system is to use suppressed-carrier alternating current. 
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7 - 13 . In a certain industrial application it is desired to keep the flow of liquid from 
a tank constant and independent of the amount of liquid in the tank. A servo system 
which performs this operation consists of a motor-driven gate valve, an amplifier, 
and a flow meter which produces a voltage output proportional to the quantity of 
liquid flowing [GO volts/(ft 3 ) (sec -1 )]. A schematic of the system is shown on Fig. 



Fig. 7P-13 


7P-13. For simplicity, the pipe is rectangular. Assume the flow rate is proportional 
to the area of the pipe at the gate. The gate valve travels 1 in./lOO rotations of 6 0 . 
The maximum flow rate with the valve completely open is 0.1 ft 3 /sec. The transfer 
function of the motor is 150 /viv + 5). What value of S ain would given a r of 0.3 
for this system? How would the system be built if an a-c motor and amplifier were 
to be used? 

7 - 14 :. The system of Fig. 7P-14 utilizes rate feedback for stability. Set the gain K 
so that, the overshoot produced by a step function input does not exceed 1.20 times the 
steady-state value. 



Fig. 7P-14 
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SERVOMECHANISM TRANSDUCERS 


8-1. Introduction. With increased emphasis on feedback control 
systems, the need arises for more varied and more accurate “trans¬ 
ducers.” A transducer is an instrument which converts a signal from 
one form (mechanical shaft rotation, pressure, angular velocity, etc.) 
into another form (usually electrical). For example, a shaft position is 
converted to a voltage for use with an electronic amplifier. Although the 
approximate mathematical transfer functions and block diagrams are sim¬ 
ple, the manufacture of these components is often difficult because of 
accuracy and reliability requirements. 

The characteristics of the transducing element can be summarized as 
follows: 

1. Accuracy: Since the transducer is often placed outside the closed 
servo loop or in the feedback loop, the accuracy must be the same as 
that of the over-all closed-loop system. 

2. Low power: Transducers are required to handle only low amounts 
of power (maximum of 2 watts). 

3. High quality: The construction is usually of the highest possible 
quality. Low noise, freedom from harmonics and quadrature, high lin¬ 
earity, low friction are just a few of the requirements usually demanded 
of these instruments. The harmonics and quadrature which are gen¬ 
erated by the transducer must be within limits which prevent saturation 
of the follow-up amplifiers. 

4. Reliability: Because of the wide variety of quantities (acceleration, 
pressure, angle of attack, Mach number, etc.) that must be transduced 
into an electrical signal, many “gadgets” have been invented. Because 
of the importance of reliability in control equipment, considerable 
emphasis has been placed on transducer reliability by their manufacturers. 

This chapter considers some of the important transducers used in the 
field of feedback control systems. Since it is impossible to cover all types 
and models of transducers, the more typical and/or important ones are 
discussed. For convenience, the various types of transducers are 
grouped according to the quantity measured, for example, position meas¬ 
urement, velocity measurement, acceleration measurement. Other servo 
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components, such as gyros and motors, are postponed until the next 
chapter, since they do not readily fall into these classifications. 

Transfer functions, schematic and block diagrams, typical servo-design 
data, and photographs of typical units are presented. 

8-2. Measurement of Position. Depending upon the type of system, 
accuracy desired, power available, and other considerations, the servo 
designer has a wide class of instruments available for the measurement of 
position. The most important types that are considered in this section 
are conductive instruments (potentiometers) and inductive instruments 
(synchros, resolvers, E pickoffs). 

8-3. Potentiometers.* A potentiometer, comprising a slider which 
moves along a resistance element, is shown in Fig. 8-1. A more useful 
schematic, with excitation E and output voltage e included, is shown in 
Tig. 8-2. The transfer function of a potentiometer is determined from 
the voltage gradient (volts per radian or volts per inch) along the poten- 


E R p 


Fig. 8-2. Schematic diagram of a po¬ 
tentiometer. 

tiometer. The potentiometer of Fig. 8-2 has a voltage E applied across a 
total angle of 0 max in degrees. The transfer function is 



The most common potentiometer, utilizing a linear resistance element, 
finds wide use in computers and for position comparison in feedback con¬ 
trol systems. Single-turn potentiometers, Fig. 8-1, generally have a 
usable rotation of less than 300°. The remaining angle is available for 
conducting overtravels (10 to 15° arcs at each end of the resistance ele¬ 
ment). One typical unit is shown in the photograph of Fig. 8-3 and in 
the outline drawing of Fig. 8-4. The accuracy is proportional to the 
diameter of the potentiometer and to the mechanical precision. Careful 
design, precision machining, and choice of optimum materials result in 
an accurate instrument. 

Since the potentiometer slider docs not move along a continuous wire, 
the transfer function is not a continuous curve but a succession of steps. 



Fig. 8-1. Single-turn potentiometer. 



Much of the material of this section has been taken from Refs. 26 and 46. 
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Fio. 8-3. Photograph of a single-turn precision potentiometer. {Courtesy of Kledro- 
Mec Laboratory, Inc., Long Island City.) 


As the slider moves from turn to turn, the voltage increases in a step-wise 
fashion. This step-wise output voltage A E is the total voltage E divided 
by the number of turns n of resistance wire. For a wiper which touches 
only one wire at a time, the resolution is given by the following definition: 


Resolution 


A E E/n 1 
E E n 


1 

No. of t urns on potentiometer 


(R-2) 


Since the accuracy of a potentiomet 



Fig. 8-4. Outline dimensions of a single- 
turn precision, potentiometer. (Courtesy 
of Electro- Mec Laboratory, Inc., Long 
Island City.) 


■or is limited by the size of the volt¬ 
age steps between wires, and since 
a system may tend to hunt be¬ 
tween two adjacent wires, multi¬ 
revolution or multiturn potenti¬ 
ometers have been developed. 
This type of potentiometer has a 
resistance element in the shape of 
a helix. As the slider rotates, it 
is mechanically caused to move 
along the helix. The greater 
length of wire results in improved 
resolution. A typical unit is 
shown in the cutaway photograph 
of Fig. 8-5. 
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Multiturn potentiometers can be more accurate and have a finer resolu¬ 
tion but suffer from large size and additional friction referred to the sys¬ 
tem power source (motor). Table 8-1 shows a comparison of character¬ 
istics of precision potentiometers. The resolution of the “pot” indicates 
the accuracy to which any shaft setting can be made. It is important 


tlrm inals ... machined from brass, 
then gokl-plated . are rigidly anchored 
. easy to solder... corrosion resistant. 
Insulated from ground for 1,000 volts 
R.M.S. breakdown test. 


CONTACTS, slip ring and 
integral slip bar are 
precious metal to 
increase life and to 
minimize electrical noise 
and contact resistance- 


housing is precision- 
machined from laminated 
phenolic... to provide 
minimal electrical leakage 
and resistance to 
severe impact. 


bearings: AJSP models have 
precision miniature ball bearings. 
AJ and AJS models have sleeve 
bearings integral with front lid. 



coil is carefully selected resistance wire... 
machine wound on a heat-dissipating copper 
mandrel, coated with insulating varnish 
except on contact surface. Coil-to-tcrminal 
connections are electrically welded. 


shaft is centerless-ground stainless 
steel. ..diameter .1248" 

+ .0000'7-.0003'\. .polished and 
passivated. Maximum shaft run-out is 
.002" T.I.R. with potentiometer 
fixed and shaft rotated... with 
indicator set against shaft one-half inch 
from nearest lid surface in servo 
models... at end of shaft in 
bushing models. 


front lid of AJSP and AJS models 
is machined from aluminum alloy... 
blue nlumilited. (Front lid of AJ 
models is cadmium-plated brass.) 


Pin. 8-5. Cutaway view of a typical multiturn precision potentiometer. (Courtesy of 

Hclipot Corp., South Pasadena, Calif.) 


to consider this fact in selecting a potentiometer. Any special accuracy 
on the part of other components that might he coupled to the pot would 
he lost if the resolution did not offer equal or greater angular accuracy. 
The absolute, theoretical accuracy of a potentiometer is one-half the reso¬ 
lution. This is shown on the curve of Fig. 8-6. 


Tab mo 8-1. Characteristics ok Precision Potentiometers* 


No. of turns 

1 

3 

10 

25 

40 

Resistance range.. 

10-50 K 

10-75/v 

25-300 K 

100-750 K 

200/v-l Meg 

Turns of res. wire 

800-4,000 

850-5,000 

8,000-18,000 

8,000-75,000 

21,000-135,000 

Outside diameter, 
in. 

l*£-3 

1.4 


3JKo 

3% 6 

Coil length, in.. . . 

41-2-8 

14 

47 

234 

374 

Max. No. of taps 

20-30 

14 

30 

90 

100 

Best practical 
linearity, %.... 

0.10 

0.10 

0.05 

0.025 

0.02 


* Copyright, 1958, by the Ilelipot, Corporation, reprinted by permission, 
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The transfer function of Eq. (8-1) represents a straight-line input-out¬ 
put relationship. The deviation of the potentiometer from this straight 
line is a measure of the linearity accuracy. Two definitions of linearity 

are in common use: 

Independent linearity (used in 
connection with precision po¬ 
tentiometers) 

Zero-based linearity (used in con¬ 
nection with a rheostat or 
variable resistance) 

Independent-linearity tolerance 
is the maximum allowable devia¬ 
tion from the best straight line that 
can be drawn through a plot of the 
actual points of voltage on the volt¬ 
age versus rotation curve. The 
tolerance is expressed as a percentage of the maximum voltage output. 
This is shown in Fig. 8-7a, where the straight line has been oriented to fit 
best the actual output curve. 

“Zero-based” linearity is the maximum allowable deviation from the 
best straight line that can be drawn through the voltage points and also 
pass through zero voltage at zero shaft displacement. This is shown in 
Fig. 8-76. 



Fig. 8-6. Potentiometer resolution. 




Fig. 8-7. Independent and zero-based potentiometer linearity. 


Use of a potentiometer requires that the circuit resistances be con¬ 
sidered. With a constant voltage impressed across the coil of a linear 
potentiometer, the voltage may not follow the linear transfer function of 
Eq. (8-1). As current is drawn through the slider, a so-called “loading 






SERVOMECHANISM TRANSDUCERS 


243 


error” results. The loading error varies with slider position. The out¬ 
put voltage is given by the expression 


e i + (0/0) (1 - e ) (8 " 3) 

where ft is the ratio of load resistance Rl to 
potentiometer resistance R p . 6 is the setting 
of the potentiometer and is the fraction of Fl ,°' Equivalent circuit for 
the total resistance. 1 he equivalent circuit 

for a potentiometer working into a load resistance is shown in Fig. 8-8. 

The deviation or error from the straight-line curve is given by the 
expression 



1 = (gVgKi ~ 

E 1 + (0/jS)(l - 6) 


(8-4) 


The loading error, shown plotted i 
The error is zero at both ends of tl 



$=setting of potentiometer 

Fig. 8-9. Potentiometer loading error. 

linear, nontapped potentiometer. 


Fig. 8-9, varies with slider position, 
coil and has a maximum value at 
approximately two-thirds rota¬ 
tion. The error varies with load 
resistance. A load resistance 10 
times that of the potentiometer 
resistance produces a maximum 
error of 1.5 per cent of the applied 
voltage. An error of 0.15 per cent 
results when the load resistance is 
100 times the potentiometer resist¬ 
ance. The effect of loading can be 
reduced by several means: 

1. Wind on the potentiometer a 
slight nonlinear function which 
compensates for the loading. 

2. Locate a tap at the % point 
on the potentiometer. An appro¬ 
priate resistor connected between 
the tap and the 100 per cent point 
compensates for the loading. 

The loading error of potenti¬ 
ometers, as shown in Fig. 8-9, is 
normally considered detrimental. 
When a potentiometer is loaded 
appropriately, many nonlinear 
functions can be obtained with the 
l this application, the loading curves 
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become useful. Equation (8-3) produces the nonlinear curves of Fig 8-10 
for S in the range 0.01 to 1.0. When the potentiometer is loaded on the 
top, as shown m Fig. 8-11, the potentiometer transfer function is given by 


- = 1 ~ t ±_P 

E 1 0 -|~ p/0 


Equation (8-5) plots into the 
0.01 to 1.0. 


curves of Fig. 8-10 when p is in the 


(8-5) 

range 



1. A 
loading 


2. A 
6 varies 


standard linear potentiometer with voltage taps and resistance 
nonlinear winding which incorporates a variation of resistance as 
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In general, the same characteristics are inherent in the precision non¬ 
linear potentiometer as in precision linear units (i.e., resolution, loading 
error, etc.). The deviation of the output voltage from the prescribed 
function is termed “conformity” rather than linearity. 



Fig. 8-11. Equivalent circuit for a 
loaded potentiometer. 



Fig. 8-12. A typical multiturn precision 
potentiometer. ( Courtesy of Helipot 
Corp. : South Pasadena , Calif.) 


The potentiometer offers many advantages in terms of versatility, ease 
of forming functions, and ability to use either a-c or d-c excitation. Two 


problems exist in the use of potenti¬ 
ometers—electrical noise genera¬ 
tion and reliability. 

The physical form of a potenti¬ 
ometer varies with the manufac¬ 
turer. Figure 8-3 shows a typical 
single-turn precision potentiometer, 
and Fig. 8-5 shows a cutaway view 
of a multiturn unit. This latter 
unit, which is also shown in Fig. 
8-12, is of %-in. diameter and 
1.587-in. body length and is availa¬ 
ble with a 0.25 per cent linearity 
tolerance. The construction de¬ 
tails of a small (%-in. diameter by 
H-in. length), single-turn potenti¬ 
ometer are shown in Fig. 8-13. 

In computer applications it is 
necessary to “gang,” or assemble 
several potentiometers on a single 
shaft. The unit shown on Fig. 8-14 
permits the ganging of up to 20 units 



Fig. 8-13. A J/J-in.-diamcter subminiaturc 
precision potentiometer. ( Courtesy of 
DeJur-Ansco Corp., Long fstand City.) 


on a single shaft. The individual 


cups are held together with circular clamps. When circuit elements 


require change, the potentiometers are easily removed and rephased. One 
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manufacturer has produced a “plug-in potentiometer” as shown in Fig. 
8-15. A modified terminal board has small, pin-typo plugs in place of 
conventional terminals. Each potentiometer is quickly removed and 
replaced without disconnecting wires or soldering. 



Fig. 8-14. Ganging several potentiometers on a single shaft., (('ouricsi/ of Fairchild 
Controls Corp ., Hicksville, N.Y.) 

The problem of resolution in potentiometers, as shown in Fig. 8-0, has 
been approached in several ways. Smooth and stepless operation, low 
noise, long life, and low starting torque are some of the characteristics of 

a slide-wire potentiometer. These 
potentiometers may have a resist¬ 
ance of 2,500 ohms in a multiturn 
unit. Another approach to the 
problem of resolution is through the 
use of a deposited film potentiome¬ 
ter. Although these units do not, 
have “infinite” resolution, they do 
exhibit a resolution which is 20 to 70 
times better than the comparable 
wire-wound unit. A resistance 
material is evaporated and de¬ 
posited on a ceramic disk. A slider 
passes over this deposited material 
to form the potentiometer. 

Potentiometers for low shaft 
torque applications (0.008 oz-in.) 
can be obtained and are useful for 
direct coupling to low-power transducers such as meter movements and 
pressure diaphragms. These instruments are usually quite delicate, are 
less reliable, and possess a high contact resistance. 

When translational motion is to be transduced, a linear-motion poten- 



Fig. 8-15. Plug-in potentiometers provide 
rapid removal and replacement. (Cour¬ 
tesy of Fairchild Controls Corp., Hicksville , 
N.Y.) 
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tiometer can be used instead of an angular potentiometer with a rack 
and pinion. Good resolution is possible, and strokes of 1 to 15 in. are 
available. 

A large variety of taps, resistance, shaft extensions, stops, and tapped 
continuous-rotation units gives a wide latitude to potentiometer applica¬ 
tions. The factors to be considered in potentiometer selection can be 
summarized 12 as follows: 

Electrical Suitability. 

1. Linearity as required by the application 

2. Tolerance on total resistance and shaft angle 

3. Resolution error and its effect on servo stability and wear 

4. Sufficient electrical insulation strength 

5. Freedom from stray capacitive and inductive effects 

6. Generation of undesirable radio interference 

Mechanical Suitability. 

1. Adequate life to meet anticipated performance cycle 

2. Adaptability to environmental conditions: temperature, humidity 

3. Ability to withstand vibration without excessive contact bounce 

4. Precision of mounting surface and shaft extension 

5. Provision for easy zeroing and calibration 

6. Acceptable starting friction 

8-4. Induction-type Position Indicators.* Jiuluction-type transducers 
are available for position measurement. Although these units are 
limited to a-c operation and are more 
costly, they exhibit stepless output, are 
small in size, and have a high degree of 
reliability. 

The schematic of an induction com¬ 
ponent which is essentially a trans¬ 
former with a rotatable secondary is 
shown in Fig. 8-1 (). The rotor winding 
is excited with an a-c voltage, and the 
output voltages, which arc induced in 
the stator windings, depend on the shaft 
angle. The output voltage is proportional to the fraction of the flux cut 
by the secondary coil. When the primary and secondary coils are lined up 
with the flux, the entire primary voltage is transformed. As the sccond- 

* The author is indebted to Mr. Sidney Davis for much of the material in Secs. 
8-4, 8-5, and 8-6. The reader is referred to his excellent paper u Rotating Com¬ 
ponents for Automatic Control” (Ref. 13). 



Fro. 8-16. Principle of operation of 
induction components. 
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ary is rotated through an angle 8, the output voltage depends upon 
this angle: 

E ont = K cos 6 (8-6) 

The advantages of induction units can be listed as follows: 

1. High reliability (no contact moving along the sawlike resistance 
element, only sliding contacts—slip rings). 

2. Longlife (less wear). 

3. Smooth, continuous output voltage. 

4. Low noise generated in the system. 

5. No radio interference generated. 

6. Isolation of input and output circuits because of transformer action. 
The disadvantages of these units are summarized: 

1. Applicable to a-c signals only. 

2. Difficult to obtain good linearity. 



Fig. 8-17. Photograph of a typical induction-type transducer. (Courtesy of Ford 
Instrument Co, 9 Long Island City.) 
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3. Phase shift varies with temperature. 

4. Less versatile for forming functions. 

5. Generate harmonics and quadrature. 

Physically, the induction components have the appearance of small 
motors. A typical unit is shown on the photograph of Fig. 8-17, and a 
cutaway view is included on Fig. 8-18. The unit contains a wound rotor 



Fici. 8-18. Cutaway view of an induction-type transducer. {Courtesy of Ford Jnslru- 
mcnl, Co., Long Inland City.) 

mounted on bearings. The connections to the rotor are carried through 
slip rings which arc shown in the lower portion of Fig. 8-18. All leads 
are brought out to connectors mounted at one end of the instrument. 

8-5. Resolvers. The induction resolver, shown in the schematic 
diagram of Fig. 8-19, consists of a rotor and a stator, each with two wind¬ 
ings whose axes are 90° apart. The secondary voltages which result arc 
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the sine and cosine of the shaft angle. The resolver equations are 
summarized: 

E 3 = K{E i cos d — E 2 sin 9) /g 

Ei = K(Ei sin 6 + E, cos 0) ^ j 

where 7?i and are the applied reference voltages, 6 is the angle through 
which the rotor shaft has been mechanically turned from zero with respect 



Fig. 8-19. Schematic diagram of induction resolver. 


to the case, K is the constant of the resolver, and E 3 and are the out¬ 
put voltages. 

Resolvers are usually designed to function with high accuracy even 
when one of the input windings (usually the stator) is shorted. 

The function of a resolver might be indicated by reference to Fig. 8-20. 
In many computer and control applications, it is necessary to resolve a 
vector (e.g., velocity) into its x and y components. V is the input volt¬ 
age (e.g., 24 volts) impressed across one stator winding, and 8 is the 

angle (0 to 360°) through which the rotor shaft 
has been mechanically turned from zero. V 
sin 8 and V cos 8 are the output voltages in¬ 
duced in the rotor windings. Both V and 8 
may be varied, while the resolver continuously 
provides the resolved velocity components 

V x = V cos 9 (8 _ 8) 



Fig, 8-20. Velocity vector 
resolved into sine and cosine 
terms. 


V y — V sin 8 


In more complicated applications, the re¬ 
solver is used to transform coordinates. Sup¬ 
pose that the reference coordinate system in an aircraft is aligned and 
fixed in an xy coordinate system, as shown on Fig. 8-21. Angular rates 
or angular velocities are measured about these axes: oo x and o) y . These 
must be transformed or resolved into angular velocities about the roll and 
pitch axes of the aircraft: co r and The velocity (see the vector diagram 
of Fig. 8-22) in the pitch direction is 


co p — oj x cos 6 ™ sin 6 


(8-9) 
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Fig. 8-21. Coordinate transformation 
from x and y axes to roll and pitch axes. 

and in the roll direction 

co r = co x sin 

Since the resolver equations [Eqs. ( 



Fig. 8-22. Resolver used to transform 
coordinates. 

6 + co y cos 6 (8-10) 

$-7)1 are identical with these, a com- 



Fig. 8-23. Photograph of a miniature resolver. ( Courtesy of Reeves Instrument Corp., 
New York.) 

plicated computation is simply accomplished with this transducer. A 
typical unit is shown on the photograph of Fig. 8-23, and the nominal 
dimensions are shown in Fig. 8-24. Since the gain of a resolver-type 



Fig. 8-24. Nominal dimensions of a miniature resolver. (Courtesy of Reeves Instru¬ 
ment Corp., New York.) 
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servo is a function of heading, use of such a unit leads to nonlinear servo 
design (discussed in Chap. 10). 

8-6. Synchros. Depending upon the manufacturer, this unit may be 
known by any of the following names: 

Selsyn 

Autosyn 

Telesyn 

The unit usually consists of a F-connected stator winding and a single¬ 
phase rotor winding. Depending on their function, these units can be 
used as either torque transmitters or position indicators. 

S 2 si 



Fig. 8-25. Schematic of two synchros used to transmit torque. 


Torque units are connected as in Fig. 8-25. The excitation voltage 
produces a magnetic field in the synchro transmitter which causes cur¬ 
rent to flow in the interconnecting wires and hence establishes a magnetic 
field in the synchro receiver. This receiver field interacts with the field 
established by the rotor current and aligns the rotor and stator fields. 
Because of losses in the system, the power at the receiver is less than that 
at the input. The torque per angle of misalignment is called the synchro 
torque gradient. When the transmitter shaft is turned, the shaft of the 

Table 8-2. Performance Characteristics of Various Types of Synchros* 

(All units weigh 4 oz) 


Type 

Voltage 

gradient, 

mv/deg 

Torque 

gradient, 

mg-mm/deg 

Error 

(maximum), 

min 

Transmitter. 

204 

3,750 

10 

Control transformer. 

403 


10 

Repeater. 

2,050 

30 

Differential. 

196 

10 

Resolver. 

439 


10 




* Courtesy of the Kearfott Company, Inc., Little Falls, N.J. 
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receiver rotates through the same angle to an accuracy which depends 
largely upon the load but also upon electrical accuracy. Table 8-2 indi¬ 


cates the performance specifications for 
typical units. 

Synchros are similar in appearance to 
the other induction components. A typi¬ 
cal unit is shown in Fig. 8-26. The trans¬ 
mitters and receiver are similar with the 
exception of a damping device used on the 
receiver. An inertia wheel and a dissipa¬ 
tion element permit the receiver to follow 
with a minimum of oscillation or running 
away. Even with a damper on the re¬ 
ceiver, large inertias should not be coupled 
to the shaft, since they tend to produce os¬ 
cillations. Large coulomb-friction loads 
(potentiometers, etc.) are also objectiona¬ 
ble, since this type of load causes a posi¬ 
tional error. 

Another useful synchro for torque or 
signal transmission is the differential 
synchro. This unit is similar in objective 



Fig. 8-2C. Photograph of a mili- 


to a mechanical differential. Thediffcren- tary-sizo 15 synchro. ( Courtesy 


tial synchro has a F-eoimooted stator and °S Doelcam Div., Minneapolis- 
rotor and is identified by the throe slip HwmU Regulator Co., Boston , 
rings. I he unit is connected between a 


synchro transmitter and receiver, as shown in Fig. 8-27. The synchro 


Generator ! Differential aenerator I Receiver 



Fig. 8-27. Schematic diagram of a differential generator used in a torque synchro 
system. 

receiver angle d r is given by d r = 8 a + Odo, whore 9 0 is the synchro gener¬ 
ator angle and 6 D g is the differential generator angle. 

The standard torque units have certain disadvantages which make 
them inadequate for most servo design: 
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1. Poor accuracy when driving a friction load (e.g., potentiometer 
stack) 

2. Poor damping when driving an inertia load 

3. Less versatility than a servo system in setting the damping (e.g., 
by electrical means) 

The main use for torque synchros is in the application of presenting dis¬ 
play information such as dial readings. 

Synchros used as position indicators are connected as in Fig. 8-28 and 
develop an output-error voltage equal to the sine of the difference in 
shaft position between the input and the output shaft angles. This 
error signal is amplified and used to drive a motor that restores input- 
output correspondence by properly positioning the output shaft. Out¬ 
put torque can be as high as desired. Since the torque is supplied by a 



Fig. 8-28. Schematic of synchros used as position indicators. 


servomotor driven by an amplifier, mechanical requirements of low bear¬ 
ing friction and built-in damping are not so important as in torque units. 

Synchros used in this application are called control synchros and differ 
from the torque units in the impedance level of the windings. The input 
impedance is high, so the units do not draw much power. The torque 
gradient is kept to a minimum in the interest of eliminating the torque 
transmission of the ordinary torque units. The torque synchro rotor 
aligns itself with the field. The position synchro is rotated by the servo 
until the secondary rotor is aligned perpendicular to the magnetic field, 
since at this position the input to the servoamplifier is zero. Hence the 
rest position for a torque synchro is 90 electrical degrees with respect to 
the null position for a position synchro. 

With voltages impressed across corresponding stator leads of the syn¬ 
chro transmitter shown in Fig. 8-28, proportional fluxes are produced. 
These, fluxes, which add vectorially to produce a resultant flux, have the 
same angular position with respect to the synchro receiver stator coils as 
the transmitter rotor has to its stator coils. With neglect of source 
impedance, the voltage appearing across R[ — R 2 (Fig. 8-28) may be 
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expressed as 

Si*/*,' = K a sin (0 - Q r ) (8-11) 

For small errors, 0 — 0' can be substituted for sin 0 — 0' with the result 

&V*,' = K 8 (6 - 00 (8-12) 

K 8 is the voltage sensitivity of the synchro (volts per radian misalign¬ 
ment) and co c is the carrier frequency. 

8-7, Reluctance Pickoffs. A large variety of position instruments are 
built on the variable-reluctance principle. These units are used to meas¬ 
ure both angular rotation and linear motion. They are often built into 
other instruments. For example, 
pressure transducers, accelerome¬ 
ters, and gyroscopes often utilize a 
variable reluctance pickoff. A 
linear motion unit, the so-called “ E 
pickoff,” is analyzed in this section. 

This name comes from its mechani¬ 
cal construction, which is shown in 
Fig. 8-29. 

An a-c flux, shown by the dotted 
lines, is established in the magnetic 
circuit. The flux at one instant of 
time is in the direction of the 
arrows. If the movable portion of 
the unit (termed an armature) is located symmetrically with respect to the 
E-shaped unit (termed a stator), the flux in each outer leg is equal. When 
coils U\ and n% are equal but wound in opposition, the voltage induced 
across these coils is equal. Hence, with the unit in the symmetrical posi¬ 
tion the output voltage — e 2 = 0. If the armature is displaced an 

amount x, the flux through n i decreases and the flux through n 2 increases. 
The voltage c 2 becomes greater than c h and e 0 = e\ — e 2 assumes a value. 
For small displacements and with careful shaping of the magnetic circuit, 
the transfer function of the unit is 

Co - K„x (8-18) 

where K s is the pickoff sensitivity expressed in volts per unit length. 
oj c is the reference carrier frequency. 

When the E pickoff is properly designed, there is no reaction torque 
on the I member over a wide range of motion. The sensitivity of these 
variable-reluctance pickoffs is extremely high. It is not uncommon for 
these units to sense changes of several milli-inches. 

8-8. Measurement of Velocity. Velocity pickoffs or tachometers 
develop an output voltage proportional to the shaft angular velocity. 



a-c ref. volts (w c ) 


Fki. 8-20. AMiype variable-reluctance 
position pickoff. 
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The tachometer output voltage is used for damping in position servos or 
as an output comparison unit for velocity* servos. Although there are 
numerous types of velocity pickoffs, the induction or a-c generator and 
the d-c tachometer have the greatest application. 

An ideal tachometer should have the following characteristics: 

1. The output voltage is linear with respect to shaft speed. 

2. The output is relatively free from harmonics and quadrature. 

3. At any one speed the output voltage is proportional to input 
voltage. 

4. High sensitivity, i.e., appreciable output voltage, with small shaft 
speed. 

8-9. Induction Tachometers. The a-c tachometer, schematically 
shown in Fig. 8-30, resembles a two-phase a-c motor. An a-c reference 

voltage is applied to one phase of the 
tach generator, and a voltage of refer¬ 
ence frequency and amplitude propor¬ 
tional to shaft speed is generated on the 
other phase. The sinusoidal reference 
voltage which is applied to the primary 
winding sets up in the generator a 
sinusoidally varying flux of constant 
amplitude. The secondary winding is 
located mechanically 90° with respect to 
this flux, so that with zero velocity no 
voltage is induced into the secondary. 
As the shaft is rotated, currents which 
generate a flux are induced in the rotor. This rotor flux adds to the 
reference flux and shifts the direction of the total flux. The total flux 
now has a component in the direction of the 90° winding, and a volt¬ 
age is generated in this winding. With proper design the flux component 
in the 90° winding is made proportional to velocity; hence the output 
voltage is proportional to velocity. 

The characteristics of an a-c generator are best summarized in the fol¬ 
lowing equation: 

= /Oo (8-14) 

where K s is the voltage gradient in volts per radian per second*"* 1 and w 
is the shaft speed. A good instrument will have a constant K s invariant 
with shaft speed co, voltage level, and carrier frequency. The phase shift 
of the output voltage is either 0 or 180° with respect to the reference volt¬ 
age, depending on whether the shaft direction is positive or negative. 

The voltage gradient K s is found from the manufacturer's literature. 
Often the manufacturer gives the K 8 information as follows: Output volts 



co = shaft speed in rad/sec 

Fig. 8-30. Schematic diagram of an 
induction tachometer. 
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at 1,000 rpm = 3 volts with rated reference voltage applied. With data 
in this form the gradient is assumed linear and K s is computed as follows: 

K 8 — ]~QQQ^rr 700 y ~ 2.87 X 10 ~ 2 volts/(radian)(sec )” 1 (8-15) 

Equation (8-14) is written alternately as 


Eo 

e 


Jy> 


(8-16) 


where p is the Laplace-transform operator. 



Fig. 8-31. Alternating-current rate 
generator. (C our levy of Ford In¬ 
strument Co., Long Island City.) 


Nonmagnetic drag cup 



The physical size and appearance of any of these rate generators 
(either alternating or direct current) are similar to the synchros. One 
type of unit is shown on Eig. 8-31. This rate generator is known as a 
“ drag-cup tachometer/' It incorporates a cylindrical drag cup which 
serves as the rotating element. This cup rotates in the air gap between 
a cylindrical stator and a core, both of precision-machined laminated- 
magnetic steel (cf. Eig. 8-32). 

The instrument functions as a two-phase induction generator. When 
one stator phase is excited by a constant-frequency, constant-amplitude 
voltage source, the output voltage from the other stator phase has an 
amplitude proportional to the speed of the shaft and a frequency identi¬ 
cal with that of the excitation voltage. The unit shown in Eig. 8-31 has 
the characteristics shown in Table 8-3. 

Besides the application of the rate generator to damp closed-loop sys¬ 
tems these units are used for integrating and computing. As an example 
of this latter application consider the block diagram shown in Eig. 8-33. 
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The over-all transfer function is 


C _ _ AKrn _ 

R p[(jmP + 1 ) + AK s K m ] 

For large amplifier gain the transfer function reduces to 

C 1 
R ~ K 8 p 


(8-17) 


(8-18) 


Table 8-3. Characteristics of a Temperature Compensated A-C Rate 

Generator* 


Frequency, cycles. 400 

Input voltage. 115 

Input power, watts. 4.7 ±0.3 

Input current, ma. 100 ± 10 

Maximum total residual rms voltage (null), mv. 100 

Maximum variation in residual voltage as shaft is positioned, mv 30 

Output voltage per 1,000 rpm. 3.6 ± 0.4/ ± 90° 

Maximum deviation of output voltage from linearity at speeds to 

1,800 rpm, %. 0.1 

Output impedance at 1,800 rpm, ohms. 20,000 

Compensated temperature range, °C. 0 to -f-90 

Maximum deviation over full temperature range from output volt¬ 
age at 25°C, %. ±0.5 

Moment of inertia, oz-in. 2 . 0.075 


* Courtesy Ford Instrument Co., Long Island City. 

Hence the circuit of Fig. 8-33, which uses a rate generator in the feed¬ 
back path, comprises an approximate integrator. The accuracy of such 
an integrator is limited by the approximation made (that is, A 1). 



Fig. 8-33. Block diagram of an electromechanical integrator which uses an a-c rate 
generator. 

The accuracy is also limited by the following characteristics of the 
tachometer: 


1 . Threshold (zero output voltage even with some finite shaft velocity) 

2 . Variation of K s with velocity, applied voltage, or environment 

8-10. Direct-current Tachometers. Although a-c rate generators are 
most common, d-c generators are often required for d-c servo applications 
which are similar to the above-mentioned a-c applications: d-c servo 
damping, d-c velocity servo comparison, etc. Because of the necessity 
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for brushes and commutation in d-c machines, d-c rate generators are 
less accurate, exhibit greater friction, produce both electrical and radio 
noise, are subject to drift, and quite often have a different K a in one direc¬ 
tion from the other. 

The d-c generator is similar in appearance and operation to the d-c 
motor. A fixed field is established with a d-c current through a field coil. 
As the rotor windings cut the constant magnetic field, a voltage is gen¬ 
erated in the rotor windings which is proportional to velocity. The 
transfer function can be written 

~ = It# (8-19) 

where K 8 is the d-c generator gradient in volts per radian second™ 1 . 

8-11. Permanent-magnet Tachometers. Alnico permanent magnets 
are often employed as the fixed field in d-c tachometers. These genera¬ 
tors are smaller in size, are more reliable, and have a larger gradient K 8 
than the wound-field units. 



Fig. 8-34. Sketch of d-c-linear-motion rate pickoff. 


The permanent magnets are stabilized against demagnetizing effects 
such as mechanical shock and short circuits by cycling an alternating 
field, of particular magnitude, through the magnetic circuit after the ini¬ 
tial charging of the magnet. The instrument is made insensitive to tem¬ 
perature changes by using a “ carpenter metal” shunt in the magnetic 
path. This shunt has a permeability which changes with temperature in 
an opposite sense to the permeability changes of Alnico. This technique 
maintains an essentially uniform flux in the magnetic core. Adjustable 
magnetic cores (or slugs) permit an adjustment of K s . 

Permanent magnets are often used for measuring linear-motion veloci¬ 
ties. This type of pickoff consists of a coil mounted on the fixed member 
and a magnet mounted on the movable member. A sketch of a linear- 
motion d-c rate pickoff is shown in Fig. 8-34. As the magnet moves in 
and out of the coil, a voltage is generated at the output terminals of the 
coil'which is proportional to the linear velocity. The proportionality 
constant K 8 is the voltage gradient in volts per inch second A If the 
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magnet is stabilized against demagnetization and compensated for tem¬ 
perature changes, a precise transducer is obtained. 

8-12. Capacitor Tachometers. The capacitor tachometer, which is 
included primarily for interest, comprises a capacitor, a d-c power source, 
and a switch (or a commutator) connected as shown in Fig. 8-35. The 
commutator, which is made to rotate with the shaft, alternately charges 
the capacitor from the source and discharges it through the load. If the 

Charging 



Fig. 8-35. Schematic of a capacitor tachometer. 


commutator rotates clockwise (see Fig. 8-35), the discharge current flows 
through the load from top to bottom. If the shaft rotates counterclock¬ 
wise, the discharge current flows from bottom to top. Hence the polar¬ 
ity of the load voltage determines the shaft direction. 

Figure 8-36 shows the output of the capacitor tachometer for one direc¬ 
tion of rotation and for two different angular velocities. The current 
into the load is a train of sharp pulses (exponential decays), the number 
of which is proportional to the number of revolutions. If this output is 



Fig. 8-36. Output waveform of a capacitor tachometer. 

smoothed through a filter, an average current which is proportional to 
speed is obtained. If this output is not smoothed, the capacitor tachom¬ 
eter forms a type of input which can be used with digital systems. 

When used as an analogue unit, that is, current proportional to speed, 
the device is less accurate. For small velocities the “spikes” are widely 
separated and the averaging process gives rise to large errors. 

8-13. Measurement of Acceleration. Although many types of acceler¬ 
ation transducers are manufactured, most of these instruments are 
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based upon a common principle of operation. The instrument measures 
the motion of a restrained mass when it is subjected to accelerations. 
Variations as to linear and angular accelerations, a fluid or a solid mass, 
fluid or pneumatic damping, a-c or d-c output, etc., do not change the 
fundamental theory underlying the operation of the accelerometer. Two 
types of accelerometer are considered. One is basically a mechanical unit 
in which the acceleration measurement depends upon the mechanical sys¬ 
tem, and the other, a force-balance unit in which a servo corrects some of 
the inaccuracies in the basic mechanical system. 

8-14. Mechanical Accelerometer. A “seismic” or mechanical acceler¬ 
ometer is represented by the schematic of Fig. 8-37. The instrument 
consists of a mass suspended from the frame by 
a spring. Damping is provided either mechani¬ 
cally or electrically, and an electrical pick-off 
measures the position of the mass with respect to 
the frame. The variable x is the displacement of 
the frame which is fastened to the body whose 

acceleration is to be measured, y is the displace- „ n . 

ment with respect to the frame of the suspended suismic ac , co i crometer . 
mass M. The position pickoff measures the 

variable y. K is the spring constant of the suspension, and B is the 
viscous damping constant. Since y is measured with respect to the frame, 
the force on the mass due to the spring is — Ky and due to the damper is 
— B{dy/dt ). The motion of the mass in inertial space is y — x. The 
Laplace-transformed equation for the sum of the forces on the mass is 

Mp*(Y - X) + BpY + KY = 0 (8-20) 

where zero initial conditions are assumed. Equation (8-20) is rearranged: 

(A/p 2 + Bp + K)Y » Mp*X = MA (8-21) 

where p 2 X = A is the acceleration to be measured. 

The transfer function of the accelerometer is 



MA A 

Y ~ A/p 2 + Bp + K p 2 -b (B/M)p + (K/M) 

This equation is simplified 

V = 1 

A p 2 + 2 fo) n p + W n 2 


where 


B 

2 VKM 


(8-22) 

(8-23) 

(8-24) 


The output of the accelerometer is measured with any of the position 
instruments discussed in Sec. 8-2. Commonly, either a linear-motion 
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potentiometer or an E pickoff is used to measure y. If the sensitivity 
(transfer function) of the position instrument is K s , then the accelerom¬ 
eter transfer function is 


A 




p 2 + 2fo n p + w n 2 



Y 

A 


P 2 + 2 + C0 n 2 


(8-25) 


Fig. 8-38. Block diagram of a median- an d the block diagram is shown in 
ical accelerometer. jpjg 8-38 

Accelerometers of the type just discussed fit in the category of sprung 
mass instruments. In these instruments the acceleration to be meas¬ 
ured appears as a proportional force (or torque) which acts upon a small 
mass (or moment of inertia). This force is balanced against a spring, 
and the deflection of this spring then becomes a measure of the force and 
therefore the acceleration. For static measurements, only a spring and a 



Fig. 8-39. A small and rugged seismic accelerometer with potentiometer output. 
{Courtesy of Genisco , Inc., Los Angeles , Calif.) 

mass or inertia are necessary. Under dynamic conditions damping is 
required to dissipate continually vibrational energy. Accelerometers 
employ liquid, pneumatic, and other forms of damping. They have an 
accuracy which depends directly upon the accuracy of the spring. Hys¬ 
teresis, nonlinearities, or nonsymmetrical properties of this spring will 
result in errors in the instrument. For this and other reasons which are 
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related to open-loop computations, units of this type are generally 
less accurate and have a smaller range than those of the force-balance or 
“servo” type, which are described 
in the next section. Seismic ac¬ 
celerometers are small and rugged, 
however, and provide a high output 
voltage from a potentiometer. 

Figure 8-39 shows a typical unit 
that weighs 8 oz and is Us b y iM 
by -i lj s in. over-all size. The out- 
put is linear within 1 per cent of full 
scale with a resolution of 0.3 per 
cent. Silicone damping provides 
0.7 damping ratio. The output is 
measured with a potentiometer. 

Small seismic accelerometers are 
designed and built for a wide range 
of accelerations using strain gauges 
to transduce the motion of the 
seismic mass. A photograph of a 
typical unit is shown in Fig. 8-40, 
and its characteristics summarized 
in Table 8-4. Because of the step¬ 
less character of a strain, gauge, the ultimate resolution of these accelerom¬ 
eters is infinite. 

High-accuracy seismic accelerometers arc built for use in various air¬ 
craft and missile-control systems. A typical unit is shown in Fig. 8-41. 



Fig. 8-40. Seismic accelerometer with 
strain-gauge output. (Courtesy of Sta- 
tham Laboratories , Inc., Los Angeles, 
Calif.) 


Table 8-4. Characteristics of a Seismic Accelerometer* 


Range, 

Approximate 

natural 

Excitation 

Approximate full- 
scale open 

Approximate 

full-scale 

(I 

frequency, 

d-c or a-c volts 

circuit output 

excursion, 


cps 


mv 

mv 

±2 

100 

9 

±45 

90 

±5 

190 

11 

±50 

100 

±10 

250 

11 

±47 

94 

±15 

800 

11 

± 44 

88 

±20 

350 

11 

±44 

88 

±25 

375 

11 

±50 

100 

±50 

500 

12 

±55 

110 

±100 

GOO 

11 

±50 

100 

±200 

850 

11 

±44 

88 


* Courtesy of Statham Laboratories, Inc., Los Angeles, Calif, 
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The seismic system consists of a dihedral spring to which a mass is 
attached at short radius. A magnetic armature is part of the system and 
is caused to rotate as the acceleration is applied. The displacement of 
the armature changes circuit inductances in a four-arm variable-reluc¬ 
tance bridge. The units are linear within 0.5 per cent with stepless out¬ 
put (infinite resolution). 

The frequency response of seismic instruments [Eq. (8-25) for p = jc o] 
is shown on Fig. 5-3a (amplitude) and b (phase shift). So that the accel¬ 
eration measurements will be without waveform change, the widest pos¬ 
sible frequency range (bandwidth) is desired. The least requirements 



Fig. 8-41. Seismic accelerometer with variable-reluctance output. (Courtesy of 
Wiancko Engineering Co ., Pasadena , Calif.) 

are a flat amplitude and a linear phase shift. Note that in Fig. 5-3a the 
f = 0.707 curve gives a flat amplitude, within close limits, out to 0.4 of 
the natural frequency. The phase-shift curve, Fig. 5-36, is more nearly 
linear than any on either side of it. For these reasons, accelerometers 
(and many other instruments) are commonly damped at 0.7 critical damp¬ 
ing. As is expected, increased damping will decrease the magnitude of 
the response peak in the neighborhood of the natural frequency, and thus 
transient oscillations due to high-frequency excitation are minimized. 

8-15. Force-balance Accelerometers. Force-balance accelerometers 
overcome some of the disadvantages of the previously mentioned instru¬ 
ments. The basic principle underlying the force-balance accelerometer 
is depicted in Fig. 8-42. In this system a mass is allowed to move along 
the acceleration-sensitive axis. The position of this mass is measured 
with a position pickoff, which is generally of the E type, as discussed in 
Sec. 8-7. The output voltage from this position transducer is amplified 
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with a high-gain amplifier whose output is a current. The current flows 
through the windings of a forcer* which forces the mass back to its origi¬ 
nal null position. The forcer current, necessary to zero the position of 
this mass, is proportional to acceleration. This current is measured as 
a voltage across a resistor which is in series with the forcer coil. In this 
system high damping, which is independent of temperature, and good 
accuracy are obtained by means of appropriate equalization in the servo. 



Fkj. 8-42. Schematic of force-balance accelerometer. 



The analysis of the force-balance accelerometer of Fig. 8-42 is based 
upon the block diagram of Fig. 8-43. If the mass is free to move along 
the rod with essentially zero damping, the force on the mass is related to 
the displacement as follows: 

F = Mp~(Y — X) (8-26) 


or rewritten 


Y = ^ + MV ~ X) = Mp" ( ' F + MA) < ’ 8 " 27 ' 1 

p is the Laplace-transform operator, and zero initial conditions are 
assumed. Equation (8-27) is represented by the first block whose out¬ 
put is Y. This quantity is transduced to a voltage through a position 
pickoff of transfer function K. and amplified through an amplifier and 
equalizer KG,. The current from this amplifier passes through a forcer, 


* See Sec. 9-5 for a discussion of a forcer. 
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with transfer function K f in force units per milliampere. This current 
forces the mass hack to a null position. The output voltage is taken at 
the output of a final block with transfer function R. The servo force fed 
back cancels the input acceleration. 

With an equalizer of the form 

G e (p) = ap + 1 (8-28) 


that is, position plus rate compensation, the system is made stable. The 
damping is electrically controllable (as a is varied), so is independent of 
temperature effects. The closed-loop system has the equation 


RK s K{ap + 1) 

Eg _ Mp 2 

MA K s K(ap + 1 )K f . , 
Mp* ^ 

which reduces to 


(8-29) 


Ec 

A 


RK„K (up + 1) 


where 


p 2 + ( K s KK t oc/M)p + (K'KKf/M) 


(8-30) 


Cdn = 


K s KKf 
M 


and 


-U 


KsK f K 

M 


The closed-loop force-balance accelerometer transfer function becomes 

Bo RK 8 K(ap + 1) ( , 

1 p 2 + 2fo> n ;p + ^ 2 V j 

Besides a controlled damping, the resonant frequency is proportional to 
the square root of the loop gain. Hence a high resonant frequency is 
possible with the force-balance units. 

Force-balance instruments, which are applicable to many types of 
measurement, have great advantages in that the inaccuracies in the 
mechanical system, such as spring hysteresis, are replaced by fewer elec¬ 
trical inaccuracies, such as forcer errors. The accuracy of the force-bal¬ 
ance system depends, to a large extent, on the accuracies with which one 
can build a forcer. In essence, the feedback system makes possible the 
use of an electrical standard (forcer) rather than a mechanical standard 
(spring). 

If temperature compensation, such as a Curie shunt* across the mag¬ 
netic path of the forcer, and appropriate equalization to account for var¬ 
iations of the copper with temperature are used, an accelerometer of high 

* A Curie shunt is the name usually given carpenter metal whose reluctance varies 
with temperature in. the opposite direction as does that of iron. See Sec. 9-5 for more 
information on forcers. 
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accuracy and fine resolution can be obtained. Instruments of this type 
are capable of measuring accelerations of the order of 0.001 g. Since the 
unit is always operating about a null, the linearity can be improved, by 
factors of 10, over completely mechanical accelerometers. 

8-16. Pressure Transducers. Static and differential pressure trans¬ 
ducers are built in a variety of forms but most are based upon a similar 
principle of operation. A mechanical motion is produced by the expan¬ 
sion of a diaphragm or a Bourdon tube.* Transducers used for servo 
applications produce an output voltage which is proportional to pressure. 



(a) "C" Bourdon (b) Spiral (c) Helical (d) Twisted 
Fig. 8-44. Sketch of four different Bourdon-tube arrangements. 

For pressure ranges of 0 to 1 in. of water up to BO psi| diaphragms are 
commonly used. For ranges from 0 to 30 up to 0 to 10,000 psi Bourdon 
tubes are usually used. 

Four general types of Bourdon tubes are used for measuring pressure 
(Fig. 8-44): 

1. C-type. Tube is bent in the form of a circular arc. 

2. Spiral type. Tube is wound on itself in the form of a spiral. 

3. Helical type. Tube is wound in the form of a helix. 

4. Twisted type. Tube is twisted in a helix. 

The principle of operation of all types is identical. Practical consid¬ 
erations dictate the type used by the gauge manufacturers. 

The C-type Bourdon tube, which is shown in Fig. 8-44a, takes the form 
of a circular art*., having one end rigidly anchored and the other end free. 
With the application of pressure to the inside of the tube, it tends to 
straighten out so that the free end will rotate. When this free end is 
linked to a pointer, the angle of rotation can be read on a scale which 
is graduated in pressure units. Figure 8-45 shows a typical C-type 
Bourdon-tube pressure transducer. 

For measurement of either high-pressure liquid or high-pressure gas, 
the stainless-steel or beryllium-copper helical element, shown in Fig. 8-46, 
can be operated up to 10,000 psi. 

* This tube takes its name from a French engineer, Eugene Bourdon, who, in 1849, 
patented a metallic tube designed to deflect proportionally to a change in pressure. 

t Pounds per square inch, 





Fig. 8-46. High-pressure helical element used in a pressure transducer. (Courtesy of 
The Bristol Co. } Waterbury , Conn.) 
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To obtain an electrical signal proportional to pressure, altitude, air 
speed, and other quantities required for modern flight-control systems, a 
sensitive and accurate instrument is needed. A twisted Bourdon tube, 
which is shown in the photograph of Fig. 8-47, used in conjunction with a 



Pig. 8-47. Aircraft-typo, pressure transducer using a twisted Bourdon tube. (Courtesy 

of Wiancko Engineering Co., Pasadena, Calif.) 


variable-reluctance, a-c piokoff, produces a voltage propoitional to pres¬ 
sure. Both absolute and differential pressure are available. One unit 
has the following characteristics: 

Scale factor. 100 mg/(volt/nnn Hg) 

Pressure range. 0-1,500 psig 

Sine. 2J4 by 2J4 by in. 

Excitation volts. 30 volts at 400 ops 

Linearity. ± 2 % 

Diaphragm pressure elements, which arc shown in big. 8-48, find wide 
application in aircraft control systems. Elements are constructed by 
first forming capsule shells. These shells are then welded into capsules 
which are built into elements. The number of capsules per element is 
determined by the travel or stroke required for a given pressure range. 
Multiple-capsule elements do not require internal springs, as do formed 
bellows, since the elements themselves act as springs. The number of 
fiexings (life span) which any element will withstand is dependent on 
several factors—percentage of rated range through which the element 
operates, magnitude of pressure involved, frequency of operation, operat- 
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ing temperature, etc. Laboratory tests at room temperature and at a 
frequency of 30 cpm have given over 200,000 flexings without changing 
over-all characteristics of the element more than 1 per cent. Linearity 
of these elements is better than per cent. A multiple-diaphragm pres¬ 
sure-measuring element is shown in Fig. 8-49. This unit responds with 


Fig. 8-48. Two-capsule diaphragm element. (Courtesy of The Bristol Co., Waterbury, 
Conn.) 


Fig. 8-49. Multiple-diaphragm pressure element. (Courtesy of The Bristol Co., 
Waterbury, Conn.) 

a large deflection for a small pressure change. The stack has a high 
accuracy, high sensitivity, and long life. 

Of the many varieties of pressure transducers the unit of Fig. 8-50 is 
interesting because of its size. This miniature pressure transducer uses 
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an unbonded strain gauge for transduction. The unit has a total non¬ 
linearity plus hysteresis less than ±1 per cent full scale. The range of 
absolute pressures is 0 to 5 to 0 to 150 psi. The unit is less than % in. 
long and 0.G10 in. in diameter. 



Fig. 8-50. Miniature pressure transducer. (Courtesy of Statham Laboratories , Inc., 
Los Angeles , Calif.) 

8-17. Conclusions. The field of servo transducers is ever increasing. 
Thousands of instrument companies are continually spending time and 
money on research into new methods of measuring the quantities dis¬ 
cussed in this chapter. Also, as the field of automatic control expands, 
more quantities, e.g., temperature, altitude, angle of attack, and Mach 
number, must be transduced over wider ranges for use in control systems. 


PROBLEMS 


8 - 1 . For the circuit of Fig. 8P-1, determine the loading error as a function of 
potentiometer setting for the following values of 0: 0.2, 0.4, 0.0, 0.8, and 1.00. Let 

Up = Ljj. 




Fig. 8P-2 


8 - 2 . Repeat Prob. 8-1 for two equally spaced taps, as shown in Fig. 8P-2, with 
Lp = Rl- As a result, generalize the problem to i taps and determine the effect of 
taps on potentiometer loading. 
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8 - 3 . For the loading curve of the circuit of Fig. 8-8, with jS = 0.2, fit a power series 
equation of the form 


E 


= A0 n 


Determine A and n for the best fit, and find the greatest error, n is not necessarily 
an integer. 

8 - 4 . Design an electromechanical integrator utilizing an a-c rate generator with a 
K a — 2.87 X 10~ 2 volts/(radian)(sec"' 1 ). Lay out the system block diagram such 
that an output rate of 0.1 radian/sec results when a step of 1.0 volt is applied to 
the input. 

8 - 5 . Find a passive-circuit equalizer to stabilize the accelerometer which is described 
by Fig. 8-43. 

8-6. Lay out a block diagram for a force-balance pressure transducer. Discuss 
the advantages and disadvantages of such a unit. 

8 - 7 . Mach number is defined by the ratio of true air speed to the speed of sound 
measured in the same units and under the same conditions. Hence the equation 

jkf — Yl — * ,ruc air speed 
C speed of sound 


If P s is the static atmospheric pressure and P v is the stagnation or pitot pressure, the 
Mach number is defined by the following equations: 


^ = (1 + 0 . 2 M 2 ) 3 - 6 

a 

P v _ 167M 2 

Pa [7 - (1/M 2 )1 2 - 5 


for M ^ 1.0 
for M ^ 1.0 


Design a servo comprising two pressure transducers, amplifier, motor, and function 
potentiometers which will compute Mach number. 



CHAPTER 9 


SERVO COMPONENTS AND APPLICATIONS 


9-1. Introduction. The units discussed in the previous chapter fall 
into the category of transducers. This chapter deals with other servo 
components. As the field of automatic control expands, the types and 
number of components increase. Some of the more common compo¬ 
nents—control motors, gear trains, gyroscopes, and subtractors are dis¬ 
cussed here. 

9-2. Control Motors.* The output torque required for many servo 
systems is supplied by control motors. These motors are commonly 



Fig. 9-1. Linearized torque-speed char- Fig. 9-2. Miniature control motor, 
acteristies for a servomotor. {Courtesy of Servomechanisms, Inc., West- 

bury , N.Y.) 

driven by an electronic, transistor, or magnetic amplifier. For servo 
applications the motor performance is specified not only in terms of the 
power requirements of the load but also in terms of the special seivo 
requirements. Both a-c and d-c control motors are manufactured. The 
torque-speed characteristics of both types, to a first approximation, are 
represented by the ideal curves of Fig. 9-1. For proper operation con¬ 
trol motors should not deviate appreciably from these straight lines. A 
typical servo-control motor is shown on Fig. 9-2. This unit operates at 
400 cps and is a two-phase induction motor. The dimensions are approx- 

* See Ref. 1, chap. 9, for additional discussion of motors. 
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imately 1.06-in. diameter, 1.296-in. length. Typical load characteristics 
for the motor of Fig. 9-2 are shown in Fig. 9-3. When the torque-speed 
curve of Fig. 9-3 is linearized, an approximate transfer function is 
obtained. 

Before the transfer function is determined, the performance of the 
motor will be considered from a physical point of view. The two phases 
of an a-c motor are termed excitation, or fixed, phase and control, or 
variable, phase. Normally a reference voltage is applied to the fixed 
phase and the amplified error voltage is applied to the control phase. 



Fig. 9-3. Typical torque-speed characteristics for a control motor. 

If the fixed field is excited and the control field is shorted, the output 
torque is zero. If, while in this state, the shaft is turned with the 
fingers, a distinct tendency to drag is felt. This is “internal” electrical 
damping; the motor shaft feels as if someone dipped the whole motor 
into molasses. As the shaft is turned, currents are induced in the rotor. 
The magnitude of these currents is proportional to the velocity in the 
same manner as in the a-c rate generator which is discussed in the pre¬ 
vious chapter. This internal damping is reduced unless the control 
winding is driven from a low-impedance source. 

Suppose full reference voltage is applied to the fixed phase while a 
variable voltage is applied to the control phase. As the control voltage 
is increased, the stall torque increases uniformly. The greater the con¬ 
trol voltage, the greater is the torque. 

Hence the motor produces a damping torque proportional to velocity 
and another torque proportional to the control voltage. This physical 
reasoning is borne out by the following analysis which is based on the 
torque-speed curves of Fig. 9-1. These curves, together with a knowl¬ 
edge of load conditions and motor inertia, are sufficient for determining 



SERVO COMPONENTS AND APPLICATIONS 


275 


the motor transfer function. Often, a pure inertia load J is assumed, and 
a transfer function is found from the linearized torque-speed curves of 
Fig. 9-1, from which the expression is written 

w = k\L + /C 2 C (9-1) 

where k x is the slope of the torque-speed curve and fc 2 is found from the 
intersection of the torque-speed curves with the L = 0 axis. Equation 
(9-1) is easily rewritten in the form 

L + mco = ke in (9-2) 

where tyi is the slope = — l//ci — —AL/Aco and k is the ratio k%/k\. Sup¬ 
pose the motor drives an inertia load 
L = Jp*6, where 6 is the angle of 
the motor shaft. The shaft velocity A 

IS 

Fig. 9-4. Block diagram for a motor 
co = p6 (9-3) driving an inertia load. 

The equation is obtained by combining the above expressions 


Jp 2 6 = kE in — mpd 

(9-4) 

which is rearranged as follows: 

t: _ hEin 

~ p(Jp + m) 

(9-5) 


Both a-c and d-c motors can be approximated by this expression, but 
with d-c motors, brush friction near co = 0 causes a larger error. Figure 
9-4 shows the block diagram of a motor. In this figure, K m = lc/m and 
r = J/m. It must be emphasized that the block diagram of Fig. 9-4 and 
the transfer function of Eq. (9-5) are applicable for a motor driving an 
inertia load. 

In the actual design of a servo system it is necessary to obtain numeri¬ 
cal values for the transfer function of Eq. (9-5) from the manufacturer’s 
literature. A torque-speed curve similar to Fig. 9-3 together with a table 
of performance data similar to Table 9-1 is usually supplied by the manu¬ 
facturer. Since the torque-speed curve is given only for full rated applied 
voltage, approximations must he made to obtain the transfer function. 
Since a position servo generally operates about a null, that is, for values 
of control voltage near zero, the slope of the zero voltage torque-speed 
curve is more accurate than the slope of the rated voltage curve. This 
slope, as is shown later, is approximately one-half the slope of the full 
rated voltage curve. Hence as a first approximation take 

_ 1 st all torque (rate d voltage) 
m ~ 2 no-load speed (rated voltage) 



(9-6) 
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Table 9-1. Performance Data on a Typical A-C Control Motor* 


Reference Phase: 

Voltage. 115 volts rms 

Current at stall. 85 ma 

Input power at stall. 7.2 watts 

Power factor at stall. 75% 

Impedance at stall. 1,400 ohms 

Control Phase: 

Voltage. 115 volts rms 

Current at stall. 38 ma 

Input power at stall. 2.1 watts 

Power factor at stall. 50% 

Impedance at stall. 3,000 ohms 

Tuned impedance at stall. 6,300 ohms 

Tuning capacitor a t stall. 0.12 >uf 

Minimum stall torque. 0.42 oz-in. 

No-load speed. 6,500 rpm 

Maximum power output. 0.70 watts 

Maximum power output. 3,700 rpm 

Winding temperature rise at stall. 65°C 

Rotor inertia. 0.9 g-em 2 


* Courtesy of Servomechanisms, Inc., Westbury, N. Y. 

where the Yi accounts for the difference in slope between the zero voltage 
and rated voltage torque-speed curve. The other constant is 

7c = stall torque 

rated control voltage '' ~ ' 

The stall torque is read from the torque-speed curve at the point where 
the speed is zero, and the no-load speed is read at the point where the 
torque is zero. For the motor of Fig. 9-3 

Stall torque = L 0 = 0.42 oz-in. 

No-load speed = co 0 = 6,500 rpm = 

= 680 radians/sec 
Rated control voltage = 115 volts 

The constants are 

k = = 3.65 X 10” 3 oz-in./volt 

m = ~ = 0.309 X 10” 3 oz-in. sec 

/ OoO 

For an inertia load which is equal to the inertia of the motor 
J = 2(0.9) = 1.8 g-cm 2 

= g-cm sec 2 = 1A (0.0137) oz-in. sec 2 
= 2.51 X 10 -5 oz-in. sec 2 


(9-8) 
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Fig. 9-5. Low-inertia GO-cyclc servomotor. (Courtesy of Diehl Mfg. Co ., Somerville , 
N.J.) 

The transfer function quantities are 


Time constant 


J = 2.51 X 10 5 oz-iiLsee^ 
m 0.309 X 10~ 3 ' 


0.0813 sec 


Motor constant = K m = 


oz-in. sec 
k __ 3.05 X 10' 3 oz-in./volt 
m 0.309 X 10 “ 8 oz-in. sec 

= 11.8 per volt sec 


(9-9) 

(9-10) 


The approximate transfer function is 


i plo.osn-p + i) ( 9 ' 1Ij 

Figure 9-5 shows a good equality 00-eps servomotor. 

If a family of torque-speed curves is available or can be run, a more 
accurate transfer function can be obtained. A typical servomoter 
was run on a dynamometer.* Torque-speed curves for various con¬ 
trol voltages are plotted on Fig. 9-0. The intersections with the co = 0 
axis of the various curves are taken from Fig. 9-0 and plotted in Fig. 9-7. 

* The dynamometer consists of a <l-o motor coupled to the test motor through a 
calibrated torsion wire. The angular deviation between the two motors (which is 
converted into torque units) is read by the apparent, stopping of the motion with a 
stroboscope, from which the speed is also read. The d-c motor acts as a variable load. 
This makes an excellent servolah experiment. 




Torque (in. oz. 
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Per cent rated voltage 

Fig. 9-7. Torque-voltage curve taken from torque-speed curve, 
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The slope of the torque-speed curve for zero control voltage is used for m, 
since the servo operates near the null (zero control volts) 

+ 1.5 — (—1.5) _ 3 

m (2t/() 0) [ —i,700 - (2,350)] (4,050) (6.28/60) 

= 7.09 X 10“ 3 oz-in. sec (9-12) 

The slope of the linear portion of Fig. 9-7 is used to determine the second 
constant 

k = = ^ ^ oz “i n ./volt (9-13) 

The transfer function quantities are found from these values and the 
motor inertia (J m = 0.14 oz-in. 2 ). For an inertia load which is equal 
to the motor inertia 

J = = 0.73 X 10-* oz-in. sec 2 (9-14) 

(32)(12) in./sec 2 v ' 

The time constant and motor constant are 


= / 
m 



0.73 X 10~~ 3 
7.09 X 10 3 
04 X 1()~ 3 
7.09 X 10 ~ 3 


= 0.103 sec 
= 9.04 per volt sec 


(9-15) 


It is interesting to compare the values of k and m found accurately 
with those found approximat(4y. The approximate values are found 
from the manufacturer's literature as follows: 


m 


7.5 

115 

1 


05.2 X 10" 3 oz-in./volt 


7.5 


2 (3,000) (2tt/00) 


9.95 X 10 ~ 3 oz-in. sec 


(9-16) 


Notice that although the torque-voltage constant k compares closely, the 
slope of the torque-speed curve m shows some error. 

Use of the factor is justified on the basis of the slope of the torque- 
speed curves of Fig. 9-0. The nonlinear shape of any motor torque-speed 
curves and the change of slope with voltage preclude a high degree of 
accuracy. 

9-3. Alternating-current Control Motors. The advantages of a-c 
servo systems, as outlined in Chap. 7, have resulted in widespread use 
of a-c components. The two-phase a-c servomotor, shown in the sche¬ 
matic diagram of Fig. 9-8, satisfies the requirements for the output unit 
of an a-c system. The main or “fixed” field is continuously excited from 
the reference line. The voltage is adjusted to give a maximum torque 
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FivprJ a ' c reference 

reference volta 9e 
windings ' 

Amplified 
control 
signal 

Control windings 

Fig. 9-8. Schematic diagram of 
two-phase servomotor. 



per control field watt. The control field is spaced 90° in space from the 
fixed field. The control field is driven with a suppressed-carrier signal, 
which must be 90° phase-shifted in time with respect to the reference 
voltage. The control field and the reference field are usually similar in 

power rating. Often, however, the 
control field is of a higher impedance 
level, so that a good impedance match 
to the amplifier is achieved. 

A variety of special motor designs is 
available to the control engineer. A 
partial list of a-c motor types includes 

a. Squirrel Cage. This is an induc¬ 
tion motor which has a series of shorted 
conducting bars located around the 
periphery of the rotor. This type of 
motor has excellent performance characteristics and has a high ratio of 
output to input power. A typical Mark 8 unit is shown on Fig. 9-9. 
The stall torque is 2.35 oz-in., and the rotor inertia 4.0 g-cm 2 . 

b . Drag Cup. This type of motor is similar to the squirrel-cage motor 
except that the rotor is a drag cup of conducting material. The mechan¬ 
ical construction is similar to the rate generator shown in the schematic 
of Fig. 8-32. All the heavy iron lamina¬ 
tions which provide the low-reluctance flux 
path are stationary, and only a light cup is 
rotating. The advantages of this type of 
motor are constant developed torque inde¬ 
pendent of rotor position, high torque-to- 
inertia ratio, and low bearing friction. 

c. Solid-iron Rotor. For less expensive 
applications, a compromise between the 
high-efficiency squirrel-cage motor and the 
high torque-to-inertia ratio drag-cup unit is 
reached with a motor that has a rotor of 
solid, unlaminated iron. This motor, how¬ 
ever, finds less application than the previous 
units. 

d. Motor Plus Damper. Frequently it is 
possible to stabilize a feedback system by 
adding viscous damping to the motor shaft. 



Fig. 9-9. High-performance 
squirrel-cage servomotor. 
(Courtesy of Dodcam Div 
Mimieapolis-Honeywell Regula¬ 
tor CoBoston , Mass.) 


Motors are available which have adjustable eddy-current dampers. Units 
of this type usually are built for small-size motors, since a large waste of 
power would occur in larger (20-watt and greater) applications. Damp¬ 
ing is accomplished by the relative motion between a low-inertia drag 
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cup connected to the rotor and a fixed magnetic field. As the cup cuts 
lines of flux set up by the magnetic field, eddy currents are induced in the 
cup. These currents create a drag or damping effect proportional to the 
speed of the rotor. The degree of 
damping is varied by adjusting the 
strength of the fixed magnetic field. 

This is accomplished by a screw¬ 
driver adjustment on the back cup 
of the motor. This type of damp¬ 
ing, which is included on the motor 
of Fig. 9-10, is simple and rugged. 

In contrast to network damping, 
this viscous-drag damping is insensi¬ 
tive to line frequency changes. It 
is cheaper and more compact than 
tachometer-generator feedback but 
not always equivalent. 

Frequently viscous damping is 
used in small servomotors. A small paddle wheel is affixed to the shaft 
and caused to move through grease or heavy oil. 

An integral motor and a-e tachometer provide a power source with an 
output velocity voltage available to be fed back for damping in large 




Fig. 9-LI. Combination servomotor generator. (Courtesy of Kearfoll Company, Inc., 
Clifton, N.J.) 

power systems. Since these units utilize one housing and one shaft, a 
saving in size and cost results. The resulting servo has a greater adjust¬ 
ability of damping. A typical combination unit is shown on Fig. 9-11. 



Fig. 9-10. Damped control motor utilizing 
an adjustable edcly-ourrent disk. ( Cour¬ 
tesy of Servomechanisms , Inc., Westbury, 
N.Y.) 




282 


BASIC FEEDBACK CONTROL SYSTEM DESIGN 


Direct-current motors and tachometers on one shaft are also available for 
use in d-c systems. 

e. Motors for Plate-to-plate Operation . High-impedance, center-tapped 
control field windings are often used in a-c motors. These units elimi¬ 
nate the need for an output transformer, since the motor can be driven 
directly from the plates of two vacuum tubes (or power transistors) in 
push-pull operation. Since the quiescent plate current cancels out for 
push-pull operation, there is no net direct current through the a-c motor. 
Care must be exercised in the choice of d-c plate supply to avoid voltage 
__ breakdown in the motor. 

9-4. Direct-current Servomo- 

tors. To a first approximation, the 
' Ir ^ transfer function of Eq. (9-5) is 

'fai r- applicable to d-c control motors. 

^ more accurate but more compli- 
BA | M cated transfer function includes the 

effects of winding time lags, arma¬ 
ture inductance, etc. The torque- 

Fig. 9-12. Direct-current, permanent- speed characteristics are greatly 
magnet-field servomotor. ( Courtesy of affected by the type of excitation, 
Servo-Tek Products CoHawthorne , NJ.) that is, series, shunt, or fixed excita¬ 
tion, Direct-current machines de¬ 
velop large power output in a small size. Extreme environmental condi¬ 
tions are withstood by sealing the units. 

The major application of d-c motors in aircraft control systems is in 
power actuators, where weight and space limitations demand a unit with 
a large power-to-volume ratio. 

The disadvantages of d-c motors can be listed as follows: 

1. Brush and commutator maintenance. 

2. Radio interference generated. 

3. d-c amplifier drift (develop an output with no input). 

4. Difficult to match amplifier to motor, since it is impossible to use a 
transformer. 

Permanent-magnet excitation finds wide application in d-c servo¬ 
motors since it overcomes some of the above-cited disadvantages. A 
typical unit is shown in Fig. 9-12. 

9-5. Forcers. In many applications, such as the force-balance acceler¬ 
ometer, a force (or a torque) is required with no appreciable motion 
involved. The term “ forcer ” or “torquer” is applied to such a unit. 
Figure 9-13 shows a simplified diagram of a forcer. A permanent magnet 
is free to move a small distance through the field coil. A current through 
the field coil produces a flux which interacts with the fixed flux of^ the 
permanent magnet and hence develops a force whose sign depends upon 



SERVO COMPONENTS AND APPLICATIONS “OQ 

the polarity of the magnet and direction of current through the field 
winding. Frequently the magnet is fixed and the coil moves. 

Careful stabilization of the magnet and compensation of the magnetic 
path for temperature changes can result in a precision instrument whose 
equation can be written 

/ = KJ (9-17) 

where K, is the sensitivity of the instrument in force units per ampere. 
The unit resembles the d-c rate pickoff which is described in Sec. 8-11. 
The methods of stabilization are similar. 



Fig. 9-13. Simplified diagram of a forcer. 


9-6. Gear Trains. 12 Feedback control systems make wide use of high- 
quality gear trains for the following reasons: 

1. Mechanically matching the |—- ' 

motor to the load. Since a servo¬ 
motor often operates at high speed 
but low torque, a gear train is re¬ 
quired to drive the load with a 
greater torque but less speed. 

2. Gain adjustment in the closed 
loop. 

3. Adding and subtracting me¬ 
chanical signals. 

4. Scale changing; for example, a 

two-speed system. i 

5. Reversing direction of rotation. I-— - ; 

For many systems which use a Fig. 9-14. Precision miniature speed re- 

^ duoer (Courtesy of Bowmar Instrument 

potentiometer for transducing the "• ^ Way ^ lnd ) 

position of the shaft, the motor must 

run at a reasonable velocity while the potentiometer can turn only 1 o 
10 turns. A precision miniature speed reducer is shown in Fig. 9-14. The 
dimensions are 1.062-in. diameter and 1.656 in. long. The unit drives a 
load torque of 25 in.-oz. The backlash of this unit is 30 min maximum at 
the output shaft. Gear ratios up to 3,000:1 are possible. 
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Gear-head motors incorporate the gear reduction and the motor in one 
integral unit. A typical unit, which is shown in Fig. 9-15, features sav¬ 
ings in size, weight, and cost. Gear ratios in the range 12:1 to 3,000:1 
are available on many of the standard control motors. A universal 
design allows a wide variety of gear ratios in the same basic configuration. 
On the individual gear clusters, gear heads are supplied with either pre¬ 
cision stainless-steel ball bearings or sleeve bearings. 


Fig. 9-15. Gear-head motor. (Courtesy of Servomechanisms, Inc.., Westbu.ry, N.Y.) 

9-7. Choice of Optimum Gear Ratio. The first and perhaps simplest 
method of selecting gear ratios for simple servo systems is merely to 
arrange for the maximum load power demand to match the maximum 
motor output capabilities. Suppose the maximum load demand is 1.6 
watts at 100 rpm. The torque-speed curve of a typical two-phase a-c 
induction servomotor, such as shown in Fig. 9-16, is essentially a straight 
line between zero torque, maximum speed and zero speed, maximum 
torque. Somewhere on this line the product of torque and speed will be 
maximum, and this is actually the maximum power-output point of the 
motor. Since the torque-speed characteristic is assumed a straight line, 
the maximum power point is halfway up that line. If, however, it is not a 
straight line and has some curved shape, the maximum power point will 
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have to be calculated. In the case of Fig. 9-16 the maximum power point 
is 2,600 rpm. Therefore, knowing that the maximum power demand of the 
load occurs at 100 rpm and the maximum motor power delivery is 2,600 
rpm, the quotient of motor speed divided by load speed yields the gear 
ratio for this match—26:1. 

Although the maximum-power-point method is adequate for many sim¬ 
ple servomechanism design problems, it is often wise to check it by 



0 0.5 1.0 1.5 2.0 

Torque— in. oz. 

Fid. 9-16. Choke of optimum gear ratio. 


another method. This method is based on a mechanical impedance 
match. The load-speed and torque conditions for maximum power 
demand are known. The speed is 100 rpm, and the torque is given by 
the expression 

, 1.*><>/> X 10° 


where P = mechanical power, watts 
L = torque, in.-oz 
co = speed, rpm 
For this application, 


/j _0.35(>)l<).( 1 6)_ 217 . n - oa 


(9-19) 
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In this method various possible gear ratios between motor and load 
are arbitrarily assumed. Based on each assumption, the motor speed 
and motor torque are calculated and arranged in tabular form. As an 
example of this, Table 9-2 shows the calculation of a series of assumed 
gear ratios and motor conditions. Each gear ratio results in motor- 
speed and motor-torque points which are plotted directly on the motor- 
speed-torque curve. Each assumed gear ratio yields a point on the curve. 


Table 9-2. Optimum Gear Ratio 


Assumed gear 
ratio 

Motor speed, 
rpm 

Motor torque, 
in.-oz 

10 

1,000 

2.17 

20 

2,000 

1.08 

30 

3,000 

0.724 

40 

4,000 

0.543 

50 

5,000 

0.434 


These are connected to form a curve that has a relation to the motor- 
torque-speed curve such as shown in Fig. 9-16. 

All portions of the gear-ratio curve that lie beneath the motor-torque- 
speed curve represent satisfactory gear ratios. Any gear ratios above 
the normal motor-torque-speed curve are unusable and will not give the 
required load performance. If the whole gear-ratio curve lies outside the 
motor-torque-speed curve, the motor has insufficient power and will not 
do the job. It can readily be seen from this curve that the gear-ratio 
value of 26 calculated by method 1 is adequate for the job and would 
work satisfactorily. This curve is useful in that if the gear-ratio curve 
barely penetrated the motor-speed-torque characteristic, it would indi¬ 
cate that the motor was marginal. 

With the over-all gear ratio chosen the best ratio for each gear mesh is 
usually required. This is accomplished with the nomogram* of Fig. 9-17, 
which helps to determine the individual stage ratios that will give mini¬ 
mum reflected gear train inertia for any given over-all ratio and any 
given number of stages. Although the minimum reflected inertia results 
only for an infinite number of meshes, the nomogram gives the best mesh 
ratios for any given number of meshes while keeping the reflected inertia 
to a minimum. 

Suppose a gear ratio of 75 is desired in four meshes. Referring to the 
nomogram, place a straightedge through the point which represents the 
total number of stages (four) and also through the point which corre- 

* This nomogram is taken from Reeves Catalog RICO-10. The derivation is 
available from Reeves Instrument Corp., New York, N.Y. 
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sponds to the over-all gear ratio on the right-hand scale (75:1). From 
the left-hand scale it can be seen that the gear ratio of the first stage is 
1.72. Round this off to 1.75, and determine the remaining gear ratio; 
75/1.75 equals about 43. To determine the second-stage ratio repeat 
this process, using 43 as the over-all ratio and three as the number of 
stages. The subsequent stage ratios are found in a similar fashion. 


o 

6 


o 

5 



o 

o 

o 



o 

4 



4 


5 


o 

1 


1000 

800 

600 

400 

300 

200 


100 o 
80 8 



40 

30 

20 


o 

d) 

CD 


O 

<D 

> 

O 


10 

8 

6 

4 

3 

2 


II 


6 


1 


Fig. 9-17. Nomogram for approximating the optimum ratio for each gear mesh. 


9-8. Gyroscopes.* Essentially, a gyroscope consists of a wheel mounted 
on a shaft and arranged to be spun at high angular velocity. Frequently, 
the wheel is mounted in a system of gimbals, which permits it freedom to 
take up any orientation in space. 

The most useful characteristic of a gyroscope is its tendency to main¬ 
tain its axis in a fixed direction in space. This phenomenon is best 
explained by a consideration of the concepts of rotational dynamics. 

A simple example will help to gain insight into the operation of the 
gyroscope. In this example the effects of moments of inertia of the wheel 

* See chap. 0 of Ref. 34 for more information on gyroscopes. 
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and gimbal system about axes other than the spin axis are neglected. 
The resulting equation will fail to show certain behavior characteristics. 
For many purposes, however, the results are adequate. For this deriva¬ 
tion the following nomenclature is needed: 

M X) M V} M z = components of angular momentum about the x, y, and z 
axes 

I 3 = moment of inertia of wheel about spin axis 
co s — angular velocity of wheel 
H = I s o) s = angular momentum of wheel 


These quantities are demonstrated in Fig. 9-18. 

At time t = 0, suppose the torque Q x is applied about the x axis. This 
may be accomplished by pressing down on the gyro housing at point p. 
Initially, M z = I s oo a = H and M x = M y — 0 . Originally, the angular 
momentum of spin lies along OZ and has a magnitude II. Since the rate 
of change of angular momentum of a system is equal to the applied 

torque,* the following expression can 
be written: 



Qx = 


dM x 

dt 


(9-20) 


Fig. 9-18. Vector diagram for a simpli¬ 
fied gyro system. 


This is expressed in different form, 
dM x = Q x dt (9-21) 

If this term is added vectorially to 
the initial angular momentum (see 
Fig. 9-18), a new value is obtained. 
M x + dM x is separated from the initial value by an angle dd„ which, from 
Fig. 9-18, is given by 

ja — dM x Q x dt 

dd y -~- = -j— (9-22; 

This is rewritten as follows: 


co w = 


H 

dd. 

IT 


y _ 


Qx 

H 


(9-23) 


The gyro is thus rotating about the OY axis with a velocity Equa¬ 
tion (9-23) demonstrates the fundamental gyroscopic law: A torque about 
any axis other than the spin axis produces a velocity about the axis which 
is orthogonal to the applied torque axis. Because of this property the 
gyro is an important instrument for measuring torques (Q x = Hoj v ) by 
measuring precession velocity. 

Alternately a large gyroscope can be used to obtain a stabilizing coun¬ 
tertorque. For applied torques about the x or y axis, the gyro supplies 

* In linear mechanics, the rate of change of linear momentum equals the applied 
force F = dmv/dt. 
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an equal countertorque which prevents motion in the direction of the 
applied torque as long as the gyro can precess. Once the precession 
angle 6 has reached 90°, the gyroscope is in a state of “gimbal lock” 
and ceases to function as described. In the state of gimbal lock the OZ 
axis has processed into the OX axis, about which the torque is being 
applied. With a torque applied about the OX or spin axis, the gyro 
ceases to produce a countertorque. 

9-9. More Complete Mathematical Treatment of a Gyroscope. In this 
section the more general gyroscopic equations are derived. Such quan¬ 
tities as spring constant, damping, and moment of inertia about the two 
axes of interest are considered, 
and their effects discussed. The 
equations of this section are aimed 
at the single-degree-of-freedom 
gyroscope. In the subsequent 
derivation, the following assump¬ 
tions are made: 

1. Small-angle assumption (that 
is, sin 6 « 6 and cos 6 « 1). 

2. Moments of inertia about the 
x and y axes are considered con¬ 
stant during the period studied. 

3. The gimbal system is suffi¬ 
ciently symmetric so that products 
of inertia are negligible. 

If the gyroscope is mounted in a gimbal system and the position of the 
spin axis is displaced from the OZ axis by small angles, 6 in azimuth and 
</> in elevation (Fig. 9-19), the following additional nomenclature is 
needed: 



Fig. 9-19. Coordinate system for more 
complete gyro equations. 


J — moment of inertia of wheel, case, and gimbal system about x axis. 

This includes inertia of platform or other mounting of gyroscope 
I = moment of inertia of wheel, case, and gimbal system about y axis 
L = torque applied about x axis 
U = disturbing torque applied about y axis 

The remaining symbols are identical with those given earlier. The 
inertial torques which act in the two directions x and y are first obtained. 
The remaining torques arc summed about appropriate axes, and applica¬ 
tion of Newton’s law yields the desired expiations. The desired equa¬ 
tions are the precession angle 0 and the gimbal angle </> as functions of L 
and U. 

Because a single-degree-of-freedom gyro is considered here, the only 
axis capable of moving is the y axis of Fig. 9-19. For this reason this 
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axis is called the output axis. The gyro input, which is a torque, appears 
about the input axis. The applied torque L is the desired input, and the 
precession velocity 6 the desired output. * Undesired torques appearing 
about the output axis are called disturbing torques, since they produce 
drift of the gyroscope. The greatest limitation in the use of gyro¬ 



scopes lies in the random disturb¬ 
ing torques U which cause un- 
desired velocities <j>. Such torques 
as caused by spring constant K 
and damping D about this axis are 
especially important. A sketch of 
a gyro gimbal system is included in 
Fig. 9-20. 

Consider the angular momentum 
of the spin axis H = as shown 
in Fig. 9-19. For small angular dis¬ 
placements 0 and 4> about the y and 
x axes, the projection of 77 in the 
direction of the x and y axes is, 
respectively, 

77 sin 8 and — FI cos 6 sin <$> 

(9-24) 


When combined with the angular momentum due to 
velocity, 


M x = H sin 6 + J 


d4 

dt 


the precession 
(9-25) 


M y - — 77 cos 6 sin <f> + 7 


dd 

dt 


(9-26) 


Since the angles are small, sin 8 can be replaced by 6 and cos 6 by 1. 
Use of this simplification, together with Laplace transformation, results 
in the following: 

M x = H8 + Jp4> _ (9-27) 

M y = + Ipd (9-28) 

The bars over the variables indicate that the equations have been trans¬ 
formed where p is the Laplace-transform operator. Since the time rate 
of change of momentum is equal to the applied torque, 

& = £ ^ = pM x = Hp8 + Jp 2 4> (9-29) 

Qy = £ ^ = pMy = —Hp4> + Ip*9 (9-30) 

* A dot over the variable means differentiation with respect to time— cf> — d<f>/dt. 
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The damping and spring torque about the input axes are negligibly 
small compared with the applied torque, so these are neglected with the 
result Q x = L. The damping and spring restoring torques about the out¬ 
put axis are included: 

Q y = U — Dpd — K6 (9-31) 

where D is the damping coefficient and K the restoring torque coefficient, 
both about the output axis. Upon substituting into Eqs. (9-29) and 
(9-30), 

L = (Jp 2 )4> + (Hp)0 (9-32) 

U = (- Hp)4> + ( Ip 2 + Dp + K)d (9-33) 


where p denotes the Laplaoe-transform operator (zero initial conditions). 
Solution by Cramer's rule (a ratio of two determinants) yields the follow¬ 
ing two equations: 


(L/J)(lp 2 + Dp + K) - U(H/J)p 
P*{Tp 2 + Dp + [K + \H 2 /J))\ 
UH/.I ) + Up 

p{ Ip* + Dp +T K + ( IP/J)\ ) 


(9-34) 

(9-35) 


Equations (9-34) and (9-35) are the gyro equations. Depending upon 
the gimbal system and the particular use of the gyro, various of the 
terms can be neglected. 

Since IJ in Eqs. (9-34) and (9-35) is the disturbing torque, the transfer 
function from torque input to precession angle output is given by 


6 ^ _ II (J 

l “ plfp 2 + l)p + [K + (IP/J)]} 


(9-3()) 


when U is set equal to zero. 

9-10. The Free Gyro. If there are no restraining gimbals in any direc¬ 
tion on the gyro, the gyro wheel remains fixed in space and the gyro 
measures the angular position of the aircraft with respect to the gyro as 
a reference. Gyros used in this manner establish an inertial reference of 
relatively low accuracy. In order to obtain the approximate transfer 
functions for a gyro in this mode of operation, set U, /, /), and K equal to 
zero in Eq. (9-34), obtaining 

•e ‘ v<t> =■ ^ = y, (9-^7) 


Similarly, sotting 0 , /, I), and K equal to zero in Mq. (9-35), a simplified 
equation results for the other axis: 


ti 1 pO = 


de 

dl 


l ± 

II 


(9-38) 


When the gyro is used in this form, various mechanical members must 
remain constant with respect to time, temperature, and hysteresis. 
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Hence, used in this mode, gyro drift rates of fractions of a degree per 
minute are common. 

Figure 9-21 shows a cutaway view of a two-degree-of-freedom gyro 
measuring displacement about two axes by means of a piekoff placed on 
each gimbal axis. The gyro motor and inner gimbal assembly are sym¬ 
metrical. The complete symmetry of motor and inner gimbals enables 
this unit to sustain high vibrational requirements up to 9 g at 1,000 cps, 



with a drift of less than 2°/min. A unique and positive “caging” device 
is used with an extremely fast time response. When a gyro is caged 
electrical or mechanical torques are applied to the gyro to prevent any 
motion of the gyro gimbals. Caging is accomplished within a maximum 
period ot 30 sec when the gimbal is at its maximum displacement The 
gyro is fully uncaged in less than 0.1 sec. The drift rate is less than 0.2°/ 
mm under normal operation. The unit has 360° continuous rotation on 
the outer gimbal and ±85° on the inner gimbal. A thin, pancakelike 
sync ro is used on the outer gimbal, and a potentiometer on the inner 

gimbal The gyro fits into a hermetically sealed case 3*g in. in diameter 
and 5}^ in. long. 
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9-11. The Rate Gyro. In many aircraft maneuvers it is necessary to 
measure the rate of roll, pitch, or yaw, and these measurements are used 
to damp out certain undesirable oscillations of the aircraft about these 
axes. A low-accuracy gyro, called a rate gyro, is used for this purpose. 
In order to understand the operation of a rate gyro, set U equal to zero 
and equate Eqs. (9-34) and (9-35), eliminating L. In so doing, the fol¬ 
lowing expression results: 

V4> = jj {If 1 + Dp + K)6 (9-39) 


For small I and D or also with slowly varying time functions, Eq. (9-39) 
reduces to 


K dt 


(9-40) 


Equation (9-40) indicates that a signal which is proportional to the rate 
d<j>/d,t is obtained. Practically, the large value of K is obtained by sup¬ 
porting the output axis in a torsional spring. 

A rate gyro produces velocity signals; that is, it yields a voltage pro¬ 
portional to the time derivative of the input axis angle. Any low rate 
drift of this angle is differentiated and hence of little importance. Also, 
since gyros of this type are used primarily for damping in systems, high 
accuracy and low drift are not essential. 

A cutaway view of a rate gyro is shown in the sketch of Eig. 9-22. 
This unit utilizes an induction-typo pickoff with a linearity of ±1 per 
cent. The gyro resolution is less than 0.1°/sec. The unit is 3.3 in. long 
with a 2.0-in. diameter. 

9-12. The Restrained Gyro. If only one axis is free to move with 
respect to the case, the gyro becomes a restrained gyro, or single-dcgree- 
of-frecdom gyro. If K, D, and V are set equal to zero in Eq. (9-35) 
(note that IP/J Ip 1 is much larger than 1), the approximate transfer func¬ 
tion for a gyro in this mode is given by 



Because of the form of this transfer function, that is, the 1/p multiply¬ 
ing the torque, this gyro is often called an “integrating gyro.” A more 
complete transfer function can be found by setting U and K to zero as 
follows: 


0 II/J 

L “ p[/p 2 + Dp+JlP/J)} 


(9-42) 


Gyroscopes of this type are the most accurate of those discussed 
and are used to measure angular accelerations. Drift rates in the 
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order of 0.05 to 0.1°/hr are possible. These gyros are generally used 
in conjunction with a platform for “inertial guidance” systems, which 
are discussed in the next section. 



Pm. 9-22. Cutaway view of a rate gyro. (Courtesy of American Gyro lHv., Dayslrom 
Pacific CorpSanta Monica , Calif.) 

Because of the high accuracy of these components, considerable care 
must be taken in the design of the output axis. Any spring or damping 
torques that appear about the output axis U of the gyro produce a preces¬ 
sion velocity $ about the input axis [cf. Eq. (9-34)]. The output axis 
spring rate K is especially important, since from Eq. (9-39) 

K 1 - K f* 

' t> = Hv e = & H)C dt (9 ' 43) 
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Since the gimbal angle 0 is the integral of the precession angle 6 , K must 
be kept small and II as large as possible. 

The wheel and gyro rotor of many precision gyroscopes are encased in 
a fluidtight sphere which is floated in fluid. The gas within the sphere 
may be nitrogen or some other inert gas at atmospheric pressure. The 
case should be made of magnetic material so that any stray fields pro¬ 
duced by the motor are shielded from the sensitive pickoff on the gyro. 

The wheel and motor are dynamically balanced as a unit to a high 
degree of accuracy. The entire gyro (wheel, motor, and inner housing) 
is statically balanced to a degree of accuracy (less than 10 dyne-cm) 
about the output axis for both weight and buoyancy. During the 
static balance, the wheel is stationary so that no gyroscopic action is 
included in the balance. 

Single-degree-of-freedom gyros are often supported in a hydraulic or 
pneumatic bearing. The gyro weight is often buoyed up with a flota¬ 
tion fluid. The flotation fluid has a viscosity that is stable with tem¬ 
perature and is large enough to produce a high damping. The flotation 
fluid reduces the gimbal bearing loading, which in turn lowers the gimbal 
bearing friction. It also provides good shock cushioning for the gimbal 
during vibration and acceleration conditions. An expansion device is 
incorporated on the side of the gyro to provide for expansion of the fluid 
with temperature and altitude. The fluid must be inert so it docs not 
react with any of the exposed wiring or metal within the unit. 

Typical values for an accurate gyroscope are 

= 24,000 rpm = 2,515 radians/sec 

(In actual practice the frequency used to drive the wheel should be dif¬ 
ferent from 400 ops to prevent interaction with other a-c quantities.) 

/« = 1.2 X 10 a g-cm 2 = 1.2 X 10 8 dyne-cm sec 2 
II = 7»(U) W == 3 X 10 6 dync-om sec 
I = l() 4 g-cm 2 = 1() 4 dyne-cm sec 2 
7) = 1() 5 dyne-cm see 
J = 10° g-cm 2 = 1() 6 dyne-cm sec 2 
K = 4 X 10 4 dyne-cm/radian 

Some of the typical terms are 

y = !) X 10 6 dyne-cm/radian (9-44) 

Notice that this is considerably larger than the output axis spring rate 
II 2 /J = 9 X 10® » K = 4X H) 4 . 



nutation frequency = 30 radians/sec 


(9-45) 
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The nutation frequency is the undamped natural resonant frequency 
of the characteristic equation. With D = 0 in the denominator of either 
Eq. (9-34) or (9-35), the characteristic equation is 

Ip 2 + £L = o (9-46) 

The roots of this equation are 

Pi •= ±ju n = ±j ~jjj (9-47) 


co n is the frequency at which the undamped gyro would oscillate and is 



Pig. 9-23. Cutaway view of a singlc-degrcc-of-freedom gyro—the IlLCJ gyro. {Cour¬ 
tesy of the Aeronautical Division, Minneapolis-Honeywell Regulator Co. } Minneapolis, 
Minn.) 


termed the nutation frequency. The nutation frequency is a figure of 
merit of the gyroscope. 

Figure 9-23 shows a cutaway sketch of one integrating gyroscope. 
This unit, like others of its type, is a single-degree-of-freedoni gyro with 
a floated gimbal construction. The gyro element, a symmetrical wheel, 
is mounted in a sealed container. It is powered by a three-phase hys¬ 
teresis-type motor which is operated from a precisely controlled frequency 
source. A precise frequency source is required to keep H(= io>») con- 
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stant and hence induce little error into the torque equations—Eqs. (9-34) 
and (9-35). 

The position of the gyro gimbal is indicated by an electromagnetic 
pickoff. Torque is applied to the gimbal by an electromagnetic (perma¬ 
nent-magnet type) torque generator (torquer). The sensitivity of 
the gimbal pickoff varies with the primary excitation current and fre¬ 
quency. The drift rate is less than 0.1°/hr. 

The gyro is maintained at an elevated temperature by an electric 
heater. A built-in temperature-sensitive resistance element measures 
and controls the gyro temperature. 

Operating temperature is main¬ 
tained by cycling the heater on and 
off by means of an external relay or 
by proportional temperature con¬ 
trol. A photograph of the unit of 
Fig. 9-23 is included in Fig. 9-24. 

9-13. Inertial Navigation. 30 * 34 ’ 40 
One of the applications of single- 
degree-of-freedom gyros is in con¬ 
nection with a stable platform. 

Although it is not possible to de¬ 
scribe. completely this electrome¬ 
chanical form of automatic naviga¬ 
tion, a brief description is presented. 

Inertial navigation is based upon 
an accurate measurement of ac¬ 
celeration. Velocity is obtained as the first time integral, and position is 
found from a second integration of acceleration. Unlike other forms of 
air-borne navigation, the system is insensitive to wind, aircraft maneu¬ 
vers, magnetic storms, enemy jamming, or any other outside disturbance. 

An inertial guidance system typically includes the following: 

1. A pair of translational accelerometers which are oriented at right 
angles to each other, c.g., one in the north-south and the other in the 
east-west direction. 

2. A gyroscopically stabilized platform which keeps the accelerometers 
oriented in a particular direction regardless of the orientation of the 
vehicle. 

3. A computer which corrects the acceleration signals for Coriolis, grav¬ 
itational, and other accelerations; corrects the platform orientation for 
the rotation of the earth (15°/hr, which can be established with a clock); 
and doubly integrates the acceleration signals. This latter function is 
often performed directly by the accelerometer. 

Three single-degrce-of-freedom gyroscopes, which are discussed in Sec. 



Fig. 9-24. A high-accuracy single-degreo- 
of-froedoni gyroscope. (Courtesy of the 
A eronaulicai Division, Minneapolis - 
Honeywell Regulator Co., Minneapolis, 
Minn.) 
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9-12, are utilized to establish a direction in space (item 2 above). The 
stable element, which is shown in the schematic of Fig. 9-25, comprises 
three gyroscopes in a frame which is gimbal-mounted to provide three 
degrees of freedom. The stable element together with the gimbals and 
gimbal servo systems is termed a stable platform. The single-degree-of- 
freedom gyro senses a torque about its input axis (platform gimbal). The 



(Gyro 



Fig. 9-26. Block diagram of platform servo system. 


gyro precesses in response to the applied torque, and a sensitive piekoff 
senses the precession. The precession angle is amplified, equalized, and 
applied to a gimbal motor which provides the countertorque on the plat¬ 
form. A simple block diagram of a single-axis platform servo system is 
shown in Fig. 9-26. 

An accuracy requirement of 1-mile error after a 1-hr flight is not 
uncommon for inertial guidance systems. Besides this performance 
requirement the space and weight problem is serious. An inertial sys¬ 
tem with the above accuracy may weigh 200 lb. To meet such require¬ 
ments very precise gyro, platform, and system design is required. 
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9-14. The Vertical Gyro. The vertical gyro is a special class of free 
gyro which contains a pendulous body. This pendulous body applies 
torques electrically, hydraulically, or pneumatically to the appropriate 
free gyro axis, such that the gyro is caused to precess so that one of its 
axes is aligned with respect to local gravity. The process of aligning the 



Fig. 9 - 27 . Cutaway view of a vertical gyro. (Courtesy of Simmers Gyrosctype Co., 
Santa Monica, Calif.) 

axis with respect to gravity is termed erection. In order that a gyro will 
respond in a negligible fashion to accelerations (other than the earth's 
gravitation) of the aircraft, various schemes are employed, such as erec¬ 
tion cutouts, limiters, and filters. These schemes make the gyro less 
sensitive to spurious accelerations. 

Erection rates may vary from 10 to 20 min, and drift in these gyros 
may be from to l°/min. Vertical gyros are commonly used to detect 
or to control changes in attitude about the pitch and roll of axes of an 
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airborne vehicle. Sensitivity is obtained in these two axes by mounting 
the gyro with its spin axis vertical. 

A cutaway view of a roll-and-pitch vertical gyro is shown on Fig. 9-27. 
This unit is approximately 4-in. diameter by 5^2 in. long and weighs 
3^2 lb. Potentiometers on the inner and outer gimbals yield pitch and 
roll angles with an accuracy of 1J^°. 

To get an idea of the order of magnitude of the precession rates and 
torques involved in a gyro, consider the following example: Assume a 
wheel with 3-in. radius,. 1-in. thickness, made of brass. If the angular 
velocity is 10,000 rpm and its mass is 0.03 lb/in. 3 , then I is equal to 
0.098 in.-lb sec 2 ; is equal to 1,057 radians/sec; then H, the angular 
momentum, is equal to 103.7 in.-lb sec; and the precession rate is equal 
to 0.55°/sec for a 1-lb-in. applied torque. 

From a practical point of view the precession direction of a gyro can be 
determined as follows: When a torque is applied about a particular axis 

of the gyro (any axis other than the spin axis), 
the gyro will rotate in such a fashion that the 
spin axis will precess into the axis about which 
the torque is applied. 

9-15. Subtractors. The symbol shown in 
Fig. 9-28, which is always seen in servo applica¬ 
tions, is defined in Chap. 1 to be a subtractor. 
This element symbolizes the property that the signal to the right is equal to 
the input minus the fedback quantity. In equation form this is writ¬ 
ten as 

e = r - b (9-48) 

Since the error introduced by the comparison unit goes directly into the 
system error, the subtractor is an important item in servo design. 

In practice this subtractor can take many forms. Sometimes the sub¬ 
traction takes place as a difference of torques applied to an axis (as in 
the gyro-stabilized platform). Often the subtraction takes place in the 
magnetic field (synchro transmitter and receiver). Often, however, spe¬ 
cial components must be used to 
perform this function. Some of 
these, which are included here, are 
differential gear boxes, trans¬ 
formers, difference amplifiers, and 
resistance networks. 

9-16. The Differential Gear Box. 

Figure 9-29 indicates, in schematic 
form, a differential gear system 
which yields an output shaft position equal to the difference between 
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Fig. 9-29. Mechanical subtractor—a 
differential. 



I b 

Fig. 9-28. Symbol for a 
subtractor., 
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di and 02 . If cox = w 2 , then the inner shaft velocity will be zero. If co 1 y* w 2 , 
then 0 e assumes a value proportional to the difference of position as follows: 

e* = 3-2Oi - «*) (9-49) 

where 0 : and 0 2 are the angles of rotation of the end gears, 0 e is the angular 
rotation of the spider gears or differential easing. 



Fid. 9-30. Gear assembly utilizing differentials. {Courtesy of liowmar Instrument Co., 
Fort Wayne , Ind.) 

The gear assembly of Fig. 9-30 shows two differentials. 1 he units 
possess the following characteristics: 

1. Low fricMon: breakaway torque as low as 0.01 o/An. 

2. Low backlash: 5 to 7 min of arc depending upon the size. 

3. High speeds: 500 to 800 rpm. Differentials can be operated tem¬ 
porarily at higher speeds. 

The units are built to a high degree of precision and are often made from 
stainless steel to resist wear and corrosion. 

9-17. Transformers. For a-c systems, transformers are used in a 
variety of ways to obtain a subtraction, in Fig. 9-3.1 arc indicated three 
methods of transformer subtraction. The transfer function for all these 
connections is identical; that is, 

6@ “ N (pin C/) 


(9-50) 
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The choice of one particular circuit of Fig. 9-31 is a compromise between 
size (Fig. 9-3 lc is the smallest) and the null condition (Fig. 9-3la is most 
desirable). In Fig. 9-3la the difference is taken in the voltages at the 
secondary of the transformer. Even in the null condition (e e = 0), the 
flux in each transformer core is maintained at a large value because the 
e in and e f may be large. In Fig. 9-316 the difference is taken in the flux 
within the inner core. Since the fluxes from the primary windings can¬ 
cel, the excitation of the transformer is so small that near the null condi¬ 
tion the output e z is often distorted. 



(a) (b) (c) 


Fig. 9-31. Alternating-current servo subtraction using transformers. 



Figure 9-3lc is the smallest configuration, but it has less desirable char¬ 
acteristics. The subtraction takes place in the voltages at the primary 
to the transformer. Near the null condition, the transformer excitation 
is small and the output voltage e s is distorted from sinusoidal. Also, for 
appropriate operation, the internal impedance of the sources e *- w and e 0 
must be nearly equal. 

The use of transformers in computer and servo applications has 
changed the design and appearance of these units. Low phase shift, 
constant transfer function (turns ratio) with changing load and changing 
temperature, and small size are characteristic of these units. Both lam¬ 
inated and toroidal cores are used. Phase shift of 10 milliradians and 
transfer function (turns ratio) accuracy of 1 part in 10,000 are available 
with high-quality toroids. 

9-18. Difference Amplifier. The schematic of a difference amplifier 
for either a-c or d-c signals is shown in Fig. 9-32. The gain expressions 
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for the difference amplifier can be obtained by reference to a text* on 
vacuum-tube circuits. For (R L + r p )/(l + jjl) <K R K the transfer func¬ 
tion is given by 




_ v Rl 

Rl + 2r p 


(cin - e.f) 


(9-51) 


where g is the plate resistance and r v is the amplification factor of both 
tubes. Careful adjustment of circuit values (especially R/ L ) results in a 
good subtracter. It is important that the common cathode resistor be 
large for good subtracting. 

9-19. Resistance Subtraction. Very common in feedback amplifier 
design is resistance differencing, which is shown schematically in Fig. 



Fig. 9-33. Resistance subtraction Fig. 9-34. Addition of many inputs, 
using a high-gain amplifier. 


9-33. The amplifier, either direct or alternating current, has high nega¬ 
tive gain —A. If e is the voltage of the node at the amplifier input, the 
sum of the currents into the node can he written as 


% 6 + <!/ » ' + '"‘v £ - 0 ( !) - 52 ) 

R i It *2 It 3 

Since the amplifier has large gain, e is small and the output is 

Co = —-jj ( <>in (9-53) 

where Ri = = R. If c lfL and c/ are fed into the summing point with 

opposite signs, a difference is obtained. If Ii\ 9* /tb, the gain of the fed- 
back signal can be changed with respect to the gain of the input signal 

e ° = (9 " 54) 

Any number of signals can'be added or subtracted at the input simply by 
bringing more resistors into the summing point, as shown in Fig. 9-34. 
An amplifier of this type finds wide application in analogue computers. 80 

When the subf raction is performed on d-c*. signals (for d-c servos), a 
d-c amplifier must be used. For suppressed-earrier summing, an a-c 
* Reference 47, pp. 111-117. 
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amplifier can be used. Just as the other servo components—motors, 
gear trains, synchros, potentiometers—are available from manufacturers, 
so also can packaged amplifiers be obtained. Figure 9-35 shows a photo¬ 
graph of one of a series of amplifiers which are capable of driving a corre¬ 
sponding series of servomotors. This particular amplifier is hermetically 
sealed and designed to control a 2-watt 400-cycle two-phase servomotor. 
The size is 3 by 1% by 4% in., and the unit weighs 1 lb. With an input 

of 0.01 volt alternating current the 
voltage gain is 7,300. Three 1-meg¬ 
ohm inputs are available for sum¬ 
ming three a-c signals. 

9-20. Demodulators and Modu¬ 
lators. Suppressed-carrier signals, 
which are found in many a-c 
systems, are converted to d-c with 
a phase-sensitive demodulator. A 
modulator converts the d-c signal to 
alternating current. Application 
of both phase-sensitive demodu¬ 
lators and modulators is indicated 
in Chap. 7. The output d-c signal 
from a “phase-sensitive” demodu¬ 
lator is proportional to the ampli¬ 
tude of the a-c input. The polarity, 
however, depends upon the phase 
of the signal with respect to the ref¬ 
erence. If the suppressed-carrier 
signal is in phase with the reference, 
the output is positive; if the signal 
is 180° out of phase with the ref¬ 
erence, the output is negative. 

The operation of a phase-sensitive demodulator is explained with the 
aid of Fig. 9-36. An a-c signal which is suppressed-carrier-modulated 
with a sinusoid is shown in Fig. 9-36a. When a reference signal, which 
is shown in Fig. 9-366, is added, the waveform of Fig. 9-36c is obtained. 
Rectification of the signal shown in Fig. 9-36c yields a signal, presented 
in Fig. 9-36d, which is filtered to produce the low-frequency sinusoid of 
Fig. 9-36e. 

Many practical circuits* exist which accomplish the demodulation 
shown in Fig. 9-36. Three typical circuits are shown in Fig. 9-37. A 
half-wave diode demodulator is shown in Fig. 9-37a. The reference volt¬ 
age is applied symmetrically to both diodes. When the input signal is 
* Reference 1, pp. 68-86. 
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Fig. 9-36. Waveforms demonstrating phase-sensitive demodulation. 




Fig. 9-37. Various demodulator circuits. 


zero, the diodes conduct when points B and C are positive. During con¬ 
duction equal currents flow through the load resistors, but in opposite 
directions. Ilonco the output voltage is zero. During the negative half 
cycle the diodes do not conduct and the output voltage is zero. 

As an a-e signal is applied, the voltage on the secondary of the trans¬ 
former adds to the reference voltage on one side of the center tap and 
subtracts from the reference on the other side of the center tap. During 
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the positive (conducting) cycle one diode conducts more than the other. 
The voltages dropped across the load resistors are no longer equal. 
Hence, the net voltage across the output assumes a value. The output 
voltage is smoothed with an RC filter. This voltage is proportional to 
the input provided the reference voltage is larger than the amplitude of 
the signal voltage. The output is a push-pull signal. 

Figure 9-376 shows a half-wave demodulator which uses triodes instead of 
diodes. In addition to demodulation, this circuit provides amplification. 

The “ring demodulator” of Fig. 9-37c provides a full-wave rectified 

voltage with respect to ground. The 
analysis of the circuit is similar to 
that of Fig. 9-37 a. The upper diodes 
conduct during the first half cycle, 
and the lower diodes during the 
second half cycle. An RC filter is 
again used to smooth the output. 

Most phase-sensitive demodulator 
circuits can be reversed and used as 
modulators. A phase-sensitive modulator produces an a-c voltage which 
is proportional to the input d-c voltage magnitude and has a phase, 
either 0 to 180° with respect to the reference, depending upon the polarity 
of the d-c input. Figure 9-38 shows a circuit for a modulator which is 
opposite in operation to the demodulator of Fig. 9-37a. 

9-21. Magnetic Amplifiers.* This type of amplifier is often superior 
to a vacuum-tube amplifier because of its greater dependability and reli¬ 
ability, longer life, and, in many cases, smaller size and lighter weight 
than an equivalent vacuum-tube circuit. 

Magnetic amplifiers are essentially varia¬ 
ble-impedance devices. Their operation 
depends in general on their insertion 
between a source of a-c power and a load 
in a circuit such as that shown in Fig. 9-39. 

By virtue of the controllable impedance 
offered by the magnetic amplifier, the out¬ 
put circuit current and, therefore, the load 
power and voltage can be controlled. Variation of the impedance offered 
by the amplifier may be achieved by an independent source of control 
power. Amplification occurs, since the power requirements of the control 
source may be many times less than the controlled power supplied to the 
load. 

Magnetic amplifiers may be either the self-saturating type or the sim- 


1 — 
a-c 

1 


supply 

Signal 



i_ 

hr 

Mag.-amp. 

_1 


Fig. 9-39. Magnetic amplifier in¬ 
serted between source and load. 



Fig. 9-38. Schematic of a modulator. 


* Most of the material in this section is taken from Bef. 57, and Bef. I, chap. 11, 
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pie saturable-reactor type. The simple saturable-reactor magnetic 
amplifier has been used for many years, but with the development of 
modern dry-type rectifiers and rectangular loop core materials, the self- 
saturating type has come into greater prominence. The self-saturating 
magnetic amplifier is differentiated from the simple saturable-reactor 
type by the addition of the self-saturating rectifier, which prevents 
demagnetization of the reactor by the a-c supply voltage. The self- 
saturating magnetic amplifier has a greater ratio of power amplification 
to response time than the simple saturable-reactor type and has a smaller 
physical size for an equivalent power rating. Although the self-saturat¬ 
ing magnetic amplifier has generally more desirable characteristics, the 



netio amplifier. 

simple saturable-reactor type can be used to a greater advantage in some 
cases, in particular in those applications requiring a high degree of 
linearity. 

The theory of operation of a self-saturating magnetic amplifier can be 
described in terms of a half-wave circuit. Figure 9-40 shows a half-wave 
self-saturating circuit with a resistive load. Assuming the magnetic core 
to have the idealized \//-H relationship shown in Fig. 9-41, and also assum¬ 
ing the rectifier to have zero back leakage, the steady-state operation of 
the circuit is as follows: At the end of a negative half cycle of supply 
voltage (E m sin coif), the rectifier will block and the load current will be 
zero. II will be determined by the control ampere turns, and \p by the 
magnetic characteristics of the core. Assuming a negative control If 
applied to the core, the initial operating point at the start of a positive 
half cycle will be on the left flank of the hysteresis loop at a point deter¬ 
mined by the value of control ampere turns. Such a point might be 
point a of Fig. 9-41. As the supply voltage increases positively, the 
operating point proceeds along the dashed line toward and a small 
magnetizing current flows through the load. A high impedance Z pre¬ 
vents control-circuit current flow as a result of voltage induced by trans¬ 
former action from the output winding. 
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At a definite time if during the positive half cycle, the flux will reach 
a value \{/ s . This time is defined approximately by the equation 

J* f E m sin cot dt = N(\p s — \f/ a ) X 10“ 8 volt-sec (9-55) 

where N is the number of output winding turns, ^ the saturation flux, 
and yp a the value of flux at point a . From the time if until voltage zero, 
the entire supply voltage is transferred to the load because the saturated 
core cannot support voltage. This is shown in the load voltage plot of 
Fig. 9-42. With the negative half cycle of supply voltage, the operating 
point proceeds toward point a along the left flank of the hysteresis loop. 



(a) (b) 



(c) (d) (e) 

Fig. 9-42. Operation of half-wave self-saturating magnetic amplifier. 


During this period a small and steadily decreasing load current flows. 
When the operating point reaches a, the load current falls to zero, the 
rectifier blocks the supply voltage for the remaining portion of the nega¬ 
tive half cycle, and the operating point remains at a (assuming no rectifier 
leakage). Adjustment of the control ampere turns will set the initial 
operating point at a corresponding point on the left flank of the hys¬ 
teresis loop. Load voltage waveforms corresponding to initial operating 
points at a, b , c, d, and e are shown in Fig. 9-42a, b , c, d, and e . If the 
reactor is properly designed, no current other than magnetizing current 
flows through the load when the initial operating point is at e, the cutoff 
point, since the full half cycle of supply voltage is absorbed in changing 
the flux from —\[/ s to +\[/ 8 . This is expressed by the equation 

J 0 / E m sin cot dt — 2N\[/ S 10~ 8 volt-sec (9-56) 

Conversely, when the initial operating point is at d, corresponding to full 
output, the entire positive half cycle of supply voltage appears at the 
load. Thus the load current is a direct function of the control winding 
ampere turns; this relation is shown in the amplifier control characteris¬ 
tics of Fig. 9-43. 
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The undesirability of the high control-circuit impedance Z renders the 
half-wave self-saturating magnetic amplifier impractical. Full-wave 
magnetic amplifiers provide a means for “bucking" induced control 
winding voltages and, in addition, permit load current to flow on both 
halves of the cycle of supply voltage. 

In any magnetic amplifier, there will be a time delay between a change 
of control voltage and the response of the output current to this change. 
For operation within the linear range of the control characteristic curve, 
a step-function change of the control signal voltage will cause the output 
to change exponentially with time. This is the result that would be 
expected if the control winding of 
an amplifier were represented by 
a series resistance and inductance. 

The exponential response to a step- 
function change in input voltage in 
such a circuit is characterized by a 
time constant. The response time 
or time constant for a Magamp is 
defined as the time, in cycles of am¬ 
plifier a-c supply frequency, for the 
output current to reach 63 per cent of its final value in response to a step- 
function change of control voltage. 

The response time is a function of the ratio of the square of the number 
of control turns to the control-circuit resistance. In the general case of 
multiple control and bias windings the coupling between windings is suffi¬ 
ciently close to unity that the response time will be a function of the total 
of the turns squared pen* ohm of each winding. That is, the total effective 
turns squared per ohm will be given by 



Fig. 9-43. Magnetic amplifier control 
characteristics. 


N~ _ Nr. t 2 N«* NV 

It R.i ^ R b 


(9-57) 


where N c i, iV 0 2 , . . . , N b are the number of turns of the various control 
and bins windings and It, i, 7d»», . . . , lit, are the total resistances in the 
corresponding control and bias circuits. (Generally, sufficient bias power 
is available to make this last term negligible.) 

The relation between response time r and the effective control circuit 
N~/Ii is 

t — ki -T k,» cycles (9-58) 


where h, and k-< are constants. The constant k 2 is the minimum possible, 
or inherent, response time. In full-wave amplifier circuits the value of 
fc ‘2 will vary from a minimum of J-j cycle to as much as 3 or 4 cycles 
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depending on the amplifier output circuit. The value of hi is dependent 
on the supply frequency, the core size, and magnetic properties. 

A series of magnetic amplifiers, together with the associated rectifiers, 
is shown in Fig. 9-44. 



Fig. 9-44. Magnetic amplifier components. (Courtesy of Westinghouse Electric Corv 
Pittsburgh, Pa.) 


PROBLEMS 

9 - 1 . Obtain the transfer function for the motor shown in Fig. 9P-I. The total 
inertia is 2.28 X 10" 4 oz-in. sec 2 . 



9 - 2 . Derive the equations for the difference amplifier of Fig. 9-32. 

9 - 3 . The following numerical values represent a single-degree-of-frccrioin gyro: 

H — 1 x 10 6 dyne-cm sec 
7 = 10 4 g-cm 2 
D a 10 s dyne-cm sec 
J — 10 6 g-cm 2 

& — X 10 4 dyne-cm /radian 
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(а) Find the gyro nutation frequency. 

(б) Obtain the transfer function 6/L, and locate the poles in the p plane. 

9 - 4 . Use the gyro of Prob. 9-3 in the block diagram of Fig. 9P-4. 

(a) Take G»(p) = constant., and determine stability and steady-state errors. 

(i b ) Take G»(p) =14- ap, and choose a and A for the optimum system. 

(c) Take G$(p) =1 4- «/> + ( 7 /p), and choose a, y, and A for the optimum system. 
Note: An optimum system has zero steady-state error in 0. 



p _ _ n/j _ 

p(/p 2 4-Dp + fH 2 /JlJ 
Fig. 9P-4 
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NONLINEARITIES IN SERVO DESIGN 


10-1. Classification of Servo Nonlinearities. In the previous chapters, 
the control-system, equations have been assumed to be linear. In these 
chapters, amplifiers are assumed to operate only in their linear ranges; 
motor torque-speed curves are linearized (cf. Chap. 1). The systems dis¬ 
cussed in the first few chapters of this book are described by a linear dif¬ 
ferential equation of the form 

an 0n_1 ‘ + a i = /(0 ( 10 - 1 ) 

where the a* are constants, independent of time or the dependent vari¬ 
able. These systems are assumed linear for purposes of design. Since 

the performance may deviate from 
that predicted from linear theory, 
this assumption is further con¬ 
sidered in this chapter. 

Actually the springs and viscous 
dampers (Fig. 1-6) and all the equa¬ 
tions of Chap. 2 are linear only in 
regions. For values near the origin, 
or null, and for large excursions, 
these units may deviate from line¬ 
arity. A spring actually may have 
the characteristics shown in Fig. 
10-1. This spring has a preload 
force which produces a discontinuity near the origin. For large displace¬ 
ments the spring rate Af/Ax increases because of interference in the coils. 

Familiar stress-strain diagrams, gas-expansion laws, and even the sim¬ 
ple pendulum cannot be described in all regions with linear equations. 
The electrical engineer is familiar with the saturation of iron-core induc¬ 
tors and rotating components using iron magnetic circuits. Nonlinear 
vacuum-tube and transistor characteristics are further examples. These 
are just a few of the common relations with which servo engineers grapple 
in the design of feedback control systems. 
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Tig. 10-1. Force versus displacement of a 
preloaded spring. 
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Why does the solution of nonlinear differential equations require spe¬ 
cial treatment? Basically the answer is that the principle of superposi¬ 
tion is invalid. The solution of differential equations by either Laplace 
transform or the classical method depends upon superposition. For 
example, the classical method requires that the solution be divided into 
transient and steady-state components (cf. Appendix II). Each of these 
is found separately, and their sum is the complete solution for linear sys¬ 
tems. This summation is not valid when the equation is nonlinear. 

Even when the driving function is zero, a transient component cannot 
be found by the techniques used for the linear case. For example, sup¬ 
pose it is desired to find the solution to the equation 

a 'W> +ai 7ft +a ' iC * = 0 (10 " 2) 

Following the technique of Appendix II and assuming a solution c = Ae pt , 
aiAp 2 e pt + a^Ape n + azA 2 (e pt ) 2 = 0 (10-3) 

The quantity Ae pt does not cancel out of this expression as in linear 
equations: 

a\p 2 + a<2.p -f a*Ae l,t = 0 (10-4) 

Equation (10-4) cannot be solved to find the values of p, and hence other 
methods must be used. 

Nonlinearities in control systems are conveniently divided into two 
classes: (a) those which are in the system of necessity and (/>) those which 
are purposely inserted into the system to improve the design. The first 
class includes all the unavoidable phenomena such as saturation, thresh¬ 
old, and backlash. Component manufacturers spend considerable time 
and money to reduce these nonlinearities in their equipment. 

Nonlinearities of the second class-—intentionally inserted—are finding 
increased application in extending the control possibilities of all-linear 
systems. Automatic gain control, which changes the gain of the system 
with signal level, and aircraft acceleration limiter, which limits the maxi¬ 
mum fin displacement depending upon the acceleration loads, arc two 
examples of the second type of nonlinearity. 

Control-system nonlinearities are also classed according to their mag¬ 
nitude, small or large. Unavoidable nonlinearities are often small, since 
every attempt, is usually made to reduce them. The nonlinearities which 
are purposely inserted into the system are usually in the large class. 
The differences between these two are summarized: 

1. Analysis of systems with large nonlinearities is usually more diffi¬ 
cult than for small nonlinearities. 

2. New phenomena such as sudden jump in frequency response, sub- 
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harmonic resonance, etc., often result when the nonlinearity is large. 
I he response of systems containing small nonlinearities usually deviates 
little from the linear design. 

No general method of analysis and design has been developed for solv¬ 
ing nonlinear systems. Methods have been developed to treat certain 
non mearities. For this reason the nonlinearities have been divided into 
the two basic types-small and large. With few reservations, small non- 
linearities are generally treated in an indirect manner. An analysis or 

ffg. 11 is made upon the linear system, with constant coefficients.' The 

ettect of the nonlinearity is considered as a deviation from this linear 
result. 

For large nonhnearities not only is there no general analysis of these 
systems but even a given analysis of a given system does not reveal all 
the details of the system operation. For instance, an entirely different 
mode of attack is used to demonstrate subharmonic frequency response 
rom that used to demonstrate the jump phenomena. Since nonlinear 
system behavior depends upon the input, it is not sufficient to design for 
simple functions such as a step or ramp. In fact, deliberately introduced 
nonhnearities may improve the system for certain inputs and degrade its 
performance for others. b 

The field of nonlinear systems is quite broad and is continually expand- 
mg as a result of research activity in this field. The material presented 
“ . 1S cha P ter 1S ^tended as an outline, and the reader is referred to the 

(EiTstsTs tMs b00k for additio, “ 1 inforB “‘ ion 

10-2. Linearization of Small Nonlinearities. Because of the addi¬ 
tional complexity m designing nonlinear feedback control systems, the 

first analysis given here is based upon a 
linearized, although approximate, equation. 
For example, the motor torque-speed curves 
were linearized (cf. Chaps. 1 and 9) by 
drawing straight lines in the region of use. 

10-3. Equivalent Damping. As an aid to 
linearizing nonlinear functions, energy tech¬ 
niques are often applied. For example, 
suppose it is desired to find the equivalent 



F 0 sin 


Fig. 10-2. Mechanical system 
used to demonstrate equivalent 
viscous damping. 


viscous damper which will replace another type of damper Vigure 10-2 
shows a mechanical system containing a viscous damper The response 
* 18 found fr °m impedance techniques (cf. Chap. 2): 

x — A sin (c ot + 9) (10-5) 

?lLV.“ e „,Z KtUde ° f th8 displ “™ nt *1— r. B, 
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A = 


V(K - Me o 2 ) 2 + BW 


(10-6) 


The energy dissipated per cycle, which, in this system, is only in the 
damper B, is 

/’27r/w r 2 k/<i3 1 

/ F.dx-( 

JO Jo ' 






(10-7) 


where /'’« is the damping force and dx/dt is the velocity. Since all quan¬ 
tities are sinusoidal, the energy dissipated is 


W h 


W 


r (b ** 

<0 V dtjdt 
- 6 

i: 


dt = B 


[*'" (cl 

L \d> 


dx\~ 


Since dx/dt — Au cos (c ot + 0), the integral of Eq. (10-8) becomes 

f 2ir/« 


dt J 
10 

A 2 co 2 cos 2 (c ot + 0) dt 


dt 


( 10 - 8 ) 


(10-9) 


which upon integration becomes 

W n = B A 2 (07t (10-1.0) 

As an example of the use of this expression [Eq. (10-10)], consider the 
problem of finding an equivalent viscous damper (force versus velocity) 
to represent the coulomb or dry 

Viscous friction 

Force 

energy dissipated per cycle with this 
type of damping is calculated and 
equated to Eq. (10-10). Solution 
for B yields the equivalent damp- -F 1 

ing. The energy dissipated per }£. 
cycle is 



Wn = F dx = f<\A (10-11) 


T 

Coulomb 
friction 

Fid. 10-8. Coulomb or dry friction force 
curve. 


The energy dissipated in the complete cycle is AI<\A, and the equivalent 
viscous damping constant is found by equaling Eq. (10-10) toEq. (10-11): 


B,.„ 


■\/<\A 


4 J<\ 

At03 


(10-12) 


This expression for B,. q depends upon the amplitude A of the motion. 
For sinusoidal, steady-state motion, the amplitude is easily found from 
Eq. (10-6): 

l<\ F 0 


A = 


V(K - Mu>Y- + [{AFx/Aicu)'# V(K - Ma*)*+ (TO/V/XV 2 ) 

(10-13) 
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Solving for A , 

_ F 0 /F 1 [l - WiW)]* 

K - wlflf 


(10-14) 


10-4. Equivalent Spring Constant. For small displacements from an 
operating point, the slope of the restoring force near the point can be 
used to predict performance. Consider, for example, the amplifier satu¬ 
ration curve of Fig. 10-4. Suppose, because of bias, noise, quadrature 
voltages, etc., the operating point occurs at 20 mv. For stability analysis 
the incremental slope Ae 0 /Aei n at the operating point can be used. This 
gain is considerably less, as can be seen from Fig. 10-4, than the gain at 
null. 

As another example of a spring force, consider the pendulum of Fig. 
10-5. Suppose the performance about an operating point 0 = 0o is to 



Fig. 10-4. Equivalent gain for a saturated Fig. 10-5. Pendulum behaves as a non- 
amplifier. , linear-spring restrained system. 

be found. The spring force is Mg sin 0 = Mg sin (0 O + 6), where 8 corre¬ 
sponds to the small displacements about the operating point do and 
6 = 0o+5. The equation is 

j iff 0 .. J—) + M^(sin 0 O cos 8 + cos 0 O sin 5) = L(t) 

+ {g cos 0o)8 = ~ Q siu 00 ( l0_15 ) 

The effective gain for small inputs depends upon the slope of the function 
at the operating point: cos 0 O . 

10-5. The Describing-function Method.* If a sinusoidal function is 
the input to an element that comprises a nonlinearity, the output is 
periodic. A Fourier series of the output waveform can be made, as 
shown in the schematic of Fig. 10-6. The higher harmonics can be neg¬ 
lected for either of the following reasons: 

1. The transmission of the higher harmonics in the system is less than 

* The first presentation of this work in the United States is credited to R. J. Iloehcn- 
burger. See Ref. 31. 
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the transmission of the fundamental. This is the behavior of a system 
whose frequency response resembles a low-pass filter. 

2. The signal amplitude is such that the effect of the nonlinearity is 
small and the higher harmonics present are negligible. 


2 b n sin 

n ** 1 

Fig. 106. Block diagram which demonstrates the describing-function method. 

If either or both of these characteristics are present, the nonlinearity 
can be represented by an equivalent linear transfer function. This trans¬ 
fer function is called the describing function and depends upon the sig¬ 
nal amplitude: 


r(t) — A sin 0 )t - 



Nonlinear 


element 


complex am plitude o f output fundamental 
complex amplitude of input sinusoid 


(10-16) 


GJA) 


G n is called the describing function and may be real or complex, 
represented by the block diagram of Fig. 10-7. 

If the nonlinearity is single valued, as in 
the case of amplifier saturation shown in Fig. 

10-8, G n is a real quantity whose magnitude 
depends upon the amplitude of the input 
signal. If the nonlinearity is double valued 


It is 


Fig. 10-7. Block diagram of 
describing function. 

as in the case of backlash 


shown in Fig. .10-9, G n is a complex quantity whose magnitude and phase 
both depend upon the amplitude of the input signal. If the nonlinearity 
occurs in one part of a differential equation, like a nonlinear damper, an 



Fig. 10-8. Saturation—single-val¬ 
ued nonlinearity. 



iron-coni inductor, the describing function depends upon frequency and 
amplitude. 

The nonlinear system is approximated by a linear system, and a block 
diagram for the system is drawn as in Fig. 10-10 with certain limitations. 
The frequency-analysis technique of Chap. 5 is now applicable. As the 
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amplitude of the sinusoidal input to the nonlinear element varies, the 
gain and phase of G n change and hence produce a change in gain and 
phase in the closed-loop system. 

10-6. Describing Functions for Common Nonlinearities.* The most 
important types of unavoidable nonlinearities that are encountered in 
servo design are considered in this section. The describing functions are 
computed and plotted for saturation, threshold, and backlash. 

10-7. Describing Function for Saturation. The phenomenon of 
saturation, or limiting, exists in many physical systems. Figure 10-8 
depicts an idealized form of saturation. The output is proportional to 



Fig. 10-10. Block diagram for describing-function approximation. 

the input, with unity proportionality constant, until the output reaches 
± a. For larger amplitudes the output remains at the value ± a. If the 
amplifier should have a gain K rather than unity, the amplifier can be 
broken into two blocks placed in series: 

1. A linear block with transfer function K (the amplifier gain in the 
unsaturated region) 

2. A nonlinear block consisting of G n , the describing function for an 
amplifier of unity gain and limited at ±a 

When a sinusoidal input (for example, a voltage) r(t) ~ A sin ut is 
applied to the input to the saturating element (for example, an electronic 
amplifier), the output has the form shown on Fig. 10-11. The peaks of 
the sinusoid, above the amplitude ±a, are clipped off. The output c(t) 
has the form 

00 

c(t) = ^ b n sin nut (10-17) 

n — 1 

Since the output (shown in Fig. 10-11) is antisymmetrical with respect 
to the origin, only the sin nut terms appear in the output Fourier series.t 
Because the sinusoid is symmetrical about 7r/2 in the interval 0 to ?r, only 
the odd harmonics appear. The coefficients b n are found from the 
Fourier series expansion 

4 r /2 

b n ~ - / c(t) sin nut dut n = 1, 3. 5, . . . 
ir J o 

* See also Ref. 21 on this same topic. 

t See Appendix X for a review of Fourier series. 


(10-18) 
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Fkj. 10-11. Waveform and describing function for saturation, 
where c(t) = A sin tot for 0 < t < h 

™ a for < cj/ < ^ (10-19) 

When Eq. (10-19) is substituted into Eq. (10-18), the values of (> n mv 

found: 


/> n __ 2 sin (n — l)^i 

d 7T 7i. — 1 

where t\ is ^iv<ui by 



Substituting E<j. (10-21) into Eq. (10-20) and simplifying, 

b n _ 2 sin (n — 1 )co/i , sin (n + lMi 
d ^ mtt _ {n - 1) + ' (n + 1) 

The describing function l>\/A is given by the expression 



( 1 . 0 - 22 ) 

(10-23) 
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Fig. 10-12. Plot of the describing function for saturation. Third and fifth harmonics 
are also included. 


The equations for the two higher harmonics b*/A and 65 /A are 


and 


&3 __ 2 l ( s * n . sin_4o^i\ 
A Ztt \ 2 4 / 

= _2_ / sin 4co^ sin GcolA 
i 5? \ 4 6 / 


(10-24) 

(10-25) 


Since the output fundamental is in phase with the input sinusoid, the 
describing function is a real quantity, with zero phase shift. It depends 
only upon the signal level a/A. The describing function bi/A and the 
third and fifth harmonics are plotted in Fig. 10-12. 

10-8. Describing Function for Threshold. In many control systems, 
the input to a component must exceed a certain minimum value before 
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any output is realized. A motor, for example, requires a finite voltage 
(possibly 2 volts) before any motion results. This phenomenon is 
termed dead space oi threshold. This undesirable effect is shown on 




Fig. 10-13. The output is given by 


c(l) = ^ b tl sin nut (10-26) 

N ■ 1 


and is included in Fig. 10-13. The coefficients b n are found from the 
Fourier expansion 


where 


‘1 / V2 

h n = / c(l) sin nuldut n = 1, 3, 5 . . . 

ttJ o 

o(t) = 0 for 0 < at < cah 

7T 

= A sin cot — a for coh < oi < ^ 


(10-27) 

(10-28) 


and 


, ■ -i “ 

cob = sm 1 — 
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Fig. 10-14. Plot of describing function and third and fifth harmonic for threshold. 

The output is represented by a sine series only, since c(£) has odd sym¬ 
metry with respect to the origin. Because the output is symmetrical 
about 7t/2 in the interval 0 to 7r, only odd harmonics occur. When Eq. 
(10-28) is substituted into Eq. (10-27), the following equation results: 


7T __ sin (n - Vjcrti sin ( n + l)co£i ‘ f or n = 1 3, 5, 

2 n — 1 ft+lj 5 ’ ' 

(10-29) 

where uti = sin -1 a/A. The describing function b\/A is given by 


bn _ +2 
A tit 


h 

a 


2 (t 
t\2 


ojtl — 


sin 2 oot 




2 


(10-30) 
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and is plotted in Fig. 10-14 along with the third and fifth harmonics. 
Because the output fundamental is in phase with the input, the describing 
function is a real number, independent of frequency. Notice that the 
third and fifth harmonics are the same in magnitude for threshold and 
saturation. Since the higher harmonics are 
used to indicate the error in approximating 
the nonlinear function, only the magnitude 
is plotted. 

10-9. Describing Function for Backlash. 

When the output load is connected to the Fig. 10-15. Schematic, of back- 
, . lash between two moving mem- 

motor with a loose gear train, the phenome- bers 

non of backlash occurs. A plot of the 

input-output relation results in a closed curve called a hysteresis loop. 

Backlash, or hysteresis, exists between two mechanically coupled ele¬ 
ments. Figure 10-15 shows a schematic for a mechanical coupling. As 
the lower piece moves, the upper portion does not follow until the lower 



Fig. 10-10. Waveform and describing function for backlash. 


piece has moved through the distance a. The backlash, which is shown 
in the sketch of Fig. 10-16, is assumed to be symmetrical. With a sinus¬ 
oidal input r(t) = A sin cot, the output has the form of Fig. 10-16. The 
output is written as two equations: 
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c{t) = A — ~ for ~ < cot < IT — uti 

3tt ( 10 ~ 31 ) 

= ~ A sin co£ for t — ut\ < ut < 

whereof = sin” 1 [1 — (a/A)]. Because the waveform is shifted in phase 
with respect to the input sinusoid, both a i and bi must be computed for 
the Fourier series which represents the output 


c(<) = ^ (a„ cos nut + b n sin no>£) 


n~ 1 


r y-hTr 


where 


On = 


c(t ) cos nutdiut) 


(10-32) 

(10-33) 


2 r y+v 

b n = - c(t) sin nutd{ut) 


The quantity c(£) is given by Eq. (10-31). When Eq. (10-31) is substi¬ 
tuted into Eq. (10-33), the describing function is obtained: 


and 


-Mj- 2 ) 
i+ + 0 ~ f) 


£i 

bi 1 
A 7r 


COS co/i 


(10-34) 

(10-35) 


The amplitude and phase of the describing function are plotted in Fig. 
10-17 from Eqs. (10-34), (10-35), and the following: 


Z n = \/ a n 2 + 6 W 2 and <#> n = tan” 1 


6* 


(10-36) 


The higher harmonics Z 3 and Z 5 are also found from Eq. (10-36), where 
the components a 3 and b 3 are 


&3 _ J-_ 

A (l7T 

b 3 1 


cos 2ccti T- 2 ”b cos 4co£j) 


A 6tt \2 
and the fifth harmonic is found from 


sin 4«£i + sin 2w£ 


■) 


(10-37) 


05 __ 1 

A 1 Ott 


- — ~ cos 4co£x — ~ cos 6 uti 


j = i^(i sin 6coti + 1 sin 4 “ ii ) 

These are plotted, in magnitude, in Fig. 10-18. 


(10-38) 
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Fig. 10-17. Dosc.ribing-function amplitude and phase for backlash. 

10-10. Use of the Describing Function in Servo Design. In order to 
understand the use of the describing-!’unction method in servo design, 
consider the effect of the three nonlinearities of the previous sections 
upon the simple position servo shown in Fig. 10-19. The system con¬ 
sists of an amplifier with a transfer function 


K 

1 -J- 0.2p 


(10-39) 


and a motor gear train with a transfer function 


2 p(l + o.r>pj 

Each of three nonlinearities is included in the system: 


(10-40) 
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1. Amplifier saturation 

2. Threshold in the motor 

3. Backlash in the gear train 

The system whose open-loop transfer function is 

GlGi = p(l + 0.2p) (r+~0iSp) 
is analyzed for each of these three nonlinearities. 


(10-41) 



A 


Fig. 10-18. Third and fifth harmonic amplitudes for backlash. 

Since the describing function is derived for an element with a sinus¬ 
oidal input, the use of this method is valid only near the jco axis. Care 
must be used to extend the method to find transient information. The 
frequency-response method is most applicable, since it is based upon 
sinusoidal driving functions. For applications on or near the jo> axis, 
the root-locus method can be applied. Both root-locus and frequency 
methods are used in the example. 
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The gain K is set at 1.60, and the system is redrawn to include G n in 
Fig. 10-20. The describing function G n for amplifier saturation is simply 
a gain change (cf. Fig. 10-12). The use of the describing-function method 
with frequency analysis is shown in Fig. 10-21. Since the describing 
function is simply a gain change, the response is found by shifting the 
0-db axis. The gain margin for each of the amplitude ratios is included 
in the figure. 



Fig. 10-19. Block diagram of a simple Fig. 10-20. Block diagram of a position 
position servo. servo. 



Fm. 10-21. Frequency analysis of a simple position servo using the describing-function 
approximation of the nonlinear amplifier. Plot of Oi(7/rAdjco). 


The root-locus diagram, shown in Fig. 10-22, is found in the standard 
manner (cf. Chap. 4). The gain changes as a function of the signal level 
A/a, as shown by the describing function of Fig. 10-12, and the response 
of the system changes with signal level. The loop gain versus the ampli¬ 
tude ratio A/a is included in Fig. 10-22. 

The describing function for threshold is similar to G n for saturation, 
since both are simply gain changes. The frequency response, shown in 
Fig. 10-21, is made to reflect the effect of threshold by changing the 0-db 
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axes. The root-locus method is applied to this system, as shown in Fig. 
10-23. As the signal level A/a changes, the system operates at new 
values of loop gain with a corresponding change in system response. As 
the system approaches a null, A/a —> 1, the loop gain decreases, and when 



Fig. 10-22. Root-locus-describing-function solution of a simple position servo con¬ 
taining a saturating amplifier. 


A/a becomes less than 1, the loop gain reduces to zero. The case of 
amplifier saturation is different in that as the system approaches a null, 
the gain increases and the system operates linearly. 

Since the describing function for backlash includes both an amplitude 
and a phase change with signal level (cf. Fig. 10-17), the application to 
the position servo of Fig. 10-20 is more complex. The frequency-response 
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method more readily lends itself to analysis of systems wherein the 
describing function has both an amplitude and phase change. The linear 
portion of the open-loop transfer function is 


G/Mp) 


Gtf, (j«) 


1.6 

p( 1 + 0.2p)( 1 + QJrp) 

1.0 

0/1.6) (1 + 0 . 27^0 + (ISjojj 


(10-42) 


The amplitude and phase for the system of Eq. (10-42) are shown in Fig. 
10-24. As G n varies, owing to signal level, the amplitude scale or the 



Fki. 10-23. Il'ooti-locuH diagram for threshold. 
A /a = 1 Gn = 0 (No output) 

A /a - 2 Gn « 0.38 

/I /a =4 Gn - 0.68 

*4 /a - 8 Gn - 0.84 


0-db axis is moved to account for the amplitude change in (? n . The 
change in the phase angle of G n is accomplished by shifting the phase- 
shift scale. For example, when A/a equals 4, G n is read from Fig. 10-17: 

G n = 0.94Z - 0° (10-43) 

The 0-db line is moved up 0.50 db, and the phase scale is shifted 9°. 
For A/a = 2, G n = 0.84Z — 17° and the 0-db line is shifted up 1.54 db 
and the phase scale changed —17°. I n this system the response is deteri¬ 
orated by the inclusion of backlash. Even in the worst case, however, 
A/a = 1, this system is stable. The phase margin is 28°, and the gain 
margin is 8 db. The low loop gain accounts for this stability. 
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The analysis of backlash using the describing function with the root- 
locus method is less significant. Its inclusion at this point is primarily 
for academic interest. The equation that is solved is 

1 + K{\G n \/.<i>)Gi L Gz('p) = 0 ( 10 - 44 ) 

or rewritten 

K\G n \GiG 2 (p) = — 1 Z - <f, = lz — (180 + <f>) (10-45) 

In the usual root-locus construction the angle criterion is 

arg KGH = 180° (10-46) 

The normal root locus is constructed with the aid of the rules of Chap. 4. 



The plot is symmetrical about the real axis, and all roots, for any value 
of gain, appear in complex conjugate pairs. 

When the angle criterion of Eq. (10-45) is used, the construction must 
be accomplished with a Spirule or drafting machine. The rules for 
sketching the root-locus plots are no longer valid. For example, when 
summing the angles to 180°, roots move along the real axis until they 
coalesce. As the gain is further increased, the roots leave the real axis 
m complex conjugate pairs. When the argument of KGHG n is some angle 
other than 180°, the roots do not move along the axis. The roots no 
onger occur in complex conjugate pairs, so a root can leave the real axis 
and move alone around the p plane. 
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For the problem of backlash in the position servo of Fig. 10-19, the 
root-locus diagram for various signal levels is shown in Fig. 10-25. 
Ratios of signal level A to backlash a of 1, 2, 4, 8, and infinite (no back¬ 
lash) are plotted. As an example of the plotting consider the case of 



A/a — 2, where 

(in = 0.84Z - 17° (10-47) 

The root locus is found by locating points in the p plane where 

KGS!/],, = -197° (10-48) 

The plot of Fig. 10-25 was plotted with the Spirule (cf. Chap. 4). For 
the transfer function 

l(Wn 

pip + 0.5) (71 + 0.2) 


A. GiG-Ji, 


(10-49) 
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the gain at the operating point is 16 G n . This diagram serves no practical 
value, since the results (i.e., non-conjugate roots) are meaningless. 
Figure 10-25 is simply an interesting exercise. 

10-11. Limitations of Describing Functions. The basic assumption 
underlying the describing-function approach to the analysis of nonlinear 
systems is: If the input to the nonlinear element is a sinusoidal signal, 
the fundamental component of the output is sufficient to describe the 
nonlinearity. Use of the fundamental component is justified on the 
grounds that 

1. The servo usually acts like a low-pass filter which attenuates the 
higher harmonics. 

2. The harmonics generated from the nonlinearities are usually of 
smaller amplitude than the fundamental. 

Since the input is sinusoidal, the describing function is best suited to 
the frequency-analysis stability method. However, the Nyquist crite¬ 
rion, i.e., the number of encirclements of the point —1 + jO corresponds 
to the number of roots in the right half plane, is derived for linear sys¬ 
tems. The extension to nonlinear systems, especially where G n is a com¬ 
plex quantity and the — 1 point changes to — 1 /Gn/.<!>, is not well defined. 

For cases where G n is simply a change in gain, i.e., saturation and 
threshold, frequency methods give reasonable information. The root 
locus is less valuable, since the describing function is not valid away 
from the ju axis. For the case of backlash, the root locus yields infor¬ 
mation that is of little use. Reference to Fig. 10-25 indicates the root- 
locus plot for a system with backlash. Although a gain can be found for 
which the roots curve into the right half plane, this does not give useful 
information about the transient response, since it would appear that non¬ 
complex conjugate roots exist. 

Another difficulty in using the describing function for analysis of 
closed-loop systems lies in the nature of the signal amplitude into the 
nonlinear element. A stable servo tends to reduce the error, or signal 
into the nonlinearity, to zero. The describing-function analysis requires 
a sinusoidal input. This condition exists only if the system is oscillating 
or is being driven with a sinusoid. The describing function is not easily 
extended to a system whose input varies. As the system approaches 
null, the amplitude and hence G n change. As the loop gain varies, the 
response changes with signal level. 

The describing function must be considered as an approximate method 
of analysis. 

10-12. Topological Solution of Feedback Control Systems. 2,37,51 The 
previous sections consider methods of analysis of systems based upon 
sinusoidal inputs. Subsequent sections are concerned with the transient 
analysis of nonlinear systems. The topological, or “phase plane,” 
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methods presented in these next few sections are subject to the following 
limitations: 

1. They are easily applicable to second-order systems only. 

2. Only driving functions that can be represented by initial conditions 
are applicable. 

In practice, of course, few feedback control systems can be represented 
by a second-order differential equation. Often, however, a complex sys¬ 
tem can be approximated by a second-order system comprising a pair of 
“least damped roots.” In any case the investigation of the effects of 
nonlinearities on the response of second-order systems sheds light on 
effects of nonlinearities in higher-order systems. 

The limitation on the driving function is less serious. Since step, 
ramp, and impulse functions can usually be represented by initial condi¬ 
tions, the more important inputs can be studied. 

Under the above limitations, topological methods, and especially the 
all-graphical methods of Sec. 10-15, provide a practical means of inves¬ 
tigating some nonlinear equations. 

10-13. The Phase Plane. The 
response of a second-order system, 
after the application of a disturb¬ 
ance, can be described by the varia¬ 
ble a;* and the first derivative x. 

The differential equation solution 
can be reduced to a form where time 
is a parameter. The response of the system is conveniently plotted on a 
“phase plane” on which the vertical axis is the velocity y = x and the 
horizontal axis the displacement x in the phase plane. The path which 
represents the, motion x and x is termed the phase trajectory. 

To demonstrate the solution in the phase plane consider the undamped 
mechanical system of Fig. 10-2(). The second-order differential equation 
for the nonforced motion is 

M ? , + Kx = 0 (10-50) 



Pic. 10-20. Undamped mechanical sys¬ 
tem. 


Time is eliminated from this equation by multiplying through by x and 
integrating with respect to time: 


which reduces to 



(10-51) 


* The dependent variable is labeled x , and its derivative dx/dl = x * y. Any 
particular variable c. or s can be later substituted for .r- 
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where h is the constant of integration and depends upon the initial condi¬ 
tions. Equation (10-51), which represents the first integral or energy of 
the system, can be rewritten 


y% 

^ + fcS = 1 (10-52) 


, h ® re l , X ’ a n ~J k i M> and h2 = 2h / R - Equation (10-51) is the sum 
of the kinetic (y 2 Mx *) and potential (HKy energies. Tor a conserva¬ 
tive system, that is, one which has no energy loss (i.e., no damping), the 
sum at any time of the kinetic and potential energies is constant. This 



constant A, depends upon the amount of energy supplied to the system 
Dy the initial conditions. 

FcW 1 n WV tr w eCt< fr! e o; f °™ ious initial conditions, are plotted from 
E r : n l~ 52 inng ' 10 " 27 ' ThlS equation ^presents a family of ellipses 
which have minor and major axes a and b. These ellipses are plotted 
lth time indicated by time markers (small marks shown on the h 

time lo^ntions marks are placed on the curve such that the 


* " A (yjs ‘ + ♦) 

* " * “ A A 1m cos (a/b 1 + *) 


(10-53) 


Hon S m fied ' • + M °5 0n in the phase plane is alwa y« in a clockwise direc- 
on if the positive directions of x and * are assumed as shown in Fig 10-27 

For ae example of Fig. 10-27 a point continues to rotate indefinitely; 
since the contours on the phase plane are closed. The time solution, 
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that is, x versus t or x versus t, is found by projecting the motion of the 
point on the phase trajectory (the time markers) on the x axis to yield 
x versus t and projecting the motion on the y axis to yield x versus L 
The initial conditions determine the point at which the motion begins. 
For example, if the system has, as initial conditions, x = 0 and x = +d 
at £ = 0, the starting point would be as shown in Fig. 10-27. Similarly, 
any desired initial velocity and position determine a trajectory. 

The method of determining the phase plane and hence the solution for 
this system (Fig. 10-26) offers little advantage in the solution of nonlinear 
equations. For many systems this analytic method is impossible. The 
phase plane becomes useful when it is plotted by graphical techniques. 
The following sections present two graphical methods for constructing 
phase-plane solutions. 

10-14. The Method of Isoclines. Suppose 
that the entire phase plane is covered with line 
segments and that each has a slope which is the 
slope at some point of the phase trajectory. With 
these “slope lines” plotted, the phase trajectories 
are readily constructed by connecting the slope 
lines. 

The slope at a point (x,y) in the phase plane is 



\ = ^!L - ( ht 1 = V 

dx dt dx/dt x 


lum under the influence 
0°-'> 4 > of gravity. 


The lines along which X is a constant are termed “ isoclines.” In the gen¬ 
eral case both // and x can be represented as functions of x and y: 


x = P(x u y) and y = Q(x,y) (1,0-55) 


where P and Q are functions of x and //, not necessarily linear. The time 
variable is eliminated by forming the slope of the phase trajectory. 


dfl , y Qfav) 

dx x P{x,y) 


(10-56) 


For various constant values of X the isoclines (a line along which the 
slope is a constant X == X,) are plotted from Eq. (10-56) as follows: 


hP(x,y) = Q(x,y) 


(10-57) 


By connecting the slopes lines, the desired phase trajectories are con¬ 
structed. 

Consider as an example a pendulum, shown in Fig. 10-28, under the 
influence of gravity. The equation for the angular position of the pen¬ 
dulum is 



(1.0-58) 
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Let x — y, then, y — x — — ( g/l ) sin x and Xi = y/x = — (g/ly) sin x. 
This equation is rearranged: 

V = - ; sin X (10-59) 

This is the equation for the isoclines. When various values of X* are sub¬ 
stituted, Xi = 0, ±}4, ±1, ±3, co the curves along which Xi is a constant 
are found and plotted as shown in Fig. 10-29. As the sine curves are 
drawn, the small slope lines are drawn at the slope Xi that corresponds to 



Fig. 10-29. Solution of pendulum problem by method of isoclines. 


the particular isocline. The phase trajectories are constructed by.con¬ 
necting the slope lines, as shown by the one trajectory in Fig. 10-29. 
With g/l = 1, the trajectory is a circle for small oscillations. 

The complete family of phase trajectories is plotted in Fig. 10-30. The 
closed curves correspond to finite oscillatory motion, while the upper 
curves represent the motion of the pendulum rotating in a complete cir¬ 
cle about the pivot. The set of trajectories that separates these two 
types of motion is termed the u separatrix.” This trajectory corresponds 
to the motion which follows the application of initial conditions 

x = tt radians x = 0 (10-60) 

# in the phase plane is clockwise, as can be verified by con¬ 

sidering the relation between x and x. When x is at x 0 and x is zero, the 
point on the trajectory corresponds to the point a in Fig. 10-30. At this 
position, the pendulum is displaced to the right (cf. Fig. 10-28) an angu- 
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lar distance x 0 . When the pendulum moves, x decreases and x begins to 
increase in the negative direction. When the pendulum reaches x = 0, 
the velocity is maximum negative. This point corresponds to the point 
b in Fig. 10-30. Continuing on, the velocity starts to decrease and x 
becomes negative. When the pendulum has reached its maximum angu¬ 
lar displacement to the left, which is the negative direction, the velocity 
is zero and the point on the trajectory is c. The motion continues in this 
fashion. 



Pic. 10 - 30 . Phase trajectories for the simple pendulum. 


10-15. The Lienard Construction. This construction is a more direct 
method of plotting the phase trajectories. The accuracy is about com¬ 
parable to that obtained from the method of isoclines. The construction 
described in this section is applicable to the following types of nonlinear 
second-order differential equations: 


x + F(.i) + x = 0 

(10-61) 

x + x + g(x) = 0 

(10-62) 

x + F(x) + g(x) = 0 

(10-63) 

X + f(x)x + g(x) = 0 

(10-64) 

The method consists of constructing graphically the slope of the phase 

trajectory. For example, the slope for Kq. (10-61) i 
mating time 

s found by first dim- 

x = y 

(10-65) 

y - x = -l F(y) + x] 


and the slope is 


x = y = -lF(v) + *1 

(10-66) 


x y 
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The normal slope \ n is related to X as follows: 


i = y = y 

X x+F(y) x-[-F(y)] 


(10-67) 


The last form of Eq. (10-67) is used for the graphical construction. 
The auxiliary curve x = —F(y) is plotted, as shown in Fig. 10-31, with 
+F(y) horizontal and y vertical. The scales of both axes are the same, 
and F(y) has the same scale as x. The slope of the trajectory at the 
point x 0l yo is constructed in Fig. 10-31. The normal slope X n o at the 



Fig. 10-31. Lienard construction for x H- F(x) + x — 0. 



Fig. 10-32. Lienard construction for all points along the line y — yo. 
point x 0 ,yo is found from the ratio 


= y Q 

*° - l~F(y 0 )} 


( 10 - 68 ) 


The denominator consists of two terms. —F(y 0 ) is found by projecting 
y o back along a line y = y Q until the curve of — F(y ) is intersected as 
shown in Fig. 10-31. The distance from the point (rc 0 ,O) to — [F(2/ 0 ),0], 
as determined graphically, is the denominator of Eq. (10-68). The 
numerator y 0 is the vertical distance from the point y 0 ,x 0 to the x axis. 
Hence the normal slope is along the line from the point — [jF(2/o), 0] to 
P(%o,yo) as shown in Fig. 10-31. The desired slope of the phase trajec¬ 
tory is found by constructing a small line perpendicular to \ n0 at P(^ 0 ,2/o)* 
This is easily accomplished with a compass. 
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As an example, suppose the slope lines for all points along the line 
y = ?y 0 are constructed. This is accomplished in Fig. 10-32 by putting 
the point of the compass at [— F(yo),Q] and drawing all intersections with 
y = y Q . The solution for particular initial conditions is found by follow¬ 
ing one trajectory around. In this case, start at the initial condition 
P(xo,^/o) and go step by step until the trajectory is traced out. Each 
slope line is constructed as shown in Fig. 10-31. It is not necessary to 
draw the line that represents X„ 0 , since only the origin for the compass, 
point a, is needed to strike the small slope line X 0 at the point P(xo,y 0 ). 

The method for constructing the solution of Eq. (10-62) is similar to 
that for Eq. (10-61). Again let 

x = y 

y = x = -y - g(x) 

and the normal slope is 

x V 11 - l 

The auxiliary curve y = —g(x) is plotted on the phase plane to the same 
scale as y. Both x and y axes must have the same scale so that angles 


(10-69) 

(10-70) 


y = -g(x) 


Y P(*o> Yo) 





r 

X 

Point b Y 


N. 1 Yo~ 


Equation 
x+x + g(x) = 0 





Point o ' 

Pkj. 10-33. Lienard construction for X -f- x 4* g(x) = 0. 


are preserved. For a point P(;r () ,//o), the numerator of Eq. (10-70) rep¬ 
resents the distance from the point P(.r«,;//<>) to the x axis. The denomi¬ 
nator of IOq. (10-70) for x = .r« and y = t/o is composed of two parts: ?/«, 
which is the distance from the point P(x {)j y {) ) to the x axis, and —g(x 0 ), 
which is the distance from the x axis to the point where the line x = Xq 
intersects the ~~g(x {) ) curve (point a on Fig. 10-33). The algebraic sum 
2/o — [— g('Xo)\ is measured with a pair of dividers or a compass and is 
transferred to the x axis, as shown in Fig. 10-33. This locates the center 
point of the compass, point b in Fig. 10-33. A small line drawn through 
P(xo,y () ) with the center at point b is the slope of the phase trajectory 
at that point. 

As an example of this construction, consider the position servo of Fig. 
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10-34. The motor transfer function is 


4.1 

p(0.016p + 1) 


(10-71) 


and the amplifier transfer function A is set for a damping ratio of 0.20 
with no threshold. The open-loop transfer function with this setting of 



Fig. 10-34. Position servo with threshold in the feedback path. 


gain is 


KG 


24,400 
p(p + 62.5) 


(10-72) 


The threshold transfer function is plotted in Fig. 10-35 and is repre¬ 
sented by /7(c). The closed-loop response is 


C _ KG _ 24,400 

R 1 + KGH(c) p(p + 62.5) + 24,400//(e) 


(10-73) 


The differential equation is 


c + 62.5c + 24,400//(c) = 24,400r (10-74) 

The response to a step input into this system is desired. Since the phase 



Fig. 10-35. Threshold in feedback loop 
of position servo. 


plicates the response to an input 
substitutions, 


plane can be used only for zero 
driving functions, a set of initial 
conditions must be found that will 
duplicate the step input. This is 
done, in this case, by setting r = 0 
and taking for initial conditions the 
following: 

at t = 0 c = Cq c = 0 

(10-75) 

These initial conditions are such 
that as c returns to the null position 
the solution passes back and forth 
across the nonlinearity. This du- 
step function. Making the usual 


y = c 

V = a = -62.5 y - 24,400#(c) 


(10-76) 
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(10-77) 


Equation (10-77) is put in a more suitable form by dividing out the 
constant 62.5: 


An 


62.5An = 


(10-78) 


i _____ y 

62.5 y + 39177(c) 

Dividing numerator and denomina¬ 
tor by 62.5 and rearranging, 

?//62.5 

(lf/02.5) + 62.5// (c) 

(10-79) 

The normalized phase plane is plot¬ 
ted with the variables if — ?y/62.5 
and 

Xn = x/y' = x / G//02.5) 

= (>2.5o://y = 62,5A n 

and with the equation 


-to 


V 


(10-80) 



Phase plane 


n y' + (S2.f>//(c) 
if 

if - [-<>2.r>//(o)j 

Both axes y' and <: on t,hc phase 
plane now have the same dimen¬ 
sion—radians (sinee 02.5 has the 
units 1 /see). The resulting con¬ 
struction for a step change of 1 radian 
is shown in Tig. 10-3(5. The thresh¬ 
old function —62.577(c) is plotted 
first, and the construction follows the 
scheme outlined in Tig. 10-33. The response of the system for large ampli¬ 
tude is similar to a linear system because of the relatively small threshold. 
As the signal becomes smaller, the nonlinear effect becomes more pro¬ 
nounced. 'Fhe system does not return to a complete null but sticks at a 
point where the phase trajectory passes through the threshold with zero 
velocity (cl'. Tig. 10-3(5). 

The solution for Tq. (10-03) is constructed in a manner similar to the 
previous two eases. The normal slope is found from the equation 


Fig. 10-36. Phase trajectory for system 
with threshold. 


A« 


V 


y 


[x - g(x) - F(y)] 


(10-81) 
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where x = y and ~y = F(y) + g{%) = x — {[x — g{x)] — F(?/)}. The 
construction is similar to the two previous cases except that the pro¬ 
cedure is more complicated, since the horizontal position of the center 
of the compass is located at [x — g(x)) — F(y). Both the curves 
x f — x — g(x)* and x — F(y) are plotted on the phase trajectory, and 
the distances measured and summed with a compass. 

The solution of Eq. (10-64) is constructed in the phase plane by 
defining the variable y , not as y = x, but through the equation 

x = y — J*f(x) dx = y - F(x) (10-82) 

where F(x) = f(x) dx. When Eq. (10-82) is differentiated with respect 
to time, 

pM - * - t - » - W < 1(m > 


Substituting Eq. (10-83) into Eq. (10-64) gives 

V = -g(x) (10-84) 

The normal slope is found from Eqs. (10-82) and (10-83). The normal 

slope at a point Xo,yo is given by 



the ratio 


A^o 


?/o - F(x o) 


(10-85) 


Fig. 10-37. Graphical construction for 
x + f{x)x + g{x) = 0. 


£o - [xo - g{x*)] 

= Vo - Fix o) 
x Q — x'(xa) 

The denominator construction is 
similar to previous cases [cf. the 
construction of Eq. (10-62)]. The 
numerator is constructed by sub¬ 
tracting the lengths y 0 and F(xo). 
The desired center is found from the 
ratio of Eq. (10-85) with the graphi¬ 
cal construction shown on Fig. 


10-37. Both F(x) = f(x) dx and g(x) are plotted on the phase plane, 

and the construction proceeds as shown on Fig. 10-37. Because of the 
complexity of the slope equation, it is desirable to plot the slope lines along 
vertical lines (x = constant). For these lines the radius is centered at the 
same point for all y. 


* This is plotted graphically by adding, point by point, the curve of —g(x) to the 
linear function x. 
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10-16. Determination of the Time Markers. The phase plane solution 
0 f a ditterential equation is a plot of velocity* i = y versus displacement * 
with time t as a parameter. The time solutions z versus t and x versus t 
can be plotted from the phase trajectory when time markers are placed 
upon the phase plane. Two methods of determining time explicitly are 
presented m t his text. ^ The first method involves plotting l/y as a func¬ 
tion of x. Since if = x = dx/dt, the time is found as follows: 

dt = ~ dx ( 10 - 86 ) 

when Eq. (10-86) is integrated, 


t% - h = 



(10-87) 


When l/y is plotted as a function of x, the area under the curve between 
two values of x is equal to the elapsed time t% — h between the two 
points. The time is found for the position servo shown in the phase 
plane of Fig. 10-80. in tig. 10-88, l/y' is plotted against x for the 
interval from a 
The time betwc 
say 0.7 to 0.8, is 
area shaded oi 
entire area betw< 
is approximated 
sionless form, 
seconds, the area 
by 1/02.5, or 

t = (0.75) Q 5 

The determin; 
comes difficult 

passes through zero, since l/y becomes large. Because the integral 
represents a physical problem for which the time is finite, it is usually 
suitable to approximate the area. Often the time to pass across a dis¬ 
continuity in \/y <‘an be neglected. 

The second method of determining the time markers, termed “iso¬ 
chrones,” is based upon a completely graphical construction. The basis 
for this construction is shown in the phase plane of Fig. 10-39, where, 


to b in Fig. 10-36. 
-Oil any two points, 
i proportional to the 
u the figure. The 
een x = 1 and x = 0 
y 0.75, in dimen- 
To convert this into 
i must be multiplied 


j — 12 msec 

(10-88) 

ation of the time be- 
in regions where y 


«o K oo 
odd 



Fio. 10-38. Time found graphically. 


* For the last construction of Sec. 10-15, x does not equal ?/, but is equal to y — F(x). 
The determination of time markers is still valid, but a plot of y versus t is not readily 
obtainable from the trujeetor 
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from the two similar triangles 


r_ = JL 
As Ax 


(10-89) 


but y = dx/dt which is approximately equal to Ax/At, or 

r __ Ax 1 __ 1 
As At Ax At 


(10-90) 


and the distance As along the trajectory that corresponds to a time 
interval At is found from Eq. (10-90): 


As = r At 


(10-91) 


If a constant value for At, for example, 0.1, is chosen, As is proportional 
to r, the distance from the trajectory to the construction point along the 

x axis. Notice that r is not the 
radius of curvature of the phase tra¬ 
jectory but is the radius used to 
define the normal slope in the 
Lienard construction. In some 
cases these are the same. 

It is usually more convenient to 
find the time marks while construct¬ 
ing the phase trajectory. This 
method of construction saves time, 
since the radius r must be determined before the particular slope line can 
be drawn. Also if a constant At is chosen, setting the isochrones on the 
trajectory as it is being constructed helps to determine the spacing of the 
slope lines. The time solution for the position servo pictured on the phase 
plane of Fig. 10-36 is presented in Fig. 10-40. For purposes of comparison, 
the time solution of a system without threshold is also plotted. Equation 
(10-64) of Sec. 10-15 requires a different construction to determine 
the time markers. In this case the radius r is found from y — F(x) in 
the numerator rather than just y. 

10-17. Singular Points. The slope of the phase trajectory is given by 
Eq. (10-56) to be 



Fig. 10-39. Construction of isochrones. 


x = §y = Qfay) 

dx P{x,y) 


(10-92) 


A point Xo,yo is a singular point if both Q(xo,yo) and P(xo,ya) equal zero. 
Because these points are often confusing when plotting the trajectories, 
this section lists the types that might be encountered. To determine the 
form of the singularities, let 


Q(x,y) = ax + by 
P{x,y) = cx + dy 


(10-93) 


where, with no loss of generality, the singularity has been taken at the 
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Fig. 10-40. Time response, second-order system with and without threshold. 


origin. The slope is 

dy __ ax + by 
dx cx + dy 

Various values of a, b, c, and d yield the types of singular points. 


(10-94) 


c and 


from Eq. (10-94) 

dy = 
dx 


(10-95) 


This is integrated to// 2 +/3~x~ = eon- 

.. . . . Fig. 10-41. Gen 

stant, whieh is the e<iuation tor a gtant 

family of ellipses. The singular 

point is termed a center and is plotted m Fig. 10-41. 


y 2 + £ 2 X 2 = 


constant 

* 

. 


Fig. 10-41. Center 

' y 2 -T #V 2 = eon- 


Case 2. a = 0 = d and - = a 

c 


from Eq. (10-94) 


(10-96) 
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This is integrated 


with the result 



(10-97) 

(10-98) 


Depending on the value of a, three possible forms are obtained. Each 
of these singular points is termed a node (or nodal point) and is plotted in 
Fig. 10-42. 



Fig. 10-42. Nodal points for three regions of a, 


Case 3. a = 0 = d and - = —k 

c 

from Eq. (10-94) 

dy _ 
dx 

This is integrated to 


yx h — 


x 

Ci 


(10-99) 

( 10 - 100 ) 


which is the equation of a family of hyperbolas. The singular point is 
termed a saddle point and is plotted in Fig. 10-43. 

Case 4. a = 1, d = —1, b = c = a 
from Eq. (10-94) 


dy __ x 4- ay 
dx ax — y 


( 10 - 101 ) 


This is integrated more readily if put in polar form 

x — r cos d y = r sin 0 

dx = cos 6 dr — r sin 6 dd dy = sin 6 dr + r cos 6 d$ 

Substituting into Eq. (10-101) 7 


sin 6 dr + r cos 6 dd _ r cos d + ar sin 6 
cos 6 dr — r sin 6 dd ~~ ar cos d — r sin # 

When Eq. (10-102) is simplified 


( 10 - 102 ) 



and integrated 
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r = Ke a ° (10-104) 

the equation of a family of spirals results. The singular point is termed 
a focus (or focal point) and is plotted in Fig. 10-44. 




The nature of the stability associated with the singularity can be deter¬ 
mined* from the relative magnitudes of the constants a, b, c, and d. This 
procedure leads to the following clarification, which is included for refer¬ 
ence. In the system dij/dx = {ax + by)/{cx + dy) the following rela¬ 
tions hold; 


(h — r.) 2 + 4ad > 0 


{b -- c) 2 + 4 ad < 0 
(b - c)* + 4ad = 0 


node if ad — be < 0 ( stable if b c < 0 

j unstable if b + c > 0 

saddle if ad — be > 0 
center if 6 + c = 0 


focus if b + c 0 | stable if b + c < 0 

| unstable if b + c > 0 


stable if b + c < 0 (10-105) 

unstable if b + c > 0 


10-18. Comparison of Several Methods. Some of the more commonly 
UHed methods available for the analysis of systems defined by nonlinear 
-differential equations are presented in this chapter. Various analytic 
met hods, notably iteration methods, 61 perturbation methods, 51 and step- 
|)y_} 4 (‘p solutions, 87 have been neglected. Although both the describing- 
function approach and the topological methods are limited in scope of 
u so, these are used more for nonlinear servo design than the analytic 
methods. 

Because of the difficulty of analysis of complex nonlinear systems, 
general-purpose analogue and digital computation is often used to effect 
detailed and accurate investigations of system performance. 43 However, 
the analytical and topological procedures advanced in this chapter can 
often he' used to gain insight to the gross behavior and major aspects 
of the problem. 


See Kef. 2, pp. 182 193. 
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PROBLEMS 

10 - 1 . Calculate and plot the describing function for spring preload which has an 
input-output relation shown by Fig. 10P-1. 



Fig. 10P-1 


10 - 2 . Calculate and plot the second and third harmonics for Prob. 10-1. 

10 - 3 . Calculate and plot the describing function for the nonbilateral element shown 
on Fig. 10P-3. 



10 - 4 . Calculate and plot the second and third harmonics for Prob. 10-3. 

10 . 5 . Subject the simple position servo given by Gi — —7- — 7 -------—- to 

V( 1 + Otlp)(l + p) 2 

amplifier saturation. The block diagram is given in Fig. 10P-5. Determine the 
effect on the system when the nonlinearity is included in the system. Solve the 
problem by both frequency-analysis and root-locus methods. For amplifier satura¬ 
tion take the ratio of input amplitude A to saturation level equal to 1, 2, 4, and 8. 



Fig. 10P-5 


10 - 6 . Repeat Prob. 10-5 for motor threshold. Take the ratio of input amplitude 
A to dead bandwidth a equal to 1, 2, 4, and 8. 

10 - 7 . Repeat Prob. 10-5 for backlash in the gear train. Take the ratio of input 
amplitude to backlash a equal to 1, 2, and 4. 

10-8. Consider the effect of backlash upon the simplified gyro-stabilized platform 
shown in Fig. 10P-8 where 

K 

Vl(P + 5) 2 + 30 2 ] 


Gi — 


0 2 = 'p + 1 
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G n is the describing function for backlash. Take the ratio of A/a — 1, 2, 4, and 8, 
where A is the amplitude of the input sinusoid. Solve the problem by frequency- 
response techniques. 



Fig. 10P-8 


10 - 9 . Plot accurately the phase trajectory for a pendulum of mass 1 slug and length 
i ft. At t = 0 the pendulum is started from rest at an angle of 170° from the vortical 
(measured downward). Neglect friction. 

10 - 10 . The motion of a ship proceeding on a straight course with rudder amidships 
can be described by the following equation: 

Ja + C(a ) - M(a) = 0 

where J = moment of inertia of ship about, vertical axis through center of ship 
C{a) = resistance to turning 

M(a) = moment of leeway force (restoring torque) 
a — angular deviation from course 

Take C(a) = 0 and assume M(a) = M\>a - Mia 3 . Sketch the trajectories and state 
the nature of the stability of the ship on its course. 

10 - 11 . Using the method of isoclines, plot the family of phase trajectories for the 
Van der Pol equation 

x — ju(l — :c 2 ).t •+ x =0 

Take ju = 1. 

10-12. Use the Lienard construction t.o find the trajectories for the following differ¬ 
ential equation: 


x + /h(i) 4- x = 0 Fi(Jt) =2 4- for x > 0 

= -24- x 4* for x < 0 

10-13. Repeat Proh. 10-12 with tlio following differential equation: 

x 4- F 2 (x) 4- x = 0 FAx) = - (2 4- x 4x) for x > 0 

« -(-2 4- Hx) for x < 0 

Choose two sets of initial conditions so that at least, two trajectories are obtained. 
Discuss and compare the resulting solutions of Proh. 10-12 and 10-13. 

10-14. Construct, isochrones on the phase trajectories of Probs. 10-12 and 10-13. 
Choose At = 0.1. y 

10-16. (a) By use of the theory of isoclines, plot, the trajectory of the L = C = 1 
series circuit having an equation </+</- 0 and passing through q = 5, ([ = 0 at 
t = 0. 

(6) Derive for this ease t — dq/q. 

(c) Plot the curve of 1 /<) versus q faking coordinates from the isocline plot. The 
area under this curve from q = 5 to q is the time elapsed since l = 0. Evaluate this 
area graphically from the plotted curve. 

(d) Plot, on one sheet, the q versus t curves obtained as follows: 
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fq 1 

(1) By the graphical integration of t — J - dq 

(2) Using isochrones 

(3) Analytic solution of equation q + q ~ 0 using stated initial conditions 

Compare the various methods on the following points: accuracy, case, etc. 

10 - 16 . Consider the free motion of a mass, spring, dashpot combination as given by 
the equation 

Mx +• (3x + Kx ~ 0 


Show that if the dam ping is less than critical (0 < 2 \/KM), the singularity is a focus 
and if jS > 2 \^KM, the singularity is a node. 

10 - 17 . Consider the servo of Fig. 10P-17 where 

4 1 

Motor transfer function = —r-— x 
p( 1 + 0.016p) 

Amplifier transfer function = A (a constant) 

Feedback function b — ac n 

Take a = 1, and compare the time response to a unit step function for 

n — 1 
n = 3 
n * H 

Choose A for a £ = 0.2 for n = 1 (the linear case). Use the same gain for n — 3 and 
n = Would any other gain yield a better system? 



Fig. 10P-17 


On the basis of this problem draw conclusions concerning the use of nonlinear feed¬ 
back for servo stability. 

10 - 18 . Plot accurately the family of phase trajectories for the system G ~ - . ‘ 

Choose |a| = 1, and take initial conditions x 0 — 2, 5, 10. Plot isochrones and the 
x versus t curves for these initial conditions. The block diagram is shown in Fig. 
10P-18. 


> > 

i 

_ . X 

r- 

p(5p + l) 






Limiting 

system 





Fig. 10P-18 
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LAPLACE-TRANSFORM METHOD 


1-1. Introduction. The Laplace transformation is a mathematical 
operation which is useful in the solution of the ordinary differential equa¬ 
tions encountered in feedback-control-system design. The operation is 
defined by the following integral: 

4/(01 = / 0 “ me-*‘ dt = F(p) (1-1) 

where f(t) is a function of time which is zero for t < 0, p is a complex 
variable, F(p) is the function of p which results when f(t) is Laplace- 
transformed, £ is an operational symbol which indicates that the function 
following is to be Laplace-transformed. Since many excellent texts 9,18 
have been written on this subject, only the mechanics of the Laplace- 
transform theory is treated in this appendix. 

A linear differential equation of the form 

d n y d n ~ l y dy . , AA /T 

a n + a n - i + ‘ * * + = /CO ( I_2 ) 

is often encountered in servo design. The coefficients a,* are constant 
and independent of t or ;//, The dependent variable y and the driving 
function / (t) are both functions of time. When Eq. (1-2) is Laplace- 
transformed, a new, or “ transformed,” equation results. The differential 
equation is reduced to an algebraic equation in the variable p. This 
transformed equation can be manipulated algebraically to solve for the 
desired quantity in transformed form. The transformed solution is often 
sufficient. 

If the solution is required as a function of time, the inverse process 
must be applied; that is, the function of p must be inverse-transformed 
into a function of time. This process is termed “ finding the inverse 
Laplace transform” and is most easily accomplished with the aid of 
Laplace-transform tables.* 

1-2. The Laplace Transform of Functions. Application of Eq. (1-1) is 
the basis for a table of “transform pairs.” When the function is known, 

* An excellent table of Laplace transforms is found in Ref. 18. 
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for example, f(t) = Ae ~~ at , the Laplace transform is found by substituting 
directly into Eq. (1-1) as follows: 


£[Ae~ at ] = Ae~ at e~ pt dt = A e~^ a+v)t dt 
Ae~ (O’+v'* 1 


a + V 


(1-3) 


|o p + a 

The Laplace transform of a sinusoid <£[sin coif] is found by similar substi¬ 
tution : 

sin ute~ pt dt — -r-. \ (e+ ]Ut - dt 

o 2 j J o 

1 


j ' e —(y~jw)t — q— dl 


2 j Jo 

= i r_j_ l_ 

2 j [p ~jo> p+ j< 


ju. 


p 1 + CO 2 


(1-4) 


As another example, consider the unit step function u(j) shown in 
u(t) 


Fig. 1-1. Plot of a unit step function u(t). 

Fig. 1-1. The mathematical representation is 

m ( 0 t < 0 / T 

“W - (1 t> o (I ' 5) 

The Laplace transform is 

£[»(«)] = f = l (1-6) 

Jo V lo p 

Table 1-1 is a short table of Laplace transforms. This table is satis¬ 
factory for most driving functions encountered in servo design. 

1-3. The Laplace Transform of Operations. Besides finding the 
Laplace transforms of known functions of time f(t), it is also necessary 
to transform differential operations 


£ 


dy 

dt 



dy 

dt 


e~ pt dt 


This integral is evaluated by parts as follows: 




(1-7) 


l& 


( 1 - 8 ) 
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Table 1-1. Laplace-transform Table 


m 

F{p) 


m 

F{P) 



1 



CO 

a 

u(l) 

V 

3 

sin 

P 2 4 co 2 

h 

t 

1 

k 

cos cot 

.44.. 


p 2 



p 2 4 co 2 





~ sin (cot 4 i/O 


c 

t n 

n! 

l 

^ = tan -1 — 

(in 

P 4 «o 

pn+l 

p 2 + w 2 





A = (<jo 2 4 co 2 )^ 


d 

m 

1 

m 

sinh co/ 

CO 

Unit impulse 

p 2 - « 2 

e 

e~ at 

1 

n 

cosh co/ 

_..p 



~C3 

4 



p 2 — CO 2 

f 

g—(li *ii mm ht 

1 

0 

f"®* sin cot 

CO 

b — a 

(p 4 a) (p 4 b) 

(p 4 a) 2 4 co 2 

11 

te~ at 

1 

(p 4 «) 2 

<1 

K 

— sin (cot 4 

a> 

i/ *■ tan' 1 40 

a 0 — « 

P 4 

(p 4 a) 2 4 w 2 

/V = K«o - a) 2 4 co^jpi 

h 

t n e -at 

n! 

(p + ff) n+i 

r 

/ COS co/ 

p 2 — CO 2 

(p 2 + « 2 ) 2 

i 

(Kt -f \)<r«t 
K — (Iq — <y 

p_+flo_ 

(p 4 a) 2 

« 

/ sin co/ 

2 cop 

(P 2 4 «*)* 


where the following .substitutions arc made: 


u = c 


-pt 


dv — ~ dl 
at 


du = —pc pt dt 
v = y(t) 


The integral is now evaluated 

y(t)e pt 




dy 

dl 


+ p I y{t)cr pt dt 


(1-9) 


(1-10) 


Since the last integral in Eq. (1-10) is the Laplace transform of y{t) 
£|//(0I = f" !i(t)e iH dt = Y(p) 


( 1 - 11 ) 
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and since y(t)e~ pt is zero at the upper limit, provided the real part of p is 
> 0 

£ [j|] = — 2/(0) + p7(p) (1-12) 

In a similar fashion, the Laplace transform of higher derivatives can be 
found: 

£ [sf] - *>’»> - »<•> - L (I ‘ 13) 

£ [sf] ■ P ‘ Y<P) - p ’~' m p -‘w L-“ (I -“> 

For the case of zero initial conditions, as often occurs in servo analysis, 
this last equation reduces to 

£ \jf\ = rY{ V ) (1-15) 

Hence, for this case, taking the Laplace transform is equivalent to 
replacing the derivative with respect to time d/dt by the Laplace- 
transform operator p. 

Another important Laplace-transform pair, which is required for the 
solution of linear differential equations, has reference to the Laplace 
transform of the sum of two time functions: 

£[ai2/i00 + * a i Y i(P) + Y 2 (p) (1-16) 

This relation is easily proved by substituting into the defining equation 

[Eq. (1-1)]. 

The Laplace transform of a definite integral of a function of time 

£ [f‘ V(r) dr] = JJ e~ pt dt J* y(r) dr (1-17) 

is also found by integrating by parts 

u = j y(r) dt du — y(t) dt 

1 (1-18) 
dv = e~ pt dt v = — - e~~ pt 

V 

When these substitutions are made in Eq. (1-17), the following equation 
results: 

£ f y(r) drl * - 1 e~ pi r y(r) dr + - [ " e~ pt y(t) dt (1-19) 
IJ o J V Jo o V Jo 

The first term on the right is zero at the upper limit, since e~“ =0. If 
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fO 

I y(t) dt = 0, that is, if the integral has no initial value, the first term 
vanishes at the lower limit and the result simplifies: 


( 1 - 20 ) 


y(r) dr = 


These transform pairs are summarized in Table 1-2. The initial con¬ 
ditions are set equal to zero for the pairs in this table, since in most 
servo applications zero initial conditions are suitable to solve the problem. 

Table 1-2. Operation Transform Pairs* 


Function of t 


Tramformed funetion 
oj V 


IF . 

+ filth(0. fhyAp) + «aVj(p) 

f y(t) dt . I V(p) 

* All initial conditions are taken equal to zero in this table. 

The Laplace-transform operator p, which has the dimensions 1/sec, is 
often called the “complex frequency,” since it has a real and an imagi¬ 
nary part 

p — cr + joo (1-21) 

1-4. Solution of Ordinary Linear Differential Equations Utilizing 
Laplace Transforms. As an example of the transform method of solving 
differential equations, consider the following simple equation: 

5 + !>// = »(0 t > 0 (1-22) 

with all initial conditions taken equal to zero. u(t) is a unit step func¬ 
tion. The Laplace transform of both sides is taken. 

jFY + OK = - (1-23) 

P 

and the result is solved for the transformed variable 


p(p 2 + 9) v ' 

The solution y(l) is found by breaking Kq. (1-21) into a sum of two parts 
by partial fractions.* 

_L. = A B ( 7 __ 

pip' 1 + 9 ) p p + ft V — j% 

* A discussion of partial fractions is included in Sec. 1-5. 


(1-25) 
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The constants A, B , and C are evaluated (as in the next section), and 
Y(p) is written as follows: 


Y(p) 


9 \p p 2 + 9/ 


(1-26) 


The reader can verify that Eq. (1-26) is equivalent to Eq. (1-25) by 
putting Eq. (1-26) over a common denominator: 


(1-27) 


The inverse transform of the terms in Eq. (1-26) are found in Table 1-1. 
The inverse transform yields 


b p \_i 

p 2 -J— 9 p 2 

1 

\p p 2 + 9/ 9 

_ p(p 2 + 9) _ 

p(p‘ 2 + 9) 


y{t) = - cos 3(| = 1 - cos 3d 

As a second example consider the differential equation 
d 2 y 


dt 2 


+ c o 2 y — cos cot t > 0 


(1-28) 


(1-29) 


with ?/(0) = 0 = dy/dt ^ q , that is, zero initial conditions. Taking the 
Laplace transform of both sides and solving for Y(p), 

Y 

The inverse Laplace transform is found from Table 1-1: 

y(t) = £ 1 w 2)2 = 2u sia 

where the symbol JS* -1 means “inverse Laplace transform of.” 

As a final example consider the second-order servo system discussed in 
Chap. 1. The differential equation with a step input and with zero 
initial conditions is written 


+ 2fco„ & + a > n *y = a(1-32) 
The Laplace transform of both sides of the equation is taken: 

(p 2 + 2fco n p + u „ 2 ) Yip) = Y (1-33) 

This is solved for the variable Y : 

Y(p) = p( p 2 + 2 -Ap + «.*) = m + f ^) 2 1 «,*(i - r 2 )] (I " 34) 
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This equation is separated by partial fractions: 


Y( V ) = 


J. 

P 


P + 0 n 

(P + fcO w ) 2 + Wn 2 (l “ f 2 ) 


(1-35) 


as the reader can verify by combining Eq. (1-35) over a common denomi¬ 
nator. The solution is found by referring to two transform pairs (a and 
q) in Table 1-1 


V 00 = mW 


V 


r* 




sin 


(«»Vi" - r«+ <#>) 


where 


0 = tan 


Vi - f 2 
f 


(1-36) 

d-37) 


1-5. Partial-fraction Expansion. The inverse Laplace transformation 
of rational fractions is required to find the time solution from the trans¬ 
formed equation. The general rational fraction is written 


Y(p) 


A(p) 

B{p) 


(1-38) 


where A(p) and B(p) arc polynomials in p. When the roots of B{p) = 0 
are found, Eq. (1-38) can be written 


Y(n) = 4-0?). = - _ - fl~3()) 

W B(p) (p + PiKp + Pi)(p + p») ' ' ' (p + p q ) [ 

The inverse transformation is carried out by expanding Eq. (1-39) in 
partial fractions as follows: 


Mp) = A (p) _ 

B(p) (p + Pi)(p + P'-i)(p + pz) * * * (p + Pa) 

K 1 , /V2 , /v :{ 

(7> + Pi) ^ (p + vA ^ (p + Pi 0 ^ (p + p7) 


(1-40) 


Each term in Eq. (1-40) can be found by reference to Table 1-1. The 
total time solution is found by summing the time solution which is found 
from each term in Eq. (1-40). 

The partial-fraction expansion is an important step in the solution. 
Depending upon the form of B(p), this expansion is carried out as follows: 

a. If B(p) Contains Simple Hoots Only. In this case the K are evalu¬ 
ated by multiplying each side of Eq. (1-40) by p pv 


(P + /t)d(p) 

B(p) 


!< + i » + K ,r + r< + . 

V + V\ V + P n - 

+ /vV + Pi + 
V + Vi 


+ K, 


V + Pj 

V + Pi 


(1-41) 


Since p + p t is u factor in B(p), it is divided out. When p is set equal to 
~Pi, the term on the left becomes a constant. All terms on the right 
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reduce to zero except if*. Hence each constant can be evaluated from 
the equation 


!»- _ Mp)(p + Pi) 
B{ V ) 



(1-42) 


The procedure is unaltered if one of the roots is located at the origin. 
The constant K Q is evaluated similarly: 


XT pMp) 
K ‘-~m 


p-Q 


d-43) 


When complex conjugate roots (p + a) 1 + /3 2 exist, the procedure is 
similar: 


and 


Kji = 

K„ = 


(p + « + jP)Mp) 

B(p) 

(p + a ~ j$)A(p) 

B (p) p— — a+i/S 


(1-44) 

(1-45) 


Since K,i and Kj 2 are complex conjugate, the sum of the imaginary parts 
is zero and the sum of the real parts is twice the real part of cither K. 
The two terms 


Kji 

p + a + j& 


and 


Kj2 

p + a - jfi 


(1-40) 


combine into a single term which inverse-transforms into a damped 
sinusoid. 

b. If B{p) Contains Multiple-order Roots. If the denominator of F(p) 
has multiple-order zeros, the procedure of the preceding section cannot 
be used. For example, if 


A(p) 


1 


B(p) (p + pi){p + p 2 ) 2 

then the partial expansion must include a second-order term 


K x 


+ 


Kx 


(P + Pl)(P + Pi) 2 P + Pl ' P+P2 
In general an nth-order root is expanded: 


+ 


Kn _ 

Ip + 


i 


Kx 


(p + pi) ■ • • (p + Pi) n p + Pi 

+ 


+ 

K, 


+ 


K n i 


(:P + PiY 


(n-l)i 


(p + P<) 


i—h 

n—1 ' 


+ " 


K u 


(1-47) 


(1-48) 


P + Pi 


d-49) 


The constants Ki associated with first-order roots are evaluated as above. 
The constant associated with the highest power K n ; is evaluated in the 
same manner as a simple pole. That is, multiply both sides of Eq. (1-49) 
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by (p + Pi) n and let p — —p*. All terms on the right side are zero 
except the K ni term. The left side reduces to a number. K ni is evalu¬ 
ated as follows: 


Kn 


(p + Pj)”Mp) 
B(p) 


(1-50) 


The procedure used for simple roots and used to evaluate the constant 
associated with the highest power K ni is insufficient to evaluate any of 
the other coefficients. These constants are evaluated by differentiation. 
Both sides of Eq. (1-49) are multiplied by (p ~r p %) n . The resulting equa¬ 
tion is differentiated once with respect to p: 


d_ (p + Vi) n A(p) 
dp 


B(p) 

+ 2(p + Pi)K(n-2)i + 


d_ ( p + PiY 
dp p + pi 


Ki + • • • + K( n —l)i 


By letting p 


■ + (n - ])(p + p { y~ 2 K u (1-51) 
Pi all terms on the right except K Cn __i 5 ,- vanish: 


l (n— 1) i 


(n, 


1 A 

— 1) ! dp 


(P + Pi ) n A(p) ' 

B(p) _ P =- 7 >i 


(1-52) 


The process of differentiating and then setting p - —pi can be repeated 
until all the unknown constants are determined. 

As an example, consider the partial-fraction expansion of the following 
transfer function: 


A(p) _ 4 p x + p 2 — 22 p + 16 
B(p) ~ " p(p + 2)(p-2)* — 


The fraction is broken up as follows: 

4p 3 + p 2 — 2‘2p + 1(5 /v, K-i . Kn , Kn 

' P(P + 2) (p - 2) 2 ~ p p + 2 p - 2 ^ (p - 20 2 ^~° V 

The constants corresponding to the simple poles are easily found: 


„ _ p(4p 3 + p 2 — 22 p +16) _ 1(5 

1_ p(p + 2)(p - 2)* n-o" (2)(4) 

(p + 2) (4p* + p 2 - 22p + 16) 

2 p(p + 2)(p - 2) 2 „ , 3 

— 22 + 4 + 44 + 1(5 22 = 

(-2)(16) ' -22 

K m is found in a similar fashion: 

_ (p — 2) 2 (4p* + p- — 22 p + Hi) 

P(P + 2)(p — 2) 2 p- 

_ 22 + 4 - 44 + 16 +8 _ - 

2(4) 8 _ 


(1-55) 


(1-56) 
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K \3 is found by multiplying Eq. (1-54) by (p — 2 ) 2 then differentiating 
with respect to p: 


A |~ 4p 3 + v 2 - 22 p + 16 
dp L p(p -f 2) 


which reduces to 


A 

dp 


\p 


+ 


K 2 


, d . 

+ r v { ~ v 


V + 2 

- 2 )K U + 


{P ~ 2 ) 2 


jL 

dp 


K 23 


(1-57) 


= A / 4p 3 + p 2 - 22 p + 16 \ 

dp\ P 2 + 2p )p=2 

_ [(p 2 + 2p)(12p 2 + 2p - 22) - (4p 3 + p 2 - 22p + 16)(2 p + 2) 

L (p 2 + 2p) 2 

_ (8)(48 + 4 - 22) - (32 + 4 -- 44 + 16)(6) 192 n n 

64 “ 64 ~ d U 


Hence the partial-fraction expansion of Eq. (1-53) is written 

MP) _ 2 __ 1 1 3 

B(p) p p + 2 (p — 2 ) 2 p — 2 


(1-59) 


1-6. Additional Properties of the Laplace Transform. Some of the 
relationships involving the Laplace transformation are included in this 
section. These are often called u theorems.”* Detailed proofs are not 

given for most of these theorems 
in this text. 

a. Real Translation . If F(p) is 
the Laplace transform of/00, then 

£[f(t — a)u{t — a)] = e~ ap F(p) 

(1-60) 

Fig. 1-2. Real translation in time. 

Multiplication by e~ a7) in the com¬ 
plex frequency plane (p plane) results in translation in the time domain. 
The function/Of — a)u(t — a) is shown shifted in Fig. 1 - 2 . As an example 
of the use of this theorem, suppose it is necessary to find the Laplace trans¬ 
form of one period of a sine wave, as shown in Fig. 1-3. The time function 
can. be formed by subtracting from a sine wave another sinusoid which has 
been shifted in time by 2w/ go. Mathematically, this is written 

0 -?)] a- 61 ) 

These are transformed as follows: 


J(t) = A sin cot — A sin 





£[/(*)] = 


Ago 

p 2 + co 2 


* See Ref. 18, chap. 8. 


Aoo — — p 

_ p » 

p 2 + co 2 


Ago 

p 2 + co 2 


0 
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b. Second Independent Variable. If F{p,a) is the transform of J(t,a ), 
then the following relation holds: 

£ t I lim /(f,a) 1 = lim F(p,a) (1-63) 

La-mo J a—>ao 

where £i means the Laplace transform with respect to time. As an 
example of the use of this equation consider the transform pair 


£ t e~ al sin wf 


CO 

(p + a) 2 + w 2 


(1-64) 


given in Table I-L 
pair results: 


By taking the limit as a approaches zero, a second 


£ sin c at = 


CO 

p 2 +"w ~ 2 


(1-65) 


In a similar fashion dilTerentiation, with respect to the quantity a, 
is permissible. 


iit 


df(t,a) 

da 



(1-66) 


As an example differentiate the transform pair 


and obtain another pair 


£ t e 


1 

V + a 


£,!(• 


1 

(p + «) 2 


(1-67) 


( 1 - 68 ) 


In a similar fashion, the integral, with respect to the quantity a, can he 
found: 

£' | /(/,<*) da ] = f* F{p,a) da (1-69) 


c. Final-value and Initial-value Theorems. These are extremely valu¬ 
able theorems for servo design. These theorems are unique, since they 
permit the finding of a time function at either t = 0 or t = « directly 
from the transform without inverting the transformed equation. 
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Final-value theorem: 

lim y(t) = lim pY(p) (1-70) 

t —> CO P—>0 

provided y(t) is stable; that is, all poles of pY(p) are in the left half plane. 
Initial-value theorem: 


lim y(t) = lim pY(p) (1-71) 

<■—>0 P —» 

provided the limit exists. Application of these theorems is shown in 
Chap. 3. 

d. The Convolution Integral. The convolution integral is expressed as 
follows: 

If Fi(p) is the Laplace transform of ji(£) and P\(p) is the Laplace 
transform of fz^t), then 


£ J‘fi(r)h(t - r) dr = F 1 (p)F,(p) (1-72) 

The integral on the left is called the “convolution integral/’ and the 
proof is included in many texts on Laplace transforms. 18 



Fig. 1-4. Driving function represented by a scries of pulses. 


The importance of this integral can be understood from a physical 
argument. In Fig. 1-4 is shown a driving function/^) which is the input 
to a linear system and which is approximated by a series of pulses. Since 

the system which is shown in Fig. 
1-5 is linear, the total output can be 
approximated by a sum of the out- 

Fig. 1-5. Output from a linear system. £ UtS due , each ° f theSe P uls f ’ 

suppose h(t) is the response of the 

system to a unit pulse at the origin. The response or output of a system 
at time t to a unit pulse applied at time n At is 


m 

System 

9(0 

Excitation 

function 

Response 


h(t - n At) (1-73) 

The response or output of the system due to a pulse of area Ai tf(n At) is 

h(t - n At)f(n At) At (1-74) 
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The output due to all pulses up to time t is 

, - N 

g(t) = ^ h(t — nAt)f(nAt) At (1-75) 

n ~ 0 

If the variable t equals n At and if the limit is approached so that At —» 0, 
as n —> oo, 

n At —> r and N At—^ t (1-76) 

The sum becomes an integral, and 

g(t) = j‘ hit - t)/(t) tfr (1-77) 

where /&(£) is the response of the system to a unit impulse 8(t). 

Hence the output of a linear system is found by “convolving” the 
input function /(/,) with the impulse response h(t). The Laplace trans¬ 
form of Eq. (1-77) yields the important result 

G(p) = //(p)F(p) (1-78) 

Hence the Laplace-transformed output G(p) of a linear system is the 
product of the Laplace-transformed input F(p) and the transformed 
impulse response H(p). II(p) is defined as the transfer function in 
Chap. 1. 
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CLASSICAL SOLUTION OF DIFFERENTIAL EQUATIONS 


II-l. Introduction. The synthesis of servo systems as discussed in this 
text does not require a knowledge of Laplace transform. Although the 
Laplace transform is used and discussed (cf. Appendix I), an engineer 
has no handicap in the study of basic servo design because of a lack of 
Laplace-transform knowledge. 

Ordinary linear differential equations can be solved by the classical 
method. 40,66 This method is presented here for two reasons: 

1. To show the similarities between the classical method and opera¬ 
tional calculus—the Laplace transformation 

2. To provide a basis of servo design for engineers who are familiar 
only with the classical approach 

II-2. Linear Differential Equations. A linear differential equation, of 
the type commonly encountered in servo design, of nth order is written 

an W + SSj + ' ' ■ + a, & + a n y = f(t) (II-l) 

All the coefficients a* are constant, independent of t, y, and higher deriva¬ 
tives of y . Time £ is the independent variable, y is the dependent varia¬ 
ble, and f(t) is the driving function. A function y that satisfies the equa¬ 
tion and depends upon t is a solution of Eq. (II-l). 

The performance of a linear feedback control system or of any liuear 
dynamic system is found by writing and solving, subject to certain initial 
conditions, differential equations of the form of Eq. (II-l). Several 
methods are available for solution of linear differential equations: the 
Laplace-transform solution, presented in Appendix I, and the “ classical 
method.” Any linear, constant-coefficient, differential equation of the 
form of Eq. (II-l) has a solution which can be separated into two parts, 
as follows: 

a. Transient Component. The solution to Eq. (II-l) that results when 
the driving function is set equal to zero [/(£) = 0]. This differential 
equation is known as a homogeneous equation, and its solution contains 

366 
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n arbitrary constants 

d n y . d n ~~ l y . dy . „ /TT 

a " d¥ l + an ~' ' ai-jj + a 0 y = 0 (II-2) 

where n is the order of the equation. 

b. Steady-state component is any particular solution ;//«, that satisfies 
Eq. (II-l) and does not contain any terms which can be incorporated 
into the transient solution. 

The complete solution is the sum of the transient and steady-state 
components. The n arbitrary constants of the transient component are 
determined by the initial conditions. The complete solution is 

Vr = Vt + (II-3) 

It is important to notice that the names given the two components, 
i.e., transient and steady state, are particularly chosen for the servo 


Y(total) = y(transient) + y(steady state) 



Fig. II-l. Solution of linear differentia] (equation by classical method. 

engineer. In this sense a transient component is defined as the solution 
for the mentioned homogeneous differential equation and may contain 
both terms that die out with time (bounded) and also terms that build 
up with time (unbounded). 

Figure Il-l shows a procedure diagram for finding the solution of Eq 
(II-l). The total solution is divided into two parts: transient and steady- 
state components. The components are found separately and added 
later. Initial conditions are applied to y Utin \. The general form of the 
transient component found by setting f(L) = 0 depends only upon the 
constants of the system and, except, for amplitude, is independent of /(£) 
and the initial conditions. The nature of stability, as defined in Chap. 1, 
is based upon a knowledge of critical frequencies and time constants of 
the transient solution. For linear systems, stability does not depend 
upon transient amplitude and hence is independent of the driving func- 
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tion and the initial conditions. Servo stability is determined from the 
transient behavior of the system (the transient solution) only. If the 
transients die out, the system is stable; if the transients build up, the sys¬ 
tem is unstable; if the transients neither build up nor die out (sustained 
oscillation), the system is marginally stable. Hence the stability is 
determined from the transient solution. 

The steady-state solution, which can be conveniently found for certain 
types of commonly encountered inputs, determines the steady-state error 
of the control system. 

II-3. Classical Solution of Linear Differential Equations—Transient. 

The procedure for finding the transient component of the solution of 
linear differential equations with constant coefficients is 

1. Set the driving function f(t) = 0. 

2. Assume a solution of the form 

y = Ae pt (11-4) 

3. Substitute Eq. (II-4) into the differential equation, cancel Ae pt , and 
thus obtain the characteristic equation. 

4. Find the roots of the characteristic polynomial. Each distinct root 
gives rise to a distinct solution of the form of Eq. (II-4). Exceptional 
cases are discussed later. 

5. The location of the roots yields stability information about the 
system. 

As an example of this procedure, consider the position servo of Chap. 1: 

rjp 

+ 2^ ~ + COA = C OrMt) (H-5) 

where f is the damping ratio, co n the undamped natural resonant fre¬ 
quency. u(t) is a unit step function which is shown in Fig. 1-1. Setting 
the driving function u(t) equal to zero, 

g + 2 f«,| + „A-0 (IM) 

Assuming a solution c = Ae pt , substituting into Eq. (II-6), and finding 
the characteristic polynomial: 

p*Af*+ 2 to> n pA^‘ + Un-Af* = 0 (II-7) 

which reduces to 

P 2 + 2f« n p + COn 2 = 0 (II-8) 

Notice the similarity of this equation with the left side of Eq. (1-33). 
Substitution of y = e pt results in an algebraic equation in p. The Laplace 
transformation converts a differential equation into an algebraic equation. 
The roots of the characteristic equation [Eq. (II-8)] are found from the 
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binomial equation 

■ p = -fcOn ± VF^ (II-9) 

The transient component for this case now consists of two terms 

C = + (11-10) 

In Eq. (11-10), the system is stable if the coefficient of t in the expo¬ 
nential is negative, since cr at dies out with time when the real part of a 
is greater than zero. If the coefficient is positive, the solution builds up 
with time and the system is unstable. 

Commonly, the damping ratio £* is less than unity, and the roots of 
Eq. (II-9) can be written 

v = -r«, ± ja>„ vT^T 2 (ii-ii) 

where j = V-1 aiul for f in the range 0 < f < 1 the roots are complex. 
The transient solution is 

c(t) = e~t u **(A sin w n y/i - f a t + B cos co n 1) (11-12) 

The roots given by Eq. (11-11) are located on a plot which is shown in 
Fig. II-2. This plot, which is (‘.ailed 
the p plane, has coordinates: The 
real coordinate is on the horizontal 
axis; the imaginary on the vertical 
axis. Complex roots always ap- 
pear in conjugate pairs; the number 
of roots is the same as the order of 
the equation. 

Since Eq. (11-12) is multiplied by 
a negative exponential term e ^ nt , 
the transient component damps out 
with time. As t becomes large, 
e ~Su n t becomes small, since fc*>» > 0; 
hence the system is stable. ~£ 

II-4. Exceptional Cases of the Fm. 11-2. Hoots of a second-order system 
Transient Component. Certain ln iho p plHno * 

special cases of root locations need be considered. In general, the char¬ 
acteristic equation, which isfound from Eq. (11-2) by substituting y = Ae pt 
and canceling Ac'", is 

a n Ap n e vt + a n .iAp (n l) c pt + * ■ • + aiApe pt + a^Ae* 1 = 0 ^ 

<inV H + (in \V n ' 1 + * • ' + a\p + (k) = 0 

In general the polynomial in the left-hand member can be factored into 
n terms: 



(P - Pl)(P - Pi) • * • (P - Pn) = 0 


(11-14) 
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If all the roots p h p%, . . . , p n are different, the transient component is 
a sum of n exponential terms 

y = Ai&* + + • • • + A n eM (11-15) 

As an example consider the equation 

% + Tt ~ Cz/ = m ( n -Ki) 

The characteristic equation is found by setting /(/.) = 0 ami by substi¬ 
tuting y = Ae vt with the result 


+ p - 6 = 0 or (p + 3)(p - 2) = () (11-17) 

which yields two roots 

P = ~ 3 and p = + 2 (IT-18) 

The transient solution is 

V = Axe~ 3t + A 2 e +2 ‘ (11-19) 

This system is unstable, since e +2t becomes large with increasing time, 
f any of the roots are repeated, that is, if p x = p % or if p :t = p 4 = p b 

etc., the transient component takes a different form. For example con¬ 
sider the equation ' 


dAy 

dt 3 


o *y 
dt 2 


+ Ay = 0 


(11-20) 


The characteristic equation, found by substituting i/ 
(11-20), is 

P 3 - 3p 2 + 4 = 0 


into Eq. 

( 11 - 21 ) 


The roots of Eq. (11-21) are p = -1, +2, an d +2, as can be verified by 

X-^rSTlts P Th 1 ? hi 2)1 Correspondin S to the root - l, a solution 
Axe results. The double root 2 yields a solution 


( A 2 + A s t)e+ 2 ‘ 


(11-22) 


ZZ& int0 Ef >- «-*> • -»rloto 




The general rule is as follows: 

1- If a double root occurs at Pl , the transient component is 

(Ai + A 2t)e plt 

2. If a triple root occurs at p h the transient component is 
(^i + Ail + A z t 2 )e vit 


(11-24) 


(11-25) 
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3. If fc roots are alike, all of value p n , the transient component is 


{A i + Ait + + • • • + Ai r t k ~ l )e v, ' t (11-26) 

If the roots are complex conjugate, the transient component is found 
as above; however, a special form for y(t) is used. For example, if the 
roots are — a + jb and —a — jb, the transient component is 

y = .4+ A 2 eS- a -' h) < (11-27) 

= er at (A t o ibl + AiC~> hl ) 

Since e*' 6 ' = cos bt ± j sin hi, Eq. (11-27) can be rewritten as 

y = er at (B i (ms bt + B-> sin bt) (11-28) 

where /?, = .4, + A, and B t = j(A x — A 2 ) (11-29) 

Equation (11-28) can also be written 

y = Ac-*‘sm (bt + 0) (H-30) 

where A = V'Br + B? and 9 = tan- 1 ~ (11-31) 

JA2 


Either form, Eq. (11-28) or (11-30), is more suitable for servo design than 
Eq. (11-27). 

n-5. The Steady-state Component. The nature of the system stabil¬ 
ity, which can be determined from the transient component or the charac¬ 
teristic equation, is independent of the driving function. For servo sys¬ 
tems, steady-state errors are usually derived for only a few special inputs. 
The classical method for finding ( lie steady-state component is applicable 
to driving functions'" 1 of the form 

cos M + 9) (II-32) 

Several special inputs will be considered. Consider the second-order 
equation of Chap. 1 with a constant [r = ?*(£)] driving function of unit 
magnitude 

/ 72 /» ///» 

+ 2f», ~ = coAu(t) (11-33) 

where u(t) is a unit step function (or a constant driving function). 

Assume a steady-state solution which has the form of a sum of terms 
comprising the driving function plus any terms found by differentiating 
the driving function. In this case the driving function is a constant; 
hence assume 

c H » = Way .t*t« = A = a constant (11-34) 

and substitute for c in Eq. (11-33) to obtain 

d 2 c„ , ... de m 
di 2 + -' Wn dt w “ c " = 


(11-35) 
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when c 88 = A, a constant; d 2 A/dt 2 = 0 = dA/dt ; and 

a> n 2 A = (11-36) 


with the result A = 1 and 

c ss = 1 (11-37) 

The steady-state solution for a ramp input (r = vt) is formed from the 
driving function and derivatives of the driving function 

c ss = At A B (11-38) 

When Eq. (11-38) is substituted into the differential equation 

~ + 2r«„ + CO n 2 C = <o„ 2 /(0 (11-39) 


with/(0 = vt, the following expression results: 


d^Cgs ] C)y dCgs I 

-3T + 


2* — 


(11-40) 


When c 88 from Eq. (11-38) is substituted into Eq. (11-40), 

2fco n .A -f- C0 n 2 (A£ + jB) = 0) n 2 Vt (11-41) 


Equating functions of time on both sides of the equation and equating 
the constant on both sides, 


CO n 2 A — 0) n 2 V 

2 £oo n A -f* co n 2 B = 0 


(11-42) 


with the result 


A = v 


and 


co n co n 


(11-43) 


The general steady-state component is formed as follows: 

1. Write the terms of the driving function f(t) and any other terms 
obtained by differentiating f(t ). 

2. If any term in the group found in 1 is also a term in the transient 
component, all terms must be multiplied by t k . (k is the lowest integral 
exponent of t that will make all the terms in the steady-state component 
different from any term in the transient component.) 

3. Multiply each term found in 2 by a constant, and sum the terms. 

4. Substitute the assumed steady-state solution into the differential 
equation, and equate like terms on both sides of the equation. 

5. Solve for the constants. 

As another example consider the steady-state solution for a driving 
function of the form r = at 2 driving the system of Eq. (11-39): 

/72v» fjf, 

H + + «„ 2 c = co n 2 a£ 2 


(11-44) 
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Assume a steady-state solution as follows: 

t 2 found from the driving function 

t, 1 found by differentiating the driving function 

When each of these terms is multiplied by a constant and summed, the 
steady-state component is 

e„ = At 2 + Bt + D (11-45) 


Notice that no terms of the driving function appear in the transient 
component, so in this ease procedure 2 above can be ignored. 

Equation (11-45) is substituted into Eq. (11-44) as follows: 

2 A + 2fa n (2At + B) + oo n 2 (At 2 + Bt + D) = co n 2 at 2 (11-46) 


This expression is rearranged: 

£ 2 (Acon 2 ) H” £(4j. 4 lfwr» Boo,*) 4" (2A + 2fa n B 4- o> h m D) = co n 2 ctt 2 (11-47) 


The constants A, B, and are found by equating terms on each side 
of the equation: 

CO ft 2 = C On*CL 

4: A fan 4 “ BcOn 2, = 0 ( 11 - 48 ) 

2A 4“ 2fa n B 4~ c o n “l) = 0 


Solving these equations, 


A = a B = 


4r 


7) = ( 4 f 2 - !) 

a? 


(11-49) 


and the si.eady-st.ate component is 

ut) = - - at + 2 “ (4f* - 1) (11-50) 

CO 71 CO 7i 

II-6. The Complete Solution. The complete solution is formed by 
adding the transient component to the steady-state component. As an 
example, consider the complete solution to the system of Eq. (11-33), 
which represents the differential equation for the position servo of 
Chap. 1. The problem is to find the output-shaft position after the 
application of a step function of position r(l) = u(t). Ihe initial con¬ 
ditions arc zero. 

The transient component is taken from Eq. (11-12), and the steady state 
from Eq. (11-37). The total solution is the sum of these two equations 

c(t) = er*"*(A sin co w \/T “7* t 4- B cos co„ <\A -T 2 1) + 1 (H-51) 
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Zero initial conditions means that at t = 0, c = 0, and dc/dt = 0. Appli¬ 
cation of these equations for c = 0 at t = 0 

£ + 1=0 hence B = — 1 

and for dc/dt = 0 at t = 0 

«, vT^=T 2 A + £(-*■«.) = 0 hence A = (11-52) 

The complete solution is 

c(t) = 1 — ^cos C0 n a/ 1 — f 2 ^ + sin 0 > n vT^ f 2 ^ (11-53) 

This expression is plotted for several values of f and as a function of time 
in Chap. 1. 

Equation (11-53) can be reduced, with the aid of Eq. (11-30): 

c(t) = u(t) - - sin (a n \/l — T 2 1 + <f>) (11-54) 

VI — f 2 

where = tan" 1 yfl — f 2 /f and w(£) has been substituted for 1, since 
these are equivalent when c(t) is defined equal to zero for t < 0. In this 
form, the solution of Eq. (11-54) is identical with Eq. (1-36) found by 
Laplace-transform methods. 
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ROOTS OF EQUATIONS 


III-l. Introduction. Basic to the solution of ordinary differential 
equations is the problem of finding roots of high-degree polynomials. 
Both the Laplaec-transform and the classical methods are based upon 
knowledge of the roots of the characteristic equation. This appendix 
summarizes techniques for finding roots. 

III-2. The Quadratic. The second-degree polynomial, the quadratic 

ap 1 + bp + c — 0 (III-l) 


is solved easily by completing the square, 
familiar equation 


Pi ,2 = 


-b ± \/b‘ y - 
2a 


The roots are given by the 


4ac 


(IH-2) 


III-3. The Cubic. I <Y>r polynomials with real coefficients, at least 
one root of a cubic, is real. If this one real root is found, the remain¬ 
ing two are easily found from the quadratic equation [Eq. (III-2)]. To 
find the real root for the equation 

f(p) = P 8 + ap 2 + bp + c = 0 (III-3) 


follow the procedure: 

1. Make a rough plot of f(p) as a function of p to determine a value 
of p where J(p) changes sign. This may be done with a table instead of 
a plot. 

2. Guess a value p\ that may make f(p) = 0. 

3. Compute the second guess from the equation 


where 


P2 = V 1 


Kpj) 
I'(pi) 


/'(Pi) 


df 

dp 


(III-4) 
(II1-5) 


and continue the process until the desired accuracy is achieved. This 
method is known as “Newton’s method.” 

As an example, consider the cubic 


p 3 _ 3^2 — 2 p + 5 = 0 

375 


(III-6) 
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Corresponding values of p and f(p') are 


V 

f(p) 

0 

5 

1 

1 

2 

-3 


(III-7) 


Since f(p ) changed sign between 1 and 2, a root must lie in this range 
(1 to 2). As a first guess take p = 1.5. To find the second approxi¬ 
mation, evaluate 


/(1.5) = (1.5)* - 3(1.5) 2 - 2(1.5) + 5 = -1.37 
/'(1-5) = 3(1.5) 2 - 6(1.5) - 2 = -4.25 

(III-8) 

and the second guess is 


p 2 = Vl - /(P*> - i 5 -1-37 . 1R 

P P /'(Pi) ' 5 -4.25 “ L18 

(111-9) 

To find the next approximation 


/(1-18) = (1-18) 3 - 3(1.18) 2 - 2(1.18) + 5 = +0.10 
/'(1.18) = 3(1.18) 2 - 6(1.18) - 2 = -4.90 

(III-10) 

and the third approximation is 



(III-ll) 


If more accuracy is desired, the process can be repeated as necessary. 
The remaining roots are found from the quadratic that remains when 
p — 1.20 is factored from the original cubic: 


p i - 3p 2 - 2p + 5 = (p - 1.20)<y - 1.80p - 4.16) 
The quadratic factors into 

Pi = 3.125 
Pi = -1.325 

and p 3 = i_20 


(III-12) 


(III-13) 


Verification of the approximation expression follows from a consider¬ 
ation of Fig. III-l. If pi is the first guess, the second guess p 2 is found 
trom the equation 


tan cj> = .. 

V 2 ~ Pi 

But tan is the slope of the f(p) curve at the point p h or 

Kvi) 


(III-14) 


tan </> = f( Pl ) = 


Pi ~ Pi 


(III-15) 
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Fia. III-l. A sketch which geometrically exhibits Newton’s method. 


This is rearranged into the more usable form 


P‘2 = Pi 


i(p i) 

npi) 


(III-16) 


HI-4. Synthetic Division. Because of the necessity of frequently 
dividing polynomials, a shorter method of division, called synthetic 
division, has been devised. This method is identical with ordinary 
algebraic division except that some of the unnecessary writing has been 
eliminated. The division of p* - lip 2 - 2 p + 5 by p - 1.20 is carried 
out by both methods as follows: 


p - 1-20 


p- - l.HOp - 4.10 (Ans.) 
p* — '.ip- — 2 p + 5 
p* — 1.20p 2 

0 - l.jiop* - 2 p 
- 1.80p* 4- 2.lGp_ 

- 4.1 Op -j- 5 

- 4.1 Op + 5 

0 


(I11-17) 


p 4- 1.20 


1-8 - 2 +5 

1.20 - 2.10 - 5 
1 - 1.80 - 4.10 | | 0 
p- - 1.80p - 4.10 (Ans.) 


(Ill-18) 


The sign in the divisor is changed to permit addition rather than sub¬ 
traction, and only the eoeflieients of p are written. 

HI-5. Descartes’ Rules. Often the problem of finding roots of high- 
order polynomials is aided by means of the following rules due to 
Descartes: 
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1. The number of positive real roots of an equation f(p) = 0 is no 
more than the number of variations in signs among the coefficients of /(p). 

2. The number of negative real roots of the equation is no more than 
the number of variations in the signs of the equation/(—p) = 0. 

For example, consider the polynomial 

/(p) = p 4 + 7p 2 - 15p 2 = 0 (III-19) 

for which /( —p) = p 4 + 7p 2 + 15p — 2 (III-20) 

The sign changes of /(p) are + H-or one. Hence /(p) = 0 has at 

most one real root. The sign changes of /( —p) are + + H-or one, 

and /(p) = 0 has at most one negative root. 

III-6. Higher-degree Algebraic Equations. The difficulty of finding 
the roots of higher-degree equations increases considerably as the degree 
increases. Of the methods available the root locus, described in Chap. 4, 
is quite direct. Of the analytical methods, the Graeffe, or root-squaring, 
method is available. Because good accounts of this method appear in 
many places in the mathematical and engineering literature, 56 it will not 
be detailed here. 
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USE OF DETERMINANTS 


IV-1. Definition of a Determinant. The theory of determinants is a 
mathematical means useful for the systematic solution of simultaneous 
equations, as in Chap. 2. A determinant is an ordered array of quantities 
ijij symbolized by straight-line brackets and manipulated according to 
rules set out below: 


Uu 

//12 

• • . !Jv 

//at 

//22 

• • • //- 

II91 

IJvi 

. . . !hi 


(IV-1) 


Vn 1 //»2 


U n n 


The determinant indicated in Kq. (IV-1) is termed as of nth order, since 
there are n horizontal rows and n vertical columns. The determinant, 
which is a square array having the same number of columns as rows, 
contains n 2 element,s. The position of an element in the determinant is 
identified by the subscripts 


Row 


IT 


Column 


(IV-2) 


The major diagonal of a determinant is the line through the (dements 
These elements form a sloping line starting with // u and extending to y nn . 

IV-2. Expansion of a Determinant. The value of a determinant is 
obtained by expansion. For example, a second-order determinant is 
expanded 


Vu 

Uvi 

Ihi 

Z/aa 


U 12//22 —■ Vviy 2.1 


(IV- 3 ) 


and a third-order determinant is expanded 
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yn 

Vn 

2/13 










2/22 

2/23 


2/12 

2/13 

A = 

2/21 

2/22 

2/23 

= 2/11 



~ 2/21 








2/32 

2/33 


2/32 

2/33 


2/31 

2/32 

2/33 






2/12 7/13 

+ 2/31 | I (IV-4) 

2/22 2/23 

Each of the second-order determinants is easily expanded, yielding 


2/112/222/33 2/112/322/23 ~ 2/2l2/l22/33 + 2/2l2/322/l3 + 2/3l2/l22/23 ~ 2/3l2/222/l3 

(IV-5) 

In general a determinant is expanded in terms of its principal minors. 
The minor Ay of an element of a determinant A is the determinant found 
by canceling the fth row and the jth column. For the fourth-order 
determinant 

2 /n 2/12 2/n 2/14 

2/21 2/22 2/23 2/24 . 

2/31 2/32 2/33 2/34 

2/41 2/42 2/43 2/44 

the minor of A 31 as found by canceling the second row and first column is 


A21 = 


2/12 

2/13 

2/14 

2/32 

2/33 

2/34 

2/42 

2/43 

2/44 


(IV-7) 


The principal minor is one less order than the original determinant. 
When a minor Ay is multiplied by (-1)*+/, the result 


(-l^+ZAy (IV-8) 

is termed the cofactor.” Hence the cofactor is a signed minor 

Cofactor = (—1)*+/ (minor) (IV-9) 

The (-1)*'+/ quantity can be determined by counting—plus, minus, plus, 
minus starting plus on 2/11 and continuing in a horizontal or vertical 
path until the j/y element is reached. 

The expansion of a determinant by means of minors consists of a 
series of consecutive reductions, such as 

A = 2/hAh - 2 / 21 A 21 +- 2 / 3 ,A 31 (IV-10) 

for a third-order determinant. Here the determinant A is expanded 
along a column. An expansion along a row is as follows: 

A = 2 / 11 A 11 1 / 12 A 12 + 2 / 13 A 13 


(IV-11) 
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IV-3. Theorems Concerning Determinants. The following theorems 
are stated, without proof, for the purpose of simplifying the evaluation 
of a determinant. These theorems can be verified easily by expanding 
a determinant. 

1 . The value of a determinant is not changed if its rows are changed to 
columns and columns to rows. 

a i b\ Ci a,i a<> a 3 

a* fc a c 2 - b x 6 a b * (IY-12) 

ft* bz c-i ci c 2 c 3 

2. The sign of a determinant is changed if any two rows or columns are 
interchanged. 

ai b i Ci cti Ci b i 

a 2 b 2 c 2 = — a 2 c 2 6 2 (IV-13) 

a : $ 63 cs a 3 c 3 ?> 3 

3. If each element of one column or of one row be multiplied by a 
function/, the value of the determinant is multiplied by /: 

ai fbi Ci ai b i ci 

a 2 / 6 a c 2 = / a 2 c 2 (IV-14) 

a 3 / 6 » c ;t a ;{ 6 3 c 3 

4. The value of a determinant is not changed if the elements of one 
column or row are all multiplied by a quantity K and are added to or 
subtracted from the corresponding (dements of another column or row: 

(IV-15) 


ttl 

I>1 Cl 


ai + Kc x 

III c 1 

a 2 

b-< Ci 

= 

a 2 T" A.c 2 

Cg 

a» 

Ih c 3 


a 3 + Kcw 

&3 C 3 
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V-l. Introduction. The general form of the closed-loop transfer 
function of a feedback system is expressed as a quotient of two poly¬ 
nomials in the operator p. If R is the input to the system and C is the 
output, then C and R are related in the following manner: 

c(p) = ivxp) = b lP i + w- 1 + • • • + fry + fro (V4) 

R(p) D(p) a n p n + dn-iP W ~ 1 + • • • + aip + a 0 

The transient component depends on the roots of the characteristic poly¬ 
nomial D(p). This yields the characteristic equation 

a n p n + ctn-iP^ 1 + * ' ' + aip + a 0 = 0 (Y-2) 

In a physical system, the coefficients clq, ai, . . . , a n are usually real 
numbers. Since a polynomial equation with real coefficients has either 
real or complex conjugate roots, certain restrictions are placed upon the 
possible roots of D(p) = 0. Factors of D(p) corresponding to the form 
p + 7 i give rise to time solutions of the form Aie~ 7lt . If D(p) contains 
pairs of factors of the form (p + y q +‘jP q )(p + y<* — jPv), the time 
solutions have the form B q e~ yt!t sin (p q t + In either case, for roots 
with negative real parts, the transient component decays to zero with 
time and the system is stable. Any root with a negative real part is a 
stable root. 

In contrast, roots can exist which have positive real parts. The result 
of such a condition is that the system is unstable. The corresponding 
roots are unstable roots. The boundary between stable and unstable roots 
is termed marginal stability. If roots exist with zero real parts, such roots 
are marginally stable roots. It is possible to detect the presence of roots 
with positive real parts without solving for the roots of D(p). To this 
end the Iiurwitz stability criterion is employed. 

V-2. The Hurwitz Determinant. The following /cth-order determinant 
is constructed from D{p ): 
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&n— 1 

(in 

0 

0 

0 

0 

0 

0 

0 

0 

dn—',i 

d n -2 

d n —l 

dn 

0 

0 

0 

0 

0 

0 

a »-5 

dn —4 

dn—Z 

d n -2 

d n -1 

d n 

0 

0 . . . 

0 

0 

d n —7 

dn—tj 

dn -5 

&n—4 

dn —3 

d n - 2 

d n —i 

dn . . . 

0 

0 









0 

0 

- 

• 



* 

■ 



0 

0 

• 

* 

* 


• 

* 

• 

* . . . 


dn—k 


(V-3) 


where D(p) = a n p n + a«- ip n ~ l + * * * + a x p + a 0 . The determinant 
Ajt is formed from /J(p) as follows: 

1 . Construct the first column beginning with the coefficient of the 
second highest power term and continuing with successive alternate 
coefficients of powers of p. 

2 . Write the second column beginning with the coefficient of the 
highest term and continuing with successive alternate coefficients of 
powers of p. 

3. Fill in the columns from left to right in pairs by dropping down one 
row and duplicating the previous two columns. Stop the process upon 
obtaining a n -k in the last row and last column. 

The principal minor determinants A* of the Hurwitz determinant A ri 
are defined as 




i a «-1 

dn 1 

' 

(In— 1 

v’ . 

0 

> 

li 

P 

3 

1 

i— 1 

a 2 = 

1 


A, = 

dn— 3 

(In— 2 

a n ~ i 


1 


dn-2 


d n - 5 

d n —i 

d n —z 


(V-4) 


The typical or Ath principal minor determinant is the square array 
bounded by the {k + l)st row and column. 

As a result of the above definitions the Hurwitz criterion takes the 
following form: 

Hurwitz Criterion. Necessary and sufficient conditions that all roots 
of the polynomial I)(p) = 0 have negative real parts are that a<j > 0, 
Ax > 0, A 2 > 0, . . . , A n > 0. 

V-3. Application of the Criterion to Feedback Systems. In a physical 
system, the coefficients of J){p) are functions of the system parameters. 
Consider a variation in one of the system parameters while all others 
are held fixed. Under these conditions the values of one or more of the 
principal minor determinants will vary. It is conceivable that the vari¬ 
able parameter would take on a value such that A k becomes zero. When 
A k becomes zero, as a parameter is varied, at least one root of the 
characteristic, equation is marginally stable, i.c., zero damping. Hence, 
by setting A/, — 0, it is possible to obtain relations among the various 
parameters for marginally stable operation. This fact affords an oppor- 
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tunity to plot a stability boundary as a function of a nondimensional 
parameter in control system design. 

The ratio of the value of a parameter for which marginal stability 
exists to its stated value is the stability margin of the parameter. The 
stability margin is of interest when changes in values of component parts 
of a system occur owing to aging, temperature sensitivity, etc. 



Fig. V-l. Block diagram of position servo. 

As an example consider the position servo of Fig. V-l. The transfer 
functions are summarized: 


K s = synchro sensitivity, volts/radian of error 


1 + r a p 


~ transfer function of amplifier which has a small time lag. 
A is dimensionless 

= motor and load transfer function, K has the dimensions 


jZi ,-v — mvuui cuxu xvjcuvx couoaw jlu.ij.vuj.V7X1, xx nun uxiv vtuiivi 

P( 1 + rp) 

radians/volt-sec 

The closed-loop transfer function is 

C(p) = _ AKsK _ 

R(p) r a r P z + (r« + t)p 2 + p ■+ AK 8 K 

Identifying the coefficients of the denominator with those of D(p) 
clq = AK S K ct2 — T a -f- r 

<X\ = 1 CL[{ — T a T 

The first order Hurwitz determinant for the system is 


Ai = a 3 = r a T 

which is positive; 

A2 = a 2 a 3 = (Ta + t) T a r 

a 0 ai AKK, 1 
= (r« + r) - AK s Kr a r 

For stable operation, 

A 2 = (t« + r) — T a rAK s K > 0 
For marginal stability, 

A 2 = 0 = r a r — r a rAK S K. 

or K,K = 4- 

T a + T A 


(V-9) 

(V-10) 


If K s K{r a r/T a + r) is plotted as a function of the gain A , the resultant 
curve, shown in Fig. V-2, is the stability boundary for the system. Both 
K s K(T a r/r a + t) and A are dimensionless quantities. 
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A conclusion drawn from the above analysis is that the effect of a 
small time lag in the amplifier is to destabilize the system. Alternately, 
for given fixed values of r a and r an increase in gain of the amplifier 
tends to produce instability in the system. 


K S K 


A 

Fig. V-2. Stability boundary for position servo. 

A simple form of this criterion has been developed. The coefficients 
are arranged in a tabular form as follows: 

p n a„ 

P n ~ l Ctn-l 

(In —\dn—2 Cl n (ln —3 
(In-1 

A 

where the coefficients of the third row arc found by cross multiplying as 
indicated. The fourth row is formed from the second and third rows. 
The table continues until no term remains. If all the terms in the first 
column are of one sign, the equation has no roots with positive real parts. 
If there are changes in sign, the number of sign changes equals the num¬ 
ber of roots with positive real parts. In the course of the development 
the coefficients in any row may be multiplied by a positive number with¬ 
out altering the result. 

As an example consider the expression 

V A + 2 p* + p + 2 = 0 (V-12) 

The table is constructed as follows: 

p A \ 1 0 2 

p« 2 1 

p 2 — 1 4 multiplied by 2 (V-13) 

p l +9 
p {) +4 

There are two changes in sign, and there are no zeros in the first column. 
Hence it can be concluded that there arc 
Two roots with positive real part 
No roots with zero real part 


pn-2 
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DERIVATION OF THE NYQUIST CRITERION 


The formal derivation of the Nyquist criterion is based upon complex 
variable theory. The residue theorem* states: If C is a closed curve 
within and on which G(p) is analytic except for a finite number of singular 
points p 1; P 2 , p n inside C, and if fix, bt, ... ,b n denote the residues 

of G(p) at these points, then 


J c ®(p) dp — 2rj(bi + hi -+- • ■ • + b n ) (VI-1) 

where the fi, are the residues of G(p). The residue for simple poles of 
G(p) is the coefficient of the (p - Pl )-i term in the Laurent series 


G(p) = 


fii 




p - Pi (p - Pi)' 


+ 


+ 


(p - v0 " 


(V1-2) 


where fix is the residue. 

In the derivation of the Nyquist stability criterion, let 

1. G(p) have a number k of distinct poles of multiplicity m f at a point p t . 

2 . G(p) have a number l of distinct zeros of multiplicity n } at a point pj. 
Then the ratio G'(p)/G(p) has a pole of order 1 at p = Pi and also a 
pole of order 1 at p = p } . This can be shown by letting 


0(p) 


_ (p ~ Py) nf 

(p - pi) mi 


The derivative of Eq. (VI-3) is written 


(VI-3) 


d^(P) = G'('n') = (P ~ Pi) m %jp — Vi) rl ‘- X — (p — Pi) ni mi(p — Pi) mi -' 
d P (p . 


and the ratio G’{p)/G(p) is found from Eq. (VI-4) 

= (P ~ Pi) mi rij (p - p,>-- - (p - p,-)'‘>m, ; (p - p,.)- 1 

G(p) (p - p,)">- "(p - p,.)«< 

This equation [Eq. (VI-5)] is simplified as follows: 


(VI-4) 

(VI-5) 


g'(p) = _Jb_mi__ 

G(p) P - Ps p - pi 


(VI-6) 


* See Ref. 8, p. 118. 


386 



APPENDIX VI 


387 


Equation (VI-6) is easily extended to any number of poles and zeros, 
lienee G'(p)/G(p) has a pole of order 1 at p = pj and a pole of order 1 
at p = p^ 

Hence from Eq. (VI-6) and the residue theorem 


-ljfm dp = 2 + 2 (ns0 

i=i 7=i 


CVI-7) 


h 

But X (mi) is the number of poles and 

i=> 1 

on or within the contour of integration. 
Eq. (VI-7) can be written 


i 


i 


(rij) is the number of zeros 


J=i 

Hence the contour integral of 


1 

2irj 


0 '(v) 

0(P) 


dp = -#/> 4- §Z 


(VI-8) 


where #P is the number of poles of <7(p) and is the number of zeros of 
G(p) within or on the contour. 

To establish physical significance for Eq. (VI-8), consider the loga¬ 
rithm In of G(p): 

In G(p) = In \G(p)\ + JMp) (VI-9) 

The logarithm of a complex function is equal to the log of the magnitude 
plus the phase angle of the function. Equation (VI-9) is related to Eq. 
(VI-8) by differentiating as follows: 

d [In (} (p)] = dp (VI-10) 

By forming the integral of Eq. (VI-10) around the closed contour 


27 rj 


m dv . 1 

G{p) 1 2it 


d In G(p) 


oi; <KP)\ 

ZTTJ 


CfiniHli 
7*8 tart 


2 h [in i < kv )i +■ cvnn 


Since the contour of integration is (dosed, the only contribution comes 
from the imaginary part; the contribution from the real part is zero. 
Hence 


1 

2 tJ 


«'<p) 

G(p) 


dp 


= 2 *j jA + 


A4 

2i r 


(VI-12) 


where A<f> is the net change in angle as the function d In G(p) is inte¬ 
grated around the (dosed contour and A<£/2 tt is the number of encircle¬ 
ments N' of the origin. Combination of Eqs. (VI-8) and (VI-12) yields 
the following expression: 

N' = |£ = ~fP + #Z 


(VI-13) 
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In servo applications, the location of the roots of the function 1 + 
KG(p)H(p) is of importance. If N is defined as the number of clockwise 
encirclements of the — 1 + jO point rather than the origin, then the above 
derivation is extended to servo problems with the equation 

N = #R — #P (VI-14) 

When the contour encircles the entire right half plane, jfR is the number 
of roots of 1 + KG(p)H(p) in the right half plane and #P is the number 
of poles of KG{p)H(p) in the right half plane. 
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DERIVATION OF M AND N CIRCLES 


The equations of the At circles are found from the definition 


M 


C(j») 

Jt(ju) 


KG(jcp) 

1 + KG(joi) 


(VII-1) 


Since KG(jui) is a complex function, it can be represented by a real part x 
and imaginary part y : 

ICG(ju) = x+ jy (VII-2) 

When Eq. (VII-2) is substituted into the defining equation, Eq. (VII-1), 


M = 


x 4- jy 


(VII-3) 


1 + x + jy | 

The magnitude is found by taking the square of both sides of Eq. (VII-3): 


]\p =__ 

(I + xY + y 2 

Equation (VI1-4) is multiplied and simplified with the result 

2 1 2 10 -W* , M 2 A 

y + X + _ -f + Jp -_', - 


(VII-4) 


(VII-5) 


This last expression is the equation of a circle and is put in normal form 
as follows: 


V 2 + l x + 




M 2 


{At 2 - 1)* 


(VII-(i) 


as can be verified by multiplying out the term in x. Hence the radii of 
the circles arc; given by 

At 

(ilf 2 - 1) | 


R = 

and the centers are located at 


Xa 


-AP 
AP — 1 


y = 0 


(VII-7) 

(VII-8) 


These expressions are included in Chap. 5. 
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The equations of the N circles are found in a similar fashion. The 
definition of the quantity N is given by the expression 


N = tan <t> = 


But, from Eq. (VII-2), 


Im C(j u )/R(j») 

Re C(ju)/R(ja) 


R(» = x ±Jy = (x +jy)K 1 + x) — 'jy] 
C(ja) (1 + x) + jy (1 + x) 2 + y 2 


which simplifies to 


Cjjco) = x 2 + x + y 2 + jy 
R(jo)) (1 + x) 2 + y 2 


(VII-9) 


^ (VII-10) 


(VII-11) 


Substituting the imaginary and real parts of Eq. (VII-11) into Eq. 
(VII-9), 


x l + x + y 2 


(VII-12) 


When N is taken as a constant, Eq. (VII-12) is multiplied and simpli¬ 
fied as 


(x 2 + x) + 


(*■ - w) 


(VII-13) 


Adding + 1/4A 2 to both sides of Eq. (VII-13) completes the square in 
x and y : 


i + J_ 

AT ' A AT 


N ' 4 N 2 4 1 4V 2 


= I 4 —L 

A • A AT 


(VII-14) 


which reduces to 


which reduces to 

(* + s) , + (»-w)'-i(i + »*) <VIW5) 

Equation (VII-15) is the equation of a circle whose center is located at 


y = + 


The radius of the circle is given by 


-U 1 


(VH-lfi) 


(VII-17) 
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RELATIONS BETWEEN f AND OTHER 
STABILITY QUANTITIES 


The phase margin <f> m and the M criterion can be used to estimate the 
value of the damping ratio. These two relations are derived for a second- 
order system. 

a. Damping Ratio f Versus Phase Margin. The curve of damping 
ratio versus phase margin is based upon the second-order system. The 
open-loop transfer function for a second-order system is 


KO(p) = 


p(p + 


(YIII-1) 


which for a sinusoidal input becomes 


KG(j «) = 


0 >n 


ja)(j(X> + 2 f0J n ) 


- m 2 


w 2 + j2fa n w 


(VIII-2) 


The value of oo when this magnitude of KG(ju) = 1 is found as follows: 


COi( — C01 + j 2 f«n) 


(VIII-3) 


which when squared and multiplied out results in the following quadratic 
in the variable cor: 

cot 1 + 4r 2 WW - co w 4 - 0 (VLII-4) 

The solution of this quadratic yields 

= VW r + 'i - 2f 2 (VIII-5) 


The phase margin <$> m , which is 180° minus the phase lag when the mag¬ 
nitude of KG is unify, is given by 


0 


tan 1 J' n ( !^ W \ = tan 1 2f — 

I US U 


When the frequency co, is substituted, the phase margin is 

IM 

<t>,„ = tan 1 2f 


1 


(4r < + i)M - 2f*J 


This expression is plotted in Chap. 5. 
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(Vin-fl) 


(VIII-7) 
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For small damping the phase margin is related to £ by the following 
expression: 

£ » VzK (VIII-8) 

when 4> m is in radians, or £ = <£ m /2x 180 when <j> m is in degrees. 

b. Damping Ratio £ versus M p . The damping ratio versus M v curve 
is derived exactly for the second-order system: 


KG = 


Oln 


P(P + 2 £co„) 

For a sinusoidal input the magnitude of M is given by 

KG 


M 2 = 


1 + KG 


(co„ 2 - co 2 ) 2 + 4£ 2 co„ 2 co 2 


(YIII-9) 


(VIII-10) 


The value of co yielding the peak value of M is found by differentiating 
M 2 , setting it equal to zero, and solving for co: 


dM 2 _ co n 4 [2(co„ 2 - co 2 )(-2co) + 8£ 2 co„ 2 co] 
dw [(co* 2 - co 2 ) 2 + 4£Vco 2 ] 2 - ° 


(VIII-11) 


Simplification of this expression yields the frequency at which the peak 
M occurs: 

co p = ±co n vT- 2 f» (yin-12) 

Only the plus sign can be used, since a negative frequency is not possible. 
When this value of frequency is substituted into the expression for M, 
the peak value of M 2 results: 


M 2 = 




[Wn 


2 _ 


co* 2 (l - 2£ 2 )] 2 + 4£ 2 C0„W(1 - 2£ 2 ) 


(VIII-13) 


Reduction yields 


M P 


1 

2£ Vl - £ 2 


This expression is plotted in Chap. 5. 


(VIII-14) 
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DESIGN OF BRIDGED- AND PARALLEL-T NETWORKS 44,45 


IX-1- Introduction. The resistor-shunt and capacitor-shunt bridged-T 
and parallel-T networks are shown in Fig. IX-I, and the transfer func- 



Fig. IX-la. Resistor-shunt bridged-T net- Fig. IX-16. Capacitor-shunt bridged-T 
work. network. 


tions are included in Chap. 7. The design of these networks is based 
upon the following point of view: 

1. If infinite attenuation is desired, a symmetrical parallel-T (or 
twin-T) network is suggested. 

2. If only a partial notch is desired, the bridged-T network is used, 
since it requires fewer components. 

The basic assumption used in the 
first design sheets is that the load 
impedance on the network is infinite 
and the source impedance of the driv¬ 
ing voltage is zero. An approxima¬ 
tion of low source and large load im¬ 
pedance, with respect to the network 
impedance, is adequate. Section IX-4 treats the design of loaded 

networks. 

In order to design either of the bridged-T networks, four design 
parameters must be specified. These are the following: 

1. / 0 is the frequency where the notch is to occur. 

2. r is the notch ratio, i.e,, the ratio of the amplitude at /o to the 
amplitude at zero frequency. Figure 7-27a and b shows the effect of 
varying this quantity. 

2. n is the relative width of the notch. Figures IX-2 and IX-3 show 
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Fig. IX-lc. Parallel-T network. 
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Percent of resonant frequency 

Fig. IX-2. Amplitude response for the bridged-T networks. 



Lag Phase shift 
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Percent of resonant frequency 


Fia. IX-tt. Phase-angle response for the bridgcd-T networks. 
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the effect on the notch width of varying this parameter. The choice of 
this parameter is not completely independent but depends on the notch 
ratio. The choice of n is discussed under “Design Procedure for the 
Bridged-T Networks.” 

4. Direct-current impedance level—since the input and output imped¬ 
ances vary with frequency, it is felt that the d-c impedance (the series 
impedance of the network at 0 frequency) is the one of greatest use to 
the designer in choosing one parameter. 

In the design of an infinite-attenuation parallel-T network with a 
minimum width, only two parameters need be specified: the notch fre¬ 
quency /o and the impedance level. The notch ratio is zero, and n is 
chosen as a minimum so that the sharpest possible notch is obtained, 

IX-2. Design Procedure for the Bridged-T Networks. 

a. Capacitor-shunt Bridged-T Network . 

1. With the known notch ratio r enter Fig. IX-4 and choose the ratio 
C1/C2 corresponding to the value of n desired or obtainable. Although 
the minimum width corresponds to low values of n, a limit is reached 
beyond which the ratio tends to zero. Thus it is desirable to choose 
values of n such that the ratio is greater than 0.04 (shown by a dashed 
line in Fig. IX-4). 

2 . Calculate the quantity n( 1 — r), and obtain both CR products from 


Fig. IX-5. Note that C 1 R 1 is obtained when 7 


1 

n( 1 — r) 


and that C2R2 


is obtained when 7 = n(l — r). 

3. When Ri + R 2 = Rd-c is chosen according to the desired d-c imped¬ 
ance level, the necessary parameters can be found from the following 
equations: 


^1 + 122 = Rd-c 

Ri (CiB,) C 2 
R2 (C2R2) Ci 


Cl = (C 1 R l ) i- 

ni 

c 2 = (c 2 i? 2 ) 4- 

it 2 


(IX-l) 


If it is necessary to interpolate more closely between curves, the net¬ 
work components can be found from the following equations: 


Rd—c 

CxRi = 

C 2 C 2 = 

Cl 

c 2 


Rl -f" f ? 2 
1 1 


22 t / 0 n(l — r) 
2 irfo 71(1 - r) 


1 — r n 2 (l 


r ) 2 


(IX-2) 
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where n is chosen according to the criteria of Fig. IX-4. As an example of 
the use of this graphical construction, consider the following requirements: 

R d _ c = 200X 

r = 0.2 
/o = 20 cps 

From Fig. IX-4, Ci/C 2 = 0.05 and n = 2.8. Calculating, 


From Fig. IX-5, 


n( 1 - r) = (2.8) (0.8) = 2.24 


Hence 


Ri 

R% 

Ri 


RxC i = 0.0036 
0.0036 


RiC 2 = 0.0175 


0.0175 
R d—c 


20 = 4.11 
200K 


1+4.11 5.11 

Rx = R^ c - Ri = 200X 

0.0036 X 10 - 3 


= 39.2X 

39.2X = 1G0.8X 


Cx = 
Gi = 


160.8 

0.0175 _ n.Ax t 
39.2 K °' 445 ^ 


0.0224 nt 


(IX-3) 


Before passing to the next network, it must be pointed out that if any 
one value proves to be higher or lower than that which is practical it may 
be necessary to use a larger value of n . 

b . Resistor Shunt Bridged~T Network. 

1 . With the known notch ratio r enter Fig. IX -4 and choose the ratio 
R 1 /R 2 corresponding to the permissible value of n. As described in the 
previous section, the minimum width corresponds to the smallest value 
of n consistent with a nonzero value of R\/R 2 . 

2 . Calculate the quantity n{ 1 — r), and obtain both CR products from 


Fig. IX-5. Note that C 1 R 1 is obtained when y 


1 

nil — r) 


and that C 2 R 2 


is obtained when 7 = n(l — r). 

3. Choosing R 2 — Rd- C according to the desired impedance level, the 
necessary parameters may be found from the following equations: 


R2 = Rd-c 

- (1) r • 

Ci = (CiRi) ~ 

JX 2 

Cl = {ClRl) Wx 


(IX-4) 
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If it is necessary to interpolate more closely between curves, the net¬ 
work components may be found from the following equations: 

ClRl = (2r/" u )n(l -r) 

C*Rt = ~ o (l - r) (IX-5) 

Bi = V 1 

R 2 1 - r n\ 1 - r) 2 

where n must be chosen from Fig. IX-4. 

As pointed out before, if any one value calculates out too high or too 
low, then it may be necessary to use a larger value of n. 

As an example of the design of a resistor-shunt bridged-T consider the 
following problem: 

R d „ c = 575 /a 
r = 0.25 
/o = 26 cps 

From Fig. IX-4 

4 1 = 0.048 n = 2.5 

lh 2 

n( 1 - r) = 2.5(0.75) = 1.875 

From Fig. IX-5 

CiRi = 0.0082 
CiRt = 0.0115 


The parameters are calculated 


R, = R d _' = 575 K 


Ri 



Rt = (0.048) (575) = 27.0 K 


Ci = (CjRi) -jj- = 

111 

C 2 = (C*R % ) ~ = 

112 


0.0032 X 10 ~ 3 
27.0 

0.01 15 X 10~" 3 

.~ 575 ~ . 


- o. i io 4 


= 0.02 4 


(1X4)) 


IX-3. Design Procedure for the Infinite-attenuation Parallel-T Net¬ 
work. It was stated at the outset that only the infinite-attenuation, 
minimum-width parallel-T network is considered. Because of this, only 
two parameters are necessary to determine the constants: the resonant 
frequency and the d~c impedance level. The amplitude and phase 
response of this network is shown on Fig. IX- 6 . The design procedure 
is simply the following: 

1 . Enter Fig. IX-5, and read from the y = 1 curve the value of RG 
product corresponding to the desired resonant frequency. 
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2 . When Rd~ c is chosen according to the desired impedance level, the 
necessary parameters are found from the following equations: 


T) Rd C T) R> 

R = T“ R * = 2 

C = Cfi -g <7 3 = 2C 


(IX-7) 


A.s an example of this calculation consider the following example: 


R d ~ e = 26. 6K 
fa = 400 cps 

From Fig. IX-5, 

RC = 0.0004 

The parameters are calculated: 


R = ~ = 13.3FC 
R s = | = 6.65X 


C = 


0.0004.10- 3 
13.3 


= 0.03 id 


Cz = 2C = 0.06 pf 


(IX-8) 


IX-4. Design of Loaded Bridged-T Networks. The performance and 
hence the design of these networks are altered when the network is 
driven from a high source impedance and loaded with a low impedance. 



A = source impedance B —load impedance 

Fig. IX-7. Loaded bridged-T network. 


The design procedure of this section is based upon operating a net¬ 
work between equal impedances, i.e., source impedance equal to load 
impedance. 

The capacitor-shunt bridged-T network is shown in Fig. IX-7 where 
all component values are defined, along with the source impedance A 
and the load impedance B. In this design procedure, resistances A and 
B are taken equal. This advantageous choice permits the cascading of 
a number of networks all of the same impedance level. Also when a load 
has been matched to its source, the insertion of this equalizer network 
does not disturb the match. 

To design the capacitor-shunt bridged-T, which has equal input and 
load impedances, proceed as follows: 
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u 


Fig. IX-10. Amplitude-response loaded bridged-T network. 

1. Enter Figs. IX-8 and IX-9 with the notch depth r, and read the 
values of CiEcoo and C^Ru 0 . 

2 . Set Bt = J? 2 = A = B = R. 

3. Calculate C i and C 2 from the values read from the curve as follows: 


Ci = 

C 2 = 


C iRoiQ 

Actio 

C %Ro){) 
Acoo 


(IX-9) 


For closer interpolation between curves, the network components can be 
calculated from the following: 


Ci = 
C 2 = 



(IX-10) 


Ri = R 2 = A = B 


If necessary, the source impedance A can be made equal to the load 
impedance B by padding. 
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Example: A = B = 300/C, r = 0.25, fa = 20 ops. From Figs. IX-8 
and IX-9 

CJiooa = 1.0 
C,Ru 0 = 1.0 

A = B = lti = Ri = 300/C 
on = (G.28)(26) = 106 radians/sec 

The attenuation and phase response for the bridged-T network of 
Fig. IX-7 can he seen in Figs. IX-1.0 and LX-11, plotted as a function 
of the normalized frequency u = o/wo. Notice that the amplitude curves 
have the same symmetrical appearance and form as in the unloaded case 
with two exceptions: 

1 . The d-c and infinite frequency gain is }A\.. This means that the 
network acts as a 4:1 voltage divider at any frequency. 

2. The minimum notch width becomes excessively wide for values of 
r < 0.025. 
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FOURIER SERIES 4 


X-l. Introduction. Because of the emphasis on the Fourier series in 
nonlinear control system theory, a brief review and collection of impor¬ 
tant sinusoidal relations is presented. 

A periodic function /( ut) can be expanded in a series of sine and cosine 
terms: 

00 

f(ut) = ao + ^ (a w cos nut + b n sin nut) (X-l) 

n=l 

The coefficients ao, a n , and b n are found as follows: 

i r a-\-2ir 

a° = ± I f(cd) dut PL-2) 

where a is a constant, which is often zero. The higher terms are 

r ot-\~2n r 

a n = - / f(ut) cos nut dut (X-3) 

TT J a 

r a- f-2x 

b n = - / /(a>£) sin nut dut (X-4) 

IT J CC 

X-2. Odd and Even Properties. If the function /(a>£) possesses even or 
odd properties, it can be expanded in an all-cosine or all-sine series. 
When f(ut) is an odd function, that is, f(ut) = — f(—ut ), then 


a n = - / /(«*) cos dad = - 

7T /O 7T 


+ i f 

T Jo 


Let £ = —• s in the first integral 


7 ra M = + J 0 +?r f{ — us) cos nusdus -f Jj f(ut) cos nut dut (X- 6 ) 


Since f(ut) = — , /(— cat), a n — 0. In a similar fashion, 


b n — ~ f(ut) sin nut dut 
K JO 
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When the function f(ot) is an odd function, it can be expanded in an 
all-sine series and the coefficients b n are found from an integral over one- 
half of the period of /(«/)• 

If f(ut) is an even function, that is, 

/M = +/(-«<) (X-8) 

the function can be expanded in an all-cosine series. In this case b n = 0 
and 

2 f* 

a n = - / f(co£) cos nut dut (X-9) 

7 T ,/o 

When the function /(co/) is an even function, it can be expanded in an 
all-cosine series and the coefficients a n are found from an integral over 
one-half of the period of f(ut ). 
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INDEX 


Acceleration damper, 22*) 

Acceleration error constant, definition of, 

67, 61) 

(See also Error coefficients) 

Accelerometer, definition of, 261 
force-balance type, 204-267 
seismic type, 261 
transfer function of, 261, 262 
Active networks, analysis of, loop, 43-45 
node, 45-47 
synthesis of, 215-217 
.Admittance, common, 41 
common mechanical, 50, 53 
input, 42 
self-, 41, 53 
self-mechanical, 50 
A-c servo systems, 218 235 

bridgcd-T networks in, 221 223 
compensated by frequency transforma¬ 
tion, 223-225 

general description of, 2IS 221 
mechanical networks used in, 225-227 
parallel-T networks in, 221 223 
Amplifier time constant,, effect on system, 
111, 187 

Analogue, loop, 57 
nodal, 57 

Analogues, electrical, 56 
Analogy, electromechanical, 56 58 
Angular motion, differential equations 
for, 51 

Anticipation control, 4 
Approximation in frequency domain, 
166-168 

Asymptotes, for roof loci, St), i)() 
used in frequency plots, 131-139 
Asymptotic angles, 89 
Asymptotic approximation, in frequency 
analysis, 131-139 

for frequency invariant factors, 131 
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Asymptotic approximation, for quad¬ 
ratic zeros and poles, 137 
for simple poles, 136 
for simple zeros, 133 
for zeros or poles at origin, 131 

Backlash, 323-325 
Bandwidth, definition of, 76 
Base resistance, 45 
Bilateral elements, 31, 32 
Block diagrams, algebra of, 18 
definition of, 16, 17 
identities, 18-20 
manipulation of, 18-20 
Bode diagrams, 129 
Bourdon tube, 267 

Break-away angle from complex pole, 94- 
96, 108 

Bridged- and parallel-T networks in a-c 
servo systems, 221-223 
Bridged-T network, capacitor shunt, 396 
design procedure for, 396-406 
loaded, design of, 402-405 
resistor shunt, 398 
used in tuned amplifiers, 232-235 


Capacitance, common, 34 
self-, 34 

Capacitor shunt bridged-T network, 396 
Carrier systems (see A-c servo systems) 
Cauer forms for RC functions, 205-208 
Caucr synthesis, 205 
Center, 345 
of gravity of roots, 90 
Change in angle from complex singulari¬ 
ties, 93 

Characteristic equation, 13 
Closed-loop to open-loop relations, 20 
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Closed-loop systems, 2 
Coefficients, error (see Error coefficients) 
Cofactor, 380 
Collector resistance, 45 
Common impedances, 34 
Common inductance, 34 
Common resistance, 34 
Compensation, 172-194 
for a-c systems, 217-235 
in feedback loop, 188-191 
with mechanical networks, 225-227 
phase lag, 181, 182 
phase lead, 179, 180 
Component, steady-state, 367, 371 
transient (see Transient components of 
differential equation) 
Configurations, pole-zero, examples of, 98 
Constant coefficients, 7 
Continued-fraction expansions, 205-208 
about infinity, 206 
about the origin, 207 
Control motors, 273-283 
a-c type, 279-282 
d-c type, 282 

Convolution, approximate, 20-22 
definition of, 364, 365 
graphical interpretation of, 21, 364 
integral, 364 
Corner frequency, 134 
Coulomb friction, 315 
Cramer’s rule, 32 
Critical damping, 14 
Cubic, 375 
Curie shunt, 266 
Cutoff frequency, 77 


Damper, vibration, 51 
Damper constant, 6 
Damping, Foucault, 228 
proportional to acceleration, 229 
Damping ratio r, 9, 12-14 
estimated by frequency-gradient meth¬ 
od, 163 

found with Spirule, 110 
versus M p , 392 
versus phase margin, 391 
Dashpot, 6 

Dead zone, frequency analysis of, 320- 
323 

Decibel defined, 76, 129 


Demodulation-modulation, equalization 
by, 220 

Demodulator, phase-sensitive, 304 
Descartes’ rules, 377 
Describing function, 316-333 
analysis with, accuracy of, 332 
assumptions for, 316, 317 
difficulties in, 332 
for backlash, 323 
calculation of, 318-325 
for closed-loop system, 325-332 
for dead zone, 320-323 
definition of, 316-318 
frequency-dependent, 317, 323, 324 
limitations of, 332 
Nyquist diagrams with, 325-327, 

330 

root loci with, 328, 329, 331 
for saturation, 318-320 
for threshold, 320 

Design of loaded briged-T networks, 

402 

Determinant, deflation. of, 33, 379 
expansion of, 379-381 
Diaphragm pressure dements, 269 
Differential equation, linear, definition of, 
312 

nonlinear, definition of, 313 
solution of (see Solution of differential 
equation) 

transient components of, 366, 368-371 
Differentiator, suppressed-oarrier, 226 
Driving-point admittances, 200 
Driving-point impedances, 200 
Duals, 57, 58 

Dynamic equation of motion, 10 

E pickoff, 255 
Electrical analogues, 56 
Electrical networks, analogy for, 49 
Electromechanical systems, 55, 56 
Emitter resistance, 45 
Equalization, common networks used for, 
179 

with demodulation-modulation, 220 
by gain adjustment, 172 
by inserting a network, 173-177 
method of, 178, 179 
parallel, 187, 188 
series, 185 
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Equalizer networks, comparison of, 191 
summary of, 182, 183 
synthesis of, 200 
Equation, linear, 10 
Equivalent circuit, for transistor, 44 
far vacuum-tube triode, 43 
Equivalent spring constant, 316 
Equivalent viscous damper, 315 
Error, definition of, 3 

steady-state (see Steady-state errors) 
in terms of input, 20 
Error coefficients, 00-72 

generalized definitions of, 07 
summary of, 71 
Evans, W. R., 107a. 

Expansion, about infinity, 206 
about the origin, 200 
Experimental measurements of system 
characteristics, 166-108, 229-231 

Factoring polynomials, 114-118, 375-378 
Feedback, definition and purposes of, 3-5 
Feedback control system, 3 
Feedback path, 22 
Feedback systems, 5 
Final-value theorem, 04, 363 
Focal point, 347 
Focus, 347 
Forcer, 282, 283 
Foster synthesis, 203-205 
Four-terminal-network synthesis, 209- 
217 

realizability conditions for, 208 
Fourier series, 400 
Free-body diagram, 47, 51, 52 
Frequency, corner, 134 
cutoff, 77 

undamped natural, 9, 14 
Frequency-analysis method, 142-108 
($ee also Nyquist stability criterion) 
Frequency domain, approximation in, 
166-168 

specifications, 76, 77 
Frequency-gradient method to estimate 

r, i63 

Frequency response defined, 125 
Frequency transformation, 223-225 

Gain, constant, contours of, 152-154 
measurement of, 98, 99 


Gain, and phase, compatibility of, 167 
from root loci, 86 
Gain margin, 160 

Gain and phase plots with describing 
functions, 326-330 
Gear-bead motors, 284 
Gear ratio, optimum, choice of, 284-286 
selection of, for each gear mesh, 287 
Gear trains, 53-55, 283-287 
Graphical determination of root loci, 84- 
96 

Gyroscope, caged, 292 
definition of, 287 
free, 291, 292 
Gimbal lock in, 289 
integrating, 293 
nutation frequency in, 295 
rate, 293 

restrained, 293—297 
single-dcgree-of-freedom, 289, 292-297 
vertical, 299, 300 

High-degree polynomials, the cubic, 375 
finding roots of, 375-378 
the quadratic, 375 
Homogeneous equation, 23 
Hurwitz determinant, 382 
Hurwitz polynomial, 201 
Hurwitz stability criterion, 382-385 

Impedance, concept of, 124-127 
definition of, 124 
operators, 34 
Impedances, common, 34 
input, 34-36 

calculation of, example, 36 
of mechanical system, 53 
self-, 34 

(See also RC driving-point admittances 
and impedances) 

Impulse response, interpreted as weight¬ 
ing function, 20-22 

related to transfer function, 20-22, 365 
Impulses, convolved with continuous- 
function unit, 365 
definition of, 21 
Inductance, common, 34 
mutual, 34, 36 
self-, 34 
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Induction resolver, 249, 250 
Inertial navigation, 297, 298 
Infinite-attenuation parallel-T network, 
design procedure for, 399 
Initial-value theorem, 64, 363 
Input impedances, 34-36 
Instability, 4, 5 

Integral compensation, definition of, 181, 
182 

Inverse Laplace transformation, 358 
table for, 355 

Isochrones, definition of, 343 
determination of, 343, 344 
Isoclines, definition of, 335 
method of, 335-337 
in phase-plane construction, 335 

Kirchhoff’s laws, 29 
Kirchhoff’s second law, 38 
Kochenburger, R. J., 316a. 


Ladder networks, constant resistance, 
212-215 

definition of, 212 
synthesis of, 212-215 
Laplace transform, definition of, 353 
of functions, 353 
inverse, 355, 358 
method, 353-365 
of operations, 354 
solution by, 11, 12, 357-359 
of step function, 354 
table for, 355 

Lattice network, definition of, 210-212 
example of, 212 

LC driving-point functions, 201-203 
Lead compensation, example of, 179- 
181 

Lienard construction, 337-344 
Limiting, closed-loop response with, 318- 
320 

Linear differential equation, definition of, 
7 

writing of, 29-59 
Linear elements, 31 
Linear equation, 16 

Linear systems, fundamental characteris¬ 
tics of, 6-9, 366-368 
Loading in RC synthesis, 215, 402-405 
Loop analogue, 57 


Loop method of analysis, 29-37 
n-loop network, analysis of, 33 

M circles, 154 
M criterion, 161 

M and N circles, derivation of, 389, 390 
M and N contours in closed-loop systems, 
153-156 

Magnetic amplifiers, control character¬ 
istics for, 309 
definition of, 306 
time constant for, 309 
Marginal stability, 24, 382 
Maximum value of M, 162 
Maxwell mesh equations, 29 
Measurement of gain, 98, 99 
Mechanical networks, 47-55 
for a-c equalization, 225-227 
Mechanical suspension, 55 
Mechanical systems, angular motion, 51- 
55 

linear motion, 47-51 
method of analysis, 47-55 
of n masses, analysis of, 49 
Minor, 380 

Modulation, supprossed-carrier, 217, 218 
Modulator, phase-sensitive, 306 
Motion, dynamic equation of, 10 
Multiple-loop systems, analysis of, 188- 
191 

Mutual inductance, 34, 36 
Mutual resistance, 45 

N circles, 155 
Networks, active, 393-402 

(See aho Active networks) 
adjustable, 184, 185 
analysis of, 29-47 

bridged- and parallel-T, 221-223, 393- 
402 

carrier, 221 

for compensating a-c systems, 221-225 
electromechanical, 22 
four-terminal, synthesis of, 209-217 
planar, 30 

separable and nonseparable, 58, 59 
synthesis of, 200-217 
two-terminal, synthesis of, 201-209 
Newton’s laws of motion, 6, 47 
Newton’s method, 375 
Nichols’s charts, 156, 157 
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Nodal analogue, 57 

Nodal analysis with vacuum tube, 45 

Nodal method of analysis, 37-43 

Nodal point, 346 

Nodes, definition of, 346 

stable and unstable, in phase plane, 347 
Nonlinear systems, analysis of, describ¬ 
ing-function, 316-332 
methods of, 314, 347 
phase-plane, 312-314 
equivalent linearization of, 314-316 
general characteristics of, 313, 31*1 
Nonlinearities, classification of, 312-314 
in control systems, 313 
intentional, 313 
large, 313 
small, 313 

Nonfeedback control system, l 
nth-order polynomial, 116 
Nyquist diagrams, 129-139, 143-148 
in describing-function analysis, 325- 
331 

Nyquist stability criterion, 142-147 
derivation of, 386-388 


Octave defined, 77 

Odd and even properties, 406 

Open-ended system, 2 

Open-loop to closed-loop relations, 18-20 

Operation transform pairs, 357 

Order of differential equation, 367 

Oscillator, 25 

Output load disturbances, effect on 
steady-state errors 73-76 
Overshoot, definition of, 12, 78 


Partial-fraction expansion, 359-362 
definition of, 359 

examples of evaluation of, 11, 203-205, 
361, 362 

for RC synthesis, 203-205 
in solution of Laplace-transformed 
equations, 357, 358 
Passive circuit differentiator, 179-181 
Per cent overshoot, 12, 78 
Phase, margin, 160 
Phase-angle loci, 152-156 
Phase characteristic, approximation of, 
135, 136 


Phase lag compensation, 181, 182 
Phase lead compensation, 179, 180 
Phase plane, analysis of nonlinear system 
with, 333-347 

for conservative system, 334 
construction of, 335-339 
definition of, 333 
for linear system, 333-335 
nodes in, stable and unstable, 346, 347 
saddle point in, 346 
separatrices in, 337 
for simple pendulum, 335-337 
solution in, 333-335 
time from, 343, 344 
Phase trajectory, 333 
for simple pendulum, 337 
for system with threshold, 341 
Physical realizability, conditions for, 200 
definition of, 200 

for four-terminal networks, 208, 209 
for two-terminal networks, 201-203 
Planar networks, 30 
Poles, definition of, 66, 86 
and zeros, 66, 86 

added, effect on transient response 
of, 173-178 

Polynomial factoring, 114-118, 375-378 
Positional error constant, 67 
(Sec also Error coefficients) 

Position servo considered as rotational 
spring, 74 

Potentiometer, conformity of, 245 
definition of, 239 
linear-motion, 246 
linearity of, independent, 242 
zero-based, 242 
loading error in, 243 
multiturn, 240 
resolution of, 242 
slide-wire, 246 
voltage gradient of, 239 
Pressure transducers, static and differen¬ 
tial, 267-271 
Principal minors, 380 


Quadratic equation, 375 


Rate generators, 187, 255-261 
Rational algebraic functions, 200 
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RC driving-point admittances and imped¬ 
ances, realizability conditions for, 

201 

synthesis of, 203-208 
RC networks, for compensating a-c sys¬ 
tems, 221-225 
synthesis of, 200-217 
RC open-circuit impedance functions de¬ 
fined, 209 

RC short-circuit admittance functions de¬ 
fined, 209 

RC transfer functions, synthesis, 209-215 
realizability conditions for, 208, 209 
Reactance function, 202 
Real translation, 362 
Resistance, base, 45 
collector, 45 
common, 34 
emitter, 45 
mutual, 45 
self-, 34 

Resistance subtraction, 303, 304 
Resistor shunt bridged-T network, design 
of, 398, 399 

Response, oscillatory, 24 
Response curves for various values of f, 
12 

Rise time, definition of, 78 
Rms defined, 124n. 

Root locus, 382 

applied to multiple-loop system, 118, 
119 

asymptotic angles for, 89, 90 
definition of, 84-88 

for describing functions, 327-329, 331 
examples of, 96-99 
for factoring polynomials, 114-118 
graphical determination of, 84-96 
at high gain, 89 
with negative gain, 89, 123 
for parameter variations, 110-114 
on real axis, 89 
real-axis breakaway of, 91-94 
rules for construction of (see Root-locus 
construction rules) 
for second-order system, 81-84 
use of, to factor a polynomial, 114-118 
Root-locus construction rules, 88-96 
proof of, 99-106 
rule 1, 88 
rule 2, 89 


Root-locus construction rules, rule 3, 

89 

rule 4, 90 
rule 5, 91 
rule 6, 94 
rule 7, 94 

Root-locus method, angle criterion in, 86 
definition of, 84, 86 
magnitude criterion in, 86 
with negative gain, 89 
Roots, of equations, 375-378 
least damped, 10 
location of, 23, 84 
marginally stable, 382 
stable, 382 

of transfer function, 23, 24 
unstable, 382 
Routh test, 382-385 


Saddle point in phase plane, 346 
Saturation, frequency analysis of, 318- 
320 

Scale factor for Spirule, 109 
Second independent variable in Laplace 
transformation, 363 
Second-order system, 10-16 
roots of, in p plane, 369 
Self-impedances, 34 
Self-inductance, 34 
Self-resistance, 34 
Separation property, 202 
Separatrices in phase plane, 337 
Separatrix, 336 
Servo compensation, 172-194 
(See also Equalization) 

Servo conventions, 22 
Servo equalization, 172-194 
(See also Equalization) 

Servo specifications, 76 
in frequency domain, 76 
in time domain, 77 

Servo system classified according to type, 
66 

Servomotors, drag-cup type, 280 
solid-iron rotor type, 280 
squirrel-cage type, 280 
torque-speed curves for, 8, 273-279 
two-phase a-c type, 279 
Settling time, definition of, 78 
Shock mount, analysis of, 113, 114 
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Singular points, 344 
center, 345 
definition of, 344 
focal point, 347 
focus, 347 
nodal point, 346 
node, 346 
saddle point, 346 
types of, 344-347 
Singularities defined, 86 
Solution of differential equation, by clas¬ 
sical method, 13-16, 366-374 
complete, 15 

by Laplace transform, 10-13, 353-362 
steady-state, 15, 367 
transient, 13, 366 

Specifications, frequency-domain, 76, 77 
time-domain, 77-79 
Spirule, 106, 110 

use of, to find damping ratio, 110 
to find lengths, 109 
to sum angles, 107 
Spring constant, 6 
Spring force, 5, 6 

Stability, of linear control system, 22 
nature of, 24 

from Nyquist diagram, 142-149 
from root locus, 84-88 
Stability analysis with describing func¬ 
tions, 325-332 
Stability boundary, 384 
Stabilization (see Compensation; Equali¬ 
zation) 

Steady-state component, 367, 371 
Steady-state errors, 63-76 
effect of output disturbances on, 73-76 
Steady-state solution, component of, 63, 
367, 371 

Subtraction, resistance, 303, 304 
Sub tractor, 18, 300-304 
definition of, 18 

difference amplifier used as, 302 
differential gear box used as, 300, 301 
transformer used as, 301 
Suppresscd-carrier modulation, definition 
of, 217, 218 

equalization with, 304-306 
Suspension, mechanical, 55 
Synchro, control type, 254 
receiver, 252 
torque gradient, 252 


Synchro, torque type, 254 
transmitter, 252 

Synthesis, of LC driving-point functions, 
201-203 

of networks, 215-217 
of parallel ladders, 212-215 
of RC driving-point admittances and 
impedances, 203-208 
Synthetic division, 377 
System, classified according to type, 66 
closed-loop, 2 
feedback control, 3 
nonfeedback control, 1 
open-ended, 2 
second-order, 13 
speed of response of, 13 
System characteristics, experimental 
measurements of, 166-168, 229- 
231 

System functions (see Transfer functions) 
System parameters, variation of, 110-112 


Tachometers, a-c or induction type, 256 
capacitor, 260 
d-c type, 258 
definition of, 255 
drag-cup, 258 

permanent-magnet type, 259 

Tachomctric compensation, 187-191, 
256-259 

Time determined from phase plane, 343, 
344 

Time-domain specifications, 77-79 

Topological method, 332, 333 

Torqucr, 282 

Transducer, definition of, 238, 239 
pressure, static and differential, 267- 
271 

Transfer functions, 16 
derivation of, 29-59 
open-loop, 66 
realizability of, 208, 209 
related to impluse response, 20-22, 364, 
365 

Transformation, frequency, 223-225 
Laplace (see Laplace transform) 

Transformer, equivalent circuit for, 41 
polarity of, 36 

T-equivalent circuit for, 41, 42 
used as subtractor, 301, 302 
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Transient components of differential 
equation, 368-371 
definition of, 366 
procedure of finding, 368 
Transistor, circuit for, equivalent-loop, 44 
equivalent-node, 45, 46 
grounded-emitter, current-source 
equivalent circuit for, 46 
in loop analysis, 44 
Truxal, J. G., 199n. 

Two-element kind network, 201 
Two-phase motors, 273-284 
Type, classification of system according 
to, 66 


Undamped natural frequency, 9, 14 
Undamped sinusoid, 24 
Unit impulse function, 20-22 


Vacuum tube, analysis of circuits with, 
43, 44 

equivalent circuit for, 43 
Variation of system parameters, 110— 

112 

Velocity-error constant, definition of, 67- 
69 

(See also Error coefficients) 

Velocity pickoffs, 255 
Vibration damper, 51 
Voltage gradient, 7 
of potentiometer, 239 


Weighting function, 21 
Weinberg, Louis, 199 n. 


Zeros defined, 66, 86 



